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Preface

This is a three-chapter-book on the topic of pseudodifferential operators, with
special emphasis on non-selfadjoint operators, a priori estimates and localization
in the phase space.

The first chapter, Basic Notions of Phase Space Analysis, is introductory and
gives a presentation of very classical classes of pseudodifferential operators, along
with some basic properties. As an illustration of the power of these methods, we
give a proof of propagation of singularities for real-principal type operators (using
a priori estimates, and not Fourier integral operators), and we introduce the reader
to local solvability problems. That chapter will be hopefully useful for a reader, say
at the graduate level in analysis, eager to learn some basics on pseudodifferential
operators.

The second chapter, Metrics on the Phase Space begins with a review of
symplectic algebra, Wigner functions, quantization formulas, metaplectic group
and is intended to set the basic study of the phase space. We move forward to
the more general setting of metrics on the phase space, following essentially the
basic assumptions of L. Hörmander (Chapter 18 in the book [73]) on this topic.
We use the notion of confinement, introduced by J.-M. Bony and the author and
we follow the initial part of the paper [20] on these topics. We expose as well some
elements of the so-called Wick calculus. We present some key examples related to
the Calderón-Zygmund decompositions such that the Fefferman-Phong inequality
and we prove that the analytic functional calculus works for admissible metrics.
We give a description of the construction of Sobolev spaces attached to a pseudo-
differential calculus, following the paper by J.-M. Bony and J.-Y. Chemin [19]; this
construction of Sobolev spaces has been discussed in the aforementioned paper and
also in several articles of R. Beals such as [6] (see also the paper [7] for a key lemma
of characterization of pseudodifferential operators).

The third and last chapter, Estimates for Non-Selfadjoint Operators, is de-
voted to the more difficult and less classical topic of non-selfadjoint pseudo-
differential operators. We discuss the details of the various types of estimates
that can be proved or disproved, depending on the geometry of the symbols. We
start with a rather elementary section containing examples and various classical
models such as the Hans Lewy example. Next, we move forward with a quite easy
discussion on the analysis of the first Poisson bracket of the imaginary and real
part. The following sections are more involved; in particular we start a discussion
on the geometry of condition (Ψ), with some known facts on flow-invariant sets,
but we expose also the contribution of N. Dencker in the understanding of that
geometric condition, with various inequalities satisfied by symbols. The next two
sections are concerned respectively with the proof of the necessity of condition (Ψ)
for local solvability and also with subelliptic estimates: on these two topics, we
refer essentially to the existing literature, but we mention the results to hopefully
provide the reader with some continuous overview of the subject. Then we enter
into the discussion of estimates with loss of one derivative; we start with a detailed
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proof of the Beals-Fefferman result on local solvability with loss of one derivative
under condition (P ). Although this proof is classical, it seems useful to review its
main arguments based on Calderón-Zygmund decompositions to understand how
this type of cutting and stopping procedure works in a rather simple setting (at
any rate simpler than in the section devoted to condition (Ψ)). We show, following
the author’s counterexample, that an estimate with loss of one derivative is not a
consequence of condition (Ψ). Finally, we give a proof of an estimate with loss of
3/2 derivatives under condition (Ψ), following the articles of N. Dencker [35] and
the author’s [98]. We end that chapter with a short historical account of solvability
questions and also with a list of open questions.

There is also a lengthy appendix to this book. Some topics of this appendix
are simply very classical material whose re-exposition might benefit to the reader
by providing an immediate access to a reference for some calculations or formulas:
it is the case of the first two sections of that appendix Some elements of Fourier
analysis, Some remarks of algebra and also of the fourth one On the symplectic
and metaplectic groups. Other parts of the appendix are devoted to technical ques-
tions, which would have impeded the reader in his progression: this is the case in
particular of the very last section More on symbolic calculus.

It is our hope that the first two parts of the book are accessible to graduate
students with a decent background in Analysis. The third chapter is directed more
to researchers but should also be accessible to the readers able to get some good
familiarity with the first two chapters, in which the main tools for the proofs of
Chapter 3 are provided.

Acknowledgements. I wish to express my thanks to Jean-Michel Bony for
numerous discussions on Sobolev spaces attached to a pseudodifferential calculus
given by a metric on the phase space and also for many helpful indications on
related matters; the entry [18] refers to these private discussions and files. For
several months, the author had the privilege of exchanging several letters and files
with Lars Hörmander on the topic of solvability. The author is most grateful for
the help generously provided. These personal communications are referred to in
the text as [78] and are important in all subsections of the section 3.7. It is my
pleasure to thank the editors of this Birkhäuser series, Luigi Rodino and Man Wah
Wong, for inviting me to write this book. Finally I wish to acknowledge gratefully
the authorization of the Annals of Mathematics and of the Publications of RIMS
to reproduce some parts of the articles [92] and [100].



Chapter 1

Basic Notions of Phase Space
Analysis

1.1 Introduction to pseudodifferential operators

1.1.1 Prolegomena

A differential operator of order m on Rn can be written as

a(x,D) =
∑
|α|≤m

aα(x)Dα
x ,

where we have used the notation (4.1.4) for the multi-indices. Its symbol is a
polynomial in the variable ξ and is defined as

a(x, ξ) =
∑
|α|≤m

aα(x)ξα, ξα = ξα1
1 . . . ξαn

n .

We have the formula

(a(x,D)u)(x) =
∫

Rn

e2iπx·ξa(x, ξ)û(ξ)dξ, (1.1.1)

where û is the Fourier transform as defined in (4.1.1). It is possible to generalize
the previous formula to the case where a is a tempered distribution on R2n.

Let u, v be in the Schwartz class S (Rn). Then the function

Rn × Rn 3 (x, ξ) 7→ û(ξ)v̄(x)e2iπx·ξ = Ωu,v(x, ξ) (1.1.2)

belongs to S (R2n) and the mapping (u, v) 7→ Ωu,v is sesquilinear continuous.
Using these notations, we can provide the following definition.
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Definition 1.1.1. Let a ∈ S ′(R2n) be a tempered distribution. We define the
operator a(x,D) : S (Rn) −→ S ∗(Rn) by the formula

〈a(x,D)u, v〉S ∗(Rn),S (Rn) =≺ a,Ωu,v �S ′ (R2n),S (R2n),

where S ∗(Rn) is the antidual of S (Rn) (continuous antilinear forms). The dis-
tribution a is called the symbol of the operator a(x,D).

N.B. The duality product 〈u, v〉S ∗(R2n),S (R2n), is linear in the variable u and an-
tilinear in the variable v. We shall use the same notation for the dot product in
the complex Hilbert space L2 with the notation

〈u, v〉L2 =
∫
u(x)v(x)dx.

The general rule that we shall follow is to always use the sesquilinear duality as
above, except if specified otherwise. For the real duality, as in the left-hand-side of
the formula in Definition 1.1.1, we shall use the notation ≺ u, v �=

∫
u(x)v(x)dx,

e.g. for u, v ∈ S (Rn).
Although the previous formula is quite general, since it allows us to quantize1

any tempered distribution on R2n, it is not very useful, since we cannot compose
this type of operators. We are in fact looking for an algebra of operators and the
following theorem is providing a simple example.

In the sequel we shall denote by C∞b (R2n) the (Fréchet) space of C∞ functions
on R2n which are bounded as well as all their derivatives.

Theorem 1.1.2. Let a ∈ C∞b (R2n). Then the operator a(x,D) is continuous from
S (Rn) into itself.

Proof. Using Definition 1.1.1, we have for u, v ∈ S (Rn), a ∈ C∞b (R2n),

〈a(x,D)u, v〉S ∗(Rn),S (Rn) =
∫∫

e2iπx·ξa(x, ξ)û(ξ)v̄(x)dxdξ.

On the other hand the function U(x) =
∫
e2iπx·ξa(x, ξ)û(ξ)dξ is smooth and such

that, for any multi-indices α, β,

xβDα
xU(x) = (−1)|β|

∑
α′+α′′=α

α!
α′!α′′!

∫
e2iπx·ξDβ

ξ

(
ξα

′
(Dα′′

x a)(x, ξ)û(ξ)
)
dξ

= (−1)|β|
∑

α′+α′′=α

α!
α′!α′′!

∫
e2iπx·ξDβ

ξ

(
(Dα′′

x a)(x, ξ)D̂α′u(ξ)
)
dξ

and thus

sup
x∈Rn

|xβDα
xU(x)| ≤

∑
α′+α′′=α
β′+β′′=β

α!
α′!α′′!

β!
β′!β′′!

‖Dβ′

ξ D
α′′

x a‖L∞(R2n)‖Dβ′′D̂αu‖L1(Rn).

1We mean simply here that we are able to define a linear mapping from S ′(R2n) to the set
of continuous operators from S (Rn) to S ′(Rn).
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Since the Fourier transform and ∂xj are continuous on S (Rn), we get that the
mapping u 7→ U is continuous from S (Rn) into itself. The above defining formula
for a(x,D) ensures that a(x,D)u = U . �

The Schwartz space S (R2n) is not dense in the Fréchet space C∞b (R2n) (e.g.
∀ϕ ∈ S (R2n), supx∈R2n |1−ϕ(x)| ≥ 1) but, in somewhat pedantic terms, one may
say that this density is true for the bornology on C∞b (R2n); in simpler terms, let
a be a function in C∞b (R2n) and take for instance

ak(x, ξ) = a(x, ξ)e−(|x|2+|ξ|2)k−2
.

It is easy to see that each ak belongs to S (R2n), that the sequence (ak) is bounded
in C∞b (R2n) and converges in C∞(R2n) to a. This type of density will be enough
for the next lemma.

Lemma 1.1.3. Let (ak) be a sequence in S (R2n) such that (ak) is bounded in the
Fréchet space C∞b (R2n) and (ak) is converging in C∞(R2n) to a function a. Then
a belongs to C∞b (R2n) and for any u ∈ S (Rn), the sequence (ak(x,D)u) converges
to a(x,D)u in S (Rn).

Proof. The fact that a belongs to C∞b (R2n) is obvious. Using the identities in the
proof of Theorem 1.1.2 we see that

xβDα
x

(
ak(x,D)u− a(x,D)u

)
= xβDα

x

(
(ak − a)(x,D)u

)
= (−1)|β|

∑
α′+α′′=α
β′+β′′=β

α!
α′!α′′!

β!
β′!β′′!

∫
e2iπx·ξ

(
Dβ′

ξ D
α′′

x (ak − a)
)
(x, ξ)Dβ′′

ξ D̂α′u(ξ)dξ

=
∑

α′+α′′=α
β′+β′′=β

α!
α′!α′′!

β!
β′!β′′!

(1 + |x|2)−1

×
∫

(1 + |Dξ|2)
(
e2iπx·ξ

)(
Dβ′

ξ D
α′′

x (ak − a)
)
(x, ξ)Dβ′′

ξ D̂α′u(ξ)dξ,

that is a (finite) sum of terms of type Vk(x) = (1+ |x|2)−1
∫
e2iπx·ξbk(x, ξ)wu(ξ)dξ

with the sequence (bk) bounded in C∞b (R2n) and converging to 0 in C∞(R2n),
u 7→ wu linear continuous from S (Rn) into itself. As a consequence we get that,
with R1, R2 positive parameters,

|Vk(x)| ≤ sup
|x|≤R1
|ξ|≤R2

|bk(x, ξ)|
∫
|ξ|≤R2

|wu(ξ)|dξ1{|x| ≤ R1}

+
∫
|ξ|≥R2

|wu(ξ)|dξ sup
k∈N

‖bk‖L∞(R2n)1{|x| ≤ R1}

+R−2
1 1{|x| ≥ R1} sup

k∈N
‖bk‖L∞(R2n)

∫
|wu(ξ)|dξ,
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implying

|Vk(x)| ≤ εk(R1, R2)
∫
|wu(ξ)|dξ + η(R2) sup

k∈N
‖bk‖L∞(R2n)

+ θ(R1) sup
k∈N

‖bk‖L∞(R2n)

∫
|wu(ξ)|dξ,

with limk→+∞ εk(R1, R2) = 0, limR→+∞ η(R) = limR→+∞ θ(R) = 0. Thus we
have for all positive R1, R2,

lim sup
k→+∞

‖Vk‖L∞ ≤ η(R2) sup
k∈N

‖bk‖L∞(R2n) + θ(R1) sup
k∈N

‖bk‖L∞(R2n)

∫
|wu(ξ)|dξ,

entailing (by taking the limit when R1, R2 go to infinity) that limk→+∞ ‖Vk‖L∞ =
0 which gives the result of the lemma. �

Theorem 1.1.4. Let a ∈ C∞b (R2n): the operator a(x,D) is bounded on L2(Rn).

Proof. Since S (Rn) is dense in L2(Rn), it is enough to prove that there exists a
constant C such that for all u, v ∈ S (Rn),

|〈a(x,D)u, v〉S ∗(Rn),S (Rn)| ≤ C‖u‖L2(Rn)‖v‖L2(Rn).

We introduce the polynomial on Rn defined by Pk(t) = (1+ |t|2)k/2, where k ∈ 2N,
and the function

Wu(x, ξ) =
∫
u(y)Pk(x− y)−1e−2iπy·ξdy.

The function Wu is the partial Fourier transform of the function Rn × Rn 3
(x, y) 7→ u(y)Pk(x−y)−1 and if k > n/2 (we assume this in the sequel), we obtain
that ‖Wu‖L2(R2n) = ck‖u‖L2(Rn). Moreover, since u ∈ S (Rn), the function Wu

belongs to C∞(R2n) and satisfies for all multi-indices α, β, γ

sup
(x,ξ)∈R2n

Pk(x)ξγ |(∂αx ∂
β
ξWu)(x, ξ)| <∞.

In fact we have

ξγ(∂αx ∂
β
ξWu)(x, ξ) =

∫ ∈S (Rn)︷ ︸︸ ︷
u(y)(−2iπy)β ∂α(1/Pk)(x− y)(−1)|γ|Dγ

y (e
−2iπy·ξ)dy

=
∑

γ′+γ′′=γ

γ!
γ′!γ′′!

∫
Dγ′

y

(
u(y)(−2iπy)β

)
(−2iπ)−|γ

′′|

∂γ
′′+α(1/Pk)(x− y)(e−2iπy·ξ)dy
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and

|∂α(1/Pk)(x− y)| ≤ Cα,k(1 + |x− y|)−k ≤ Cα,k(1 + |x|)−k(1 + |y|)k.

From Definition 1.1.1, we have

〈a(x,D)u, v〉S ∗(Rn),S (Rn) =
∫∫

Rn×Rn

e2iπx·ξa(x, ξ)û(ξ)v̄(x)dxdξ,

and we obtain, using an integration by parts justified by the regularity and decay
of the functions W above,

〈a(x,D)u, v〉

=
∫∫

a(x, ξ)Pk(Dξ)
(∫

u(y)Pk(x− y)−1e2iπ(x−y)·ξdy

)
v̄(x)dxdξ

=
∫∫

a(x, ξ)Pk(Dξ)
(
e2iπx·ξWu(x, ξ)v̄(x)︸ ︷︷ ︸

∈S (R2n)

)
dxdξ

=
∫∫

(Pk(Dξ)a)(x, ξ)Wu(x, ξ)Pk(Dx)
(∫

e2iπx·(ξ−η)Pk(ξ − η)−1v̂(η)dη
)
dxdξ

=
∫∫

(Pk(Dξ)a)(x, ξ)Wu(x, ξ)Pk(Dx)
(
W¯̂v(ξ, x)e

2iπx·ξ) dxdξ
=

∑
0≤l≤k/2

Clk/2

∫∫
|Dx|2l

(
(Pk(Dξ)a)(x, ξ)Wu(x, ξ)

)
W¯̂v(ξ, x)e

2iπx·ξdxdξ

=
∑
|α|≤k

|β|+|γ|≤k

cαβγ

∫∫
(Dα

ξD
β
xa)(x, ξ)︸ ︷︷ ︸

bounded

Dγ
x(Wu)(x, ξ) W¯̂v(ξ, x)︸ ︷︷ ︸

∈ L2(R2n) with norm
ck‖v‖L2(Rn)

e2iπx·ξdxdξ.

Checking now the x-derivatives of Wu, we see that

Dγ
x(Wu)(x, ξ) =

∫
u(y)Dγ(1/Pk)(x− y)e−2iπy·ξdy,

and since Dγ(1/Pk) belongs to L2(Rn) (since k > n/2), we get that the L2(R2n)
norm of Dγ

x(Wu) is bounded above by cγ‖u‖L2(Rn). Using the Cauchy-Schwarz
inequality, we obtain that

|〈a(x,D)u, v〉| ≤
∑
|α|≤k

|β|+|γ|≤k

cαβγ‖∂αξ ∂βxa‖L∞(R2n)‖Dγ
xWu‖L2(R2n)‖W¯̂v‖L2(R2n)

≤ Cn‖u‖L2(Rn)‖v‖L2(Rn) sup
|α|≤k
|β|≤k

‖∂αξ ∂βxa‖L∞(R2n),

where Cn depends only on n and 2N 3 k > n/2, which is the sought result. �
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N.B. The number of derivatives needed to control the L (L2(Rn)) (the linear
continuous operators on L2(Rn)) norm of a(x,D) can be slightly improved (cf.
[22], [28]). The elementary proof above is due to I.L. Hwang ([79]).

The next theorem gives us our first algebra of pseudodifferential operators.

Theorem 1.1.5. Let a, b be in C∞b (R2n). Then the composition a(x,D)b(x,D) ma-
kes sense as a bounded operator on L2(Rn) (also as a continuous operator from
S (Rn) into itself), and a(x,D)b(x,D) = (a � b)(x,D) where a � b belongs to
C∞b (R2n) and is given by the formula

(a � b)(x, ξ) = (exp 2iπDy ·Dη)(a(x, ξ + η)b(y + x, ξ))|y=0,η=0, (1.1.3)

(a � b)(x, ξ) =
∫∫

e−2iπy·ηa(x, ξ + η)b(y + x, ξ)dydη, (1.1.4)

when a and b belong to S (R2n). The mapping a, b 7→ a � b is continuous for the
topology of Fréchet space of C∞b (R2n). Also if (ak), (bk) are sequences of functions
in S (R2n), bounded in C∞b (R2n), converging in C∞(R2n) respectively to a, b, then
a and b belong to C∞b (R2n), the sequence (ak � bk) is bounded in C∞b (R2n) and
converges in C∞(R2n) to a � b.

Remark 1.1.6. From Lemma 4.1.2, we know that the operator e2iπDy·Dη is an
isomorphism of C∞b (R2n), which gives a meaning to the formula (1.1.3), since for
a, b ∈ C∞b (R2n), (x, ξ) given in R2n, the function (y, η) 7→ a(x, ξ + η)b(y + x, ξ) =
Cx,ξ(y, η) belongs to C∞b (R2n) as well as JCx,ξ and we can take the value of the
latter at (y, η) = (0, 0).

Proof. Let us first assume that a, b ∈ S (R2n). The kernels ka, kb of the operators
a(x,D), b(x,D) belong also to S (R2n) and the kernel kc of a(x,D)b(x,D) is given
by (we use Fubini’s theorem)

k(x, y) =
∫
ka(x, z)kb(z, y)dz =

∫∫∫
a(x, ξ)e2iπ(x−z)·ξb(z, ζ)e2iπ(z−y)·ζdζdξdz.

The function k belongs also to S (R2n) and we get, for u, v ∈ S (Rn),

〈a(x,D)b(x,D)u, v〉L2(Rn)

=
∫∫∫∫∫

a(x, ξ)e2iπ(x−z)·ξb(z, ζ)e2iπ(z−y)·ζu(y)v̄(x)dζdξdzdydx.

=
∫∫∫∫

a(x, ξ)e2iπ(x−z)·ξb(z, ζ)e2iπz·ζ û(ζ)dζdξdzv̄(x)dx.

=
∫∫∫∫

a(x, ξ)e2iπ(x−z)·ξb(z, ζ)e2iπ(z−x)·ζdξdze2iπx·ζ û(ζ)dζv̄(x)dx.

=
∫∫

c(x, ζ)e2iπx·ζ û(ζ)dζv̄(x)dx,
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with

c(x, ζ) =
∫∫

a(x, ξ)e2iπ(x−z)·(ξ−ζ)b(z, ζ)dξdz

=
∫∫

a(x, ξ + ζ)e−2iπz·ξb(z + x, ζ)dξdz, (1.1.5)

which is indeed (1.1.4). With c = a � b given by (1.1.4), using that a, b ∈ S (R2n)
we get, using the notation (4.1.4) and Pk(t) = (1 + |t|2)1/2, k ∈ 2N,

c(x, ξ) =
∫∫

Pk(Dη)
(
e−2iπy·η

)
Pk(y)−1a(x, ξ + η)b(y + x, ξ)dydη

=
∫∫

e−2iπy·ηPk(y)−1(Pk(D2)a)(x, ξ + η)b(y + x, ξ)dydη

=
∫∫

Pk(Dy)
(
e−2iπy·η

)
Pk(η)−1Pk(y)−1(Pk(D2)a)(x, ξ + η)b(y + x, ξ)dydη

=
∑

0≤l≤k/2

Clk/2

∫∫
e−2iπy·η|Dy|2l

(
Pk(y)−1b(y + x, ξ)

)
Pk(η)−1(Pk(D2)a)(x, ξ + η)dydη. (1.1.6)

We denote by a�̃b the right-hand-side of the previous formula and we note that,
when k > n, it makes sense as well for a, b ∈ C∞b (R2n), since |∂αt (1/Pk)(t)| ≤
Cα,k(1 + |t|)−k. We already know that a � b = a�̃b for a, b in the Schwartz class
and we want to prove that it is also true for a, b ∈ C∞b (R2n). Choosing an even
k > n (take k = n+ 1 or n+ 2), we also get

‖a�̃b‖L∞(R2n) ≤ Cn sup
|α|≤n+2

‖∂αξ a‖L∞(R2n) sup
|β|≤n+2

‖∂βx b‖L∞(R2n).

Moreover, we note from (1.1.6) that

∂ξj
(a�̃b) = (∂ξj

a)�̃b+ a�̃(∂ξj
b), ∂xj

(a�̃b) = (∂xj
a)�̃b+ a�̃(∂xj

b)

and as a result

‖∂αξ ∂βx (a�̃b)‖L∞(R2n)

≤ Cn,α,β sup
|α′|≤n+2,|β′|≤n+2

α′′+α′′′=α, β′′+β′′′=β

‖∂α
′+α′′

ξ ∂β
′′

x a‖L∞(R2n)‖∂β
′+β′′′

x ∂α
′′′

ξ b‖L∞(R2n),

(1.1.7)

which gives also the continuity of the bilinear mapping C∞b (R2n) × C∞b (R2n) 3
(a, b) 7→ a�̃b ∈ C∞b (R2n). We have for u, v ∈ S (Rn), a, b ∈ C∞b (R2n),

ak(x, ξ) = e−(|x|2+|ξ|2)/k2
a(x, ξ), bk(x, ξ) = e−(|x|2+|ξ|2)/k2

b(x, ξ),
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from Lemma 1.1.3 and Theorem 1.1.2, with limits in S (Rn),

a(x,D)b(x,D)u = lim
k
ak(x,D)b(x,D)u = lim

k

(
lim
l
ak(x,D)bl(x,D)u

)
,

and thus, with Ωu,v(x, ξ) = e2iπx·ξû(ξ)v̄(x) (which belongs to S (R2n)),

〈a(x,D)b(x,D)u, v〉L2 = lim
k

(
lim
l
〈(ak � bl)(x,D)u, v〉

)
= lim

k

(
lim
l

∫∫
(ak � bl)(x, ξ)Ωu,v(x, ξ)dxdξ

)
=
∫∫

(a�̃b)(x, ξ)Ωu,v(x, ξ)dxdξ,

which gives indeed a(x,D)b(x,D) = (a�̃b)(x,D). This property gives at once the
continuity properties stated at the end of the theorem, since the weak continuity
property follows immediately from (1.1.6) and the Lebesgue dominated conver-
gence theorem, whereas the Fréchet continuity follows from (1.1.7). Moreover,
with the same notations as above, we have with

C
(a,b)
x,ξ (y, η) = a(x, ξ + η)b(y + x, ξ)

(see Remark 1.1.6) for each (x, ξ) ∈ R2n,

(JC(a,b)
x,ξ )(0, 0) = lim

k
(JC(ak,bk)

x,ξ )(0, 0) = lim
k

(
(ak � bk)(x, ξ)

)
= (a�̃b)(x, ξ)

which proves (1.1.3). The proof of the theorem is complete. �

Definition 1.1.7. Let A : S (Rn) −→ S ′(Rn) be a linear operator. The adjoint
operator A∗ : S (Rn) −→ S ′(Rn) is defined by

〈A∗u, v〉S ∗(Rn),S (Rn) = 〈Av, u〉S ∗(Rn),S (Rn),

where S ∗(Rn) is the antidual of S (Rn) (continuous antilinear forms).

Theorem 1.1.8. Let a ∈ S ′(R2n) and A = a(x,D) be given by Definition 1.1.1.
Then the operator A∗ is equal to a∗(x,D), where a∗ = Jā (J is given in Lemma
4.1.2). If a belongs to C∞b (R2n), a∗ = Jā ∈ C∞b (R2n) and the mapping a 7→ a∗ is
continuous from C∞b (R2n) into itself.

Proof. According to the definitions 1.1.7 and 1.1.1, we have for u, v ∈ S (Rn),
with Ωv,u(x, ξ) = e2iπx·ξ v̂(ξ)ū(x),

〈A∗u, v〉S ∗(Rn),S (Rn) = 〈Av, u〉S ∗(Rn),S (Rn) = ≺ a,Ωv,u �S ′(R2n),S (R2n)

=≺ ā,Ωv,u �S ′(R2n),S (R2n) .

On the other hand, we have(
J−1(Ωv,u)

)
(x, ξ) =

∫∫
e2iπ(x−y)·(ξ−η)e−2iπy·η ¯̂v(η)u(y)dydη

= v̄(x)e2iπx·ξû(ξ) = Ωu,v(x, ξ),
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so that, using (4.1.16), we get

〈A∗u, v〉S ∗(Rn),S (Rn) =≺ ā, JΩu,v �S ′(R2n),S (R2n)=≺ Jā,Ωu,v �S ′(R2n),S (R2n)

and finally A∗ = (Jā)(x,D). The last statement in the theorem follows from
Lemma 4.1.2. �

Comment. In this introductory section, we have seen a very general definition of
quantization (Definition 1.1.1), an easy S continuity theorem (Theorem 1.1.2), a
trickier L2-boundedness result (Theorem 1.1.4), a composition formula (Theorem
1.1.5) and an expression for the adjoint (Theorem 1.1.7). These five steps are
somewhat typical of the construction of a pseudodifferential calculus and we shall
see many different examples of this situation. The above prolegomena provide
a quite explicit and elementary approach to the construction of an algebra of
pseudodifferential operators in a rather difficult framework, since we did not use
any asymptotic calculus and did not have at our disposal a “small parameter”. The
proofs and simple methods that we used here will be useful later as well as many
of the results.

1.1.2 Quantization formulas

We have already seen in Definition 1.1.1 and in the formula (1.1.1) a way to
associate to a tempered distribution a ∈ S ′(R2n) an operator from S (Rn) to
S ′(Rn). This question of quantization has of course many links with quantum
mechanics and we want here to study some properties of various quantizations
formulas, such as the Weyl quantization and the Feynman formula along with
several variations around these examples. We are given a function a defined on
the phase space Rn × Rn (a is a “Hamiltonian”) and we wish to associate to this
function an operator. For instance, we may introduce the one-parameter formulas,
for t ∈ R,

(opt a)u(x) =
∫∫

e2iπ(x−y)·ξa
(
(1− t)x+ ty, ξ

)
u(y)dydξ. (1.1.8)

When t = 0, we recognize the standard quantization introduced in Definition 1.1.1,
quantizing a(x)ξj in a(x)Dxj

(see (4.1.4)). However, one may wish to multiply first
and take the derivatives afterwards: this is what the choice t = 1 does, quantizing
a(x)ξj in Dxj

a(x). The more symmetrical choice t = 1/2 was done by Hermann
Weyl [150]: we have

(op 1
2
a)u(x) =

∫∫
e2iπ(x−y)·ξa

(x+ y

2
, ξ
)
u(y)dydξ, (1.1.9)

and thus op 1
2
(a(x)ξj) = 1

2

(
a(x)Dxj +Dxja(x)

)
. This quantization is widely used

in quantum mechanics, because a real-valued Hamiltonian gets quantized by a
(formally) selfadjoint operator. We shall see that the most important property of
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that quantization remains its symplectic invariance, which will be studied in details
in Chapter 2; a different symmetrical choice was made by Richard Feynman who
used the formula ∫∫

e2iπ(x−y)·ξ (a(x, ξ) + a(y, ξ))
1
2
u(y)dydξ, (1.1.10)

keeping the selfadjointness of real Hamiltonians, but loosing the symplectic in-
variance (see Section 4.4.3). The reader may be embarrassed by the fact that we
did not bother about the convergence of the integrals above. Before providing a
definition, we may assume that a ∈ S (R2n), u, v ∈ S (Rn), t ∈ R and compute

〈(opta)u, v〉 =
∫∫∫

a
(
(1− t)x+ ty, ξ

)
e2iπ(x−y)·ξu(y)v̄(x)dydξdx

=
∫∫∫

a(z, ξ)e−2iπs·ξu(z + (1− t)s)v̄(z − ts)dzdξds

=
∫∫∫

a(x, ξ)e−2iπz·ξu(x+ (1− t)z)v̄(x− tz)dxdξdz,

so that with

Ωu,v(t)(x, ξ) =
∫
e−2iπz·ξu(x+ (1− t)z)v̄(x− tz)dz, (1.1.11)

which is easily seen2 to be in S (R2n) when u, v ∈ S (Rn), we can give the following
definition.3

Definition 1.1.9. Let a ∈ S ′(R2n) be a tempered distribution and t ∈ R. We define
the operator opta : S (Rn) −→ S ∗(Rn) by the formula

〈(opta)u, v〉S ∗(Rn),S (Rn) =≺ a,Ωu,v(t) �S ′ (R2n),S (R2n),

where S ∗(Rn) is the antidual of S (Rn) (continuous antilinear forms).

Proposition 1.1.10. Let a ∈ S ′(R2n) be a tempered distribution and t ∈ R. We
have

opt a = op0(J
ta) = (J ta)(x,D),

with J t defined in Lemma 4.1.2.

Proof. Let u, v ∈ S (Rn). With the S (R2n) function Ωu,v(t) given above, we have

2In fact the linear mapping Rn × Rn 3 (x, z) 7→ (x − tz, x + (1 − t)z) has determinant
1 and Ωu,v(t) appears as the partial Fourier transform of the function Rn × Rn 3 (x, z) 7→
v̄(x− tz)u(x + (1− t)z), which is in the Schwartz class.

3The reader can check that this is consistent with Definition 1.1.1.
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for t 6= 0,(
J tΩu,v(0)

)
(x, ξ) = |t|−n

∫∫
e−2iπt−1(x−y)·(ξ−η)Ωu,v(0)(y, η)dydη

= |t|−n
∫∫

e−2iπt−1(x−y)·(ξ−η)û(η)v̄(y)e2iπy·ηdydη

=
∫∫

e−2iπz·(ξ−η)û(η)v̄(x− tz)e2iπ(x−tz)·ηdzdη

=
∫
e−2iπz·ξu(x+ (1− t)z)v̄(x− tz)dz = Ωu,v(t)(x, ξ), (1.1.12)

so that

〈(opta)u, v〉S ∗(Rn),S (Rn) =≺ a,Ωu,v(t) �S ′(R2n),S (R2n) (definition 1.1.9)

=≺ a, J tΩu,v(0) �S ′(R2n),S (R2n) (property (1.1.12))

=≺ J ta,Ωu,v(0) �S ′(R2n),S (R2n) (easy identity for Jt)

= 〈(J ta)(x,D)u, v〉S ∗(Rn),S (Rn) (definition 1.1.1),

completing the proof. �

Remark 1.1.11. The theorem 1.1.8 and the previous proposition give in particu-
lar that a(x,D)∗ = op1(ā) = (Jā)(x,D), a formula which in fact motivates the
study of the group J t. On the other hand, using the Weyl quantization simplifies
somewhat the matter of taking adjoints since we have, using Remark 4.1.3,(

op1/2(a)
)∗ =

(
op0(J

1/2a)
)∗ = op0(J(J1/2a)) = op0(J

1/2ā) = op1/2(ā)

and in particular if a is real-valued, op1/2(a) is formally selfadjoint. The Feynman
formula as displayed in (1.1.10) amounts to quantize the Hamiltonian a by

1
2
op0(a+ Ja)

and we see that
(
op0(a + Ja)

)∗ = op0(Jā + J(Ja)) = op0(Jā + ā), which also
provides selfadjointness for real-valued Hamiltonians.

Lemma 1.1.12. Let a ∈ S (R2n). Then for all t ∈ R, opt(a) is a continuous
mapping from S ′(Rn) in S (Rn).

Proof. Let a ∈ S (R2n): we have for u ∈ S ′(Rn), A = a(x,D),

xβ(Dα
xAu)(x) =

∑
α′+α′′=α

1
α′!α′′!

〈û(ξ), e2iπx·ξξα
′
xβ(Dα′′

x a)(x, ξ)〉S ′(Rn
ξ ),S (Rn

ξ ),

so that Au ∈ S (Rn) and the same property holds for opt(a) since J t is an iso-
morphism of S ′(R2n). �
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1.1.3 The Sm
1,0 class of symbols

Differential operators on Rn with smooth coefficients are given by a formula (see
(1.1.1))

a(x,D)u =
∑
|α|≤m

aα(x)Dα
x

where the aα are smooth functions. Assuming some behaviour at infinity for the
aα, we may require that they are C∞b (Rn) (see page 2) and a natural generalization
is to consider operators a(x,D) with a symbol a of type Sm1,0, i.e. smooth functions
on R2n satisfying

|(∂αξ ∂βxa)(x, ξ)| ≤ Cαβ〈ξ〉m−|α|, 〈ξ〉 = (1 + |ξ|2)1/2. (1.1.13)

The best constants Cαβ in (1.1.13) are the semi-norms of a in the Fréchet space
Sm1,0. We can define, for a ∈ Sm1,0, k ∈ N,

γk,m(a) = sup
(x,ξ)∈R2n,|α|+|β|≤k

|(∂αξ ∂βxa)(x, ξ)|〈ξ〉−m+|α|. (1.1.14)

Example. The function 〈ξ〉m belongs to Sm1,0: the function R × Rn 3 (τ, ξ) 7→
(τ2 + |ξ|2)m/2 is (positively) homogeneous of degree m on Rn+1\{0}, and thus
∂αξ
(
(τ2 + |ξ|2)m/2

)
is homogeneous of degree m− |α| and bounded above by

Cα(τ2 + |ξ|2)
m−|α|

2 .

Since the restriction to τ = 1 and the derivation with respect to ξ commute, it
gives the answer.

We shall see that the class of operators op(Sm1,0) is suitable (op(b) is op0b,
see Proposition 1.1.10) to invert elliptic operators, and useful for the study of
singularities of solutions of PDE. We see that the elements of Sm1,0 are temperate
distributions, so that the operator a(x,D) makes sense, according to Definition
1.1.1. We have also the following result.

Theorem 1.1.13. Let m ∈ R and a ∈ Sm1,0. Then the operator a(x,D) is continuous
from S (Rn) into itself.

Proof. With 〈D〉 = op(〈ξ〉), we have a(x,D) = op(a(x, ξ)〈ξ〉−m)〈D〉m. The func-
tion a(x, ξ)〈ξ〉−m belongs to C∞b (R2n) so that we can use Theorem 1.1.2 and the
fact that 〈D〉m is continuous on S (Rn) to get the result. �

Theorem 1.1.14. Let a ∈ S0
1,0. Then the operator a(x,D) is bounded on L2(Rn).

Proof. Since S0
1,0 ⊂ C∞b (R2n), it follows from Theorem 1.1.4. �

Theorem 1.1.15. Let m1,m2 be real numbers and a1 ∈ Sm1
1,0 , a2 ∈ Sm2

1,0 . Then the
composition a1(x,D)a2(x,D) makes sense as a continuous operator from S (Rn)
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into itself and a1(x,D)a2(x,D) = (a1 � a2)(x,D) where a1 � a2 belongs to Sm1+m2
1,0

and is given by the formula

(a1 � a2)(x, ξ) = (exp 2iπDy ·Dη)
(
a1(x, ξ + η)a2(y + x, ξ)

)
|y=0,η=0

. (1.1.15)

N.B. From Lemma 4.1.5, we know that the operator e2iπDy·Dη is an isomorphism of
Sm1,0(R2n), which gives a meaning to the formula (1.1.15), since for aj ∈ S

mj

1,0 (R2n),
(x, ξ) given in R2n, the function (y, η) 7→ a1(x, ξ + η)a2(y + x, ξ) = Cx,ξ(y, η)
belongs to Sm1

1,0 (R2n) as well as JCx,ξ and we can take the value of the latter at
(y, η) = (0, 0).

Proof. We assume first that both aj belong to S (R2n). The formula (1.1.4) pro-
vides the answer. Now, rewriting the formula (1.1.6) for an even integer k, we
get

(a1 � a2)(x, ξ) =
∑

0≤l≤k/2

Clk/2

∫∫
e−2iπy·η|Dy|2l

(
〈y〉−ka2(y + x, ξ)

)
〈η〉−k(〈Dη〉ka1)(x, ξ + η)dydη. (1.1.16)

We denote by a1�̃a2 the right-hand-side of (1.1.16) and we note that, when k >
n+ |m1|, it makes sense (and it does not depend on k) as well for aj ∈ S

mj

1,0 , since

|∂αy 〈y〉−k| ≤ Cα,k〈y〉−k, |∂βy a2(y+x, ξ)| ≤ Cβ〈ξ〉m2 , |∂γηa1(x, ξ+η)| ≤ Cγ〈ξ+η〉m1

so that the absolute value of the integrand above is4 5

. 〈y〉−k〈η〉−k〈ξ〉m2〈ξ + η〉m1 . 〈y〉−k〈η〉−k+|m1|〈ξ〉m1+m2 .

Remark 1.1.16. Note that this proves that the mapping

Sm1
1,0 × Sm2

1,0 3 (a1, a2) 7→ a1�̃a2 ∈ Sm1+m2
1,0

is bilinear continuous. In fact, we have already proven that

|(a1�̃a2)(x, ξ)| ≤ C〈ξ〉m1+m2 ,

and we can check directly that a1�̃a2 is smooth and satisfies

∂ξj

(
a1�̃a2

)
= (∂ξja1)�̃a2 + a1�̃(∂ξja2)

so that |∂ξj
(a1�̃a2)(x, ξ)| ≤ C〈ξ〉m1+m2−1, and similar formulas for higher order

derivatives.
4We use 〈ξ + η〉 ≤ 21/2〈ξ〉〈η〉 so that,

∀s ∈ R, ∀ξ, η ∈ Rn, 〈ξ + η〉s ≤ 2|s|/2〈ξ〉s〈η〉|s|, (1.1.17)

a convenient inequality (to get it for s ≥ 0, raise the first inequality to the power s, and for
s < 0, replace ξ by −ξ − η) a.k.a. Peetre’s inequality.

5We use here the notation a . b for the inequality a ≤ Cb, where C is a “controlled” constant
(here C depends only on k, m1, m2).



14 Chapter 1. Basic Notions of Phase Space Analysis

Remark 1.1.17. Let (ck) be a bounded sequence in the Fréchet space Sm1,0 converg-
ing in C∞(R2n) to c. Then c belongs to Sm1,0 and for all u ∈ S (Rn), the sequence
(ck(x,D)u) converges to c(x,D)u in S (Rn). In fact, the sequence of functions
(ck(x, ξ)〈ξ〉−m) is bounded in C∞b (R2n) and we can apply Lemma 1.1.3 to get
that limk op(ck(x, ξ)〈ξ〉−m)〈D〉mu = op(c(x, ξ)〈ξ〉−m)〈D〉mu = op(c)u in S (Rn).

The remaining part of the argument is the same than in the proof of Theorem
1.1.5, after (1.1.7). �

Theorem 1.1.18. Let s,m be real numbers and a ∈ Sm1,0. Then the operator a(x,D)
is bounded from Hs+m(Rn) to Hs(Rn).

Proof. Let us recall that Hs(Rn) = {u ∈ S ′(Rn), 〈ξ〉sû(ξ) ∈ L2(Rn)}. From the
theorem 1.1.15, the operator 〈D〉sa(x,D)〈D〉−m−s can be written as b(x,D) with
b ∈ S0

1,0 and so from the theorem 1.1.14, it is a bounded operator on L2(Rn). Since
〈D〉σ is an isomorphism of Hσ(Rn) onto L2(Rn) with inverse 〈D〉−σ, it gives the
result. �

Corollary 1.1.19. Let r be a symbol in S−∞1,0 = ∩mSm1,0. Then r(x,D) sends E ′(Rn)
into S (Rn).

Proof. We have for v ∈ E ′ and ψ ∈ C∞c (Rn) equal to 1 on a neighborhood of the
support of v, iterating

xjD
βr(x,D)v = [xj , Dβr(x,D)]ψv +Dβr(x,D)ψxjv = rj(x,D)v, rj ∈ S−∞1,0 ,

that xαDβr(x,D)v = rαβ(x,D)v, rαβ ∈ S−∞1,0 , and thus

xαDβr(x,D)v ∈ ∩sHs(Rn) ⊂ C∞b (Rn),

completing the proof. �

Theorem 1.1.20. Let m1,m2 be real numbers and a1 ∈ Sm1
1,0 , a2 ∈ Sm2

1,0 . Then
a1(x,D)a2(x,D) = (a1 � a2)(x,D), the symbol a1 � a2 belongs to Sm1+m2

1,0 and we
have the asymptotic expansion, for all N ∈ N,

a1 � a2 =
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2 + rN (a1, a2), (1.1.18)

with rN (a1, a2) ∈ Sm1+m2−N
1,0 . Note that Dα

ξ a1∂
α
x a2 belong to Sm1+m2−|α|

1,0 .

Proof. The proof is very similar to the proof of Lemma 4.1.5. We can use the
formula (1.1.15) and apply that lemma to get the desired formula with

rN (a1, a2)(x, ξ)

=
∫ 1

0

(1− θ)N−1

(N − 1)!
e2iπθDz·Dζ (2iπDz ·Dζ)N

(
a1(x, ζ)a2(z, ξ)

)
dθ|z=x,ζ=ξ

. (1.1.19)
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The function (z, ζ) 7→ bx,ξ(z, ζ) = 〈ξ〉−m2(2iπDz ·Dζ)Na1(x, ζ)a2(z, ξ) belongs to
Sm1−N

1,0 (R2n
z,ζ) uniformly with respect to the parameters (x, ξ) ∈ R2n: it satisfies,

using the notation (1.1.14), for max(|α|, |β|) ≤ k,

|∂αζ ∂βz bx,ξ(z, ζ)| ≤ γk,m1(a1)γk,m2(a2)〈ζ〉m1−N−|α|.

Applying Lemma 4.1.5, we obtain that the function

ρx,ξ(z, ζ) =
∫ 1

0

(1− θ)N−1

(N − 1)!
(Jθbx,ξ)(z, ζ)dθ

belongs to Sm1−N
1,0 (R2n

z,ζ) uniformly with respect to x, ξ, so that in particular

sup
(x,ξ,z,ζ)∈R4n

|ρx,ξ(z, ζ)〈ζ〉−m1+N | = C0 < +∞.

Since rN (a1, a2)(x, ξ)〈ξ〉−m2 = ρx,ξ(x, ξ), we obtain

|rN (a1, a2)(x, ξ)| ≤ C0〈ξ〉m1+m2−N . (1.1.20)

Using the formula (1.1.19) above gives as well the smoothness of rN (a1, a2) and
with the identities (consequences of ∂xj

(a1 � a2) = (∂xj
a1) � a2 + a1 � (∂xj

a2))

∂xj

(
rN (a1, a2)

)
= rN (∂xj

a1, a2) + rN (a1, ∂xj
a2)

∂ξj

(
rN (a1, a2)

)
= rN (∂ξj

a1, a2) + rN (a1, ∂ξj
a2),

it is enough to reapply (1.1.20) to get the result rN ∈ Sm1+m2−N
1,0 . �

We have already seen in Theorem 1.1.8 that the adjoint (in the sense of
Definition 1.1.7) of the operator a(x,D) is equal to a∗(x,D), where a∗ = Jā (J is
given in Lemma 4.1.2). Lemma 4.1.5 gives the following result.

Theorem 1.1.21. Let a ∈ Sm1,0. Then a∗ = Jā and the mapping a 7→ a∗ is continu-
ous from Sm1,0 into itself. Moreover, for all integers N , we have

a∗ =
∑
|α|<N

1
α!
Dα
ξ ∂

α
x ā+ rN (a), rN (a) ∈ Sm−N1,0 .

A consequence of the above results is the following.

Corollary 1.1.22. Let aj ∈ S
mj

1,0 , j = 1, 2. Then we have

a1 � a2 ≡ a1a2 mod Sm1+m2−1
1,0 , (1.1.21)

a1 � a2 − a2 � a1 ≡
1

2iπ
{a1, a2} mod Sm1+m2−2

1,0 , (1.1.22)

where the Poisson bracket {a1, a2} =
∑

1≤j≤n

∂a1

∂ξj

∂a2

∂xj
− ∂a1

∂xj

∂a2

∂ξj
. (1.1.23)

For a ∈ Sm1,0, a∗ ≡ ā mod Sm−1
1,0 . (1.1.24)
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Theorem 1.1.23. Let a be a symbol in Sm1,0 such that inf(x,ξ)∈R2n |a(x, ξ)|〈ξ〉−m > 0.
Then there exists b ∈ S−m1,0 such that

b(x,D)a(x,D) = Id+l(x,D),
a(x,D)b(x,D) = Id+r(x,D), r, l ∈ S−∞1,0 = ∩νSν1,0.

Proof. We remark first that the smooth function 1/a belongs to S−m1,0 : it follows
from the Faà de Bruno formula (see e.g. our appendix 4.3.1), or more elementarily,
from the fact that, for |α| + |β| ≥ 1, ∂αξ ∂

β
x ( 1

aa) = 0, entailing with the Leibniz
formula

a∂αξ ∂
β
x (1/a) =

∑
α′+α′′=α,β′+β′′=β
|α′|+|β′|<|α|+|β|

∂α
′

ξ ∂
β′

x (1/a)∂α
′′

ξ ∂β
′′

x (a)c(α′, β′),

with constants c(α′, β′). Arguing by induction on |α|+ |β|, we get

|a∂αξ ∂βx (1/a)| .
∑

α′+α′′=α

〈ξ〉−m−|α
′|〈ξ〉m−|α

′′| . 〈ξ〉−|α|

and from |a| & 〈ξ〉m, we get 1/a ∈ S−m1,0 . Now, we can compute, using Theorem
1.1.20,

1
a
� a = 1 + l1, l1 ∈ S−1

1,0 .

Inductively, we can assume that there exist (b0, · · · , bN ) with bj ∈ S−m−j such
that

(b0 + · · ·+ bN ) � a = 1 + lN+1, lN+1 ∈ S−N−1
1,0 . (1.1.25)

We can now take bN+1 = −lN+1/a which belongs to S−m−N−1 and this gives

(b0 + · · ·+ bN + bN+1) � a = 1 + lN+1 − lN+1 + lN+2, lN+2 ∈ S−N−2
1,0 .

Lemma 1.1.24. Let µ ∈ R and (cj)j∈N be a sequence of symbols such that cj ∈ Sµ−j1,0 .
Then there exists c ∈ Sµ1,0 such that

c ∼
∑
j

cj , i.e. ∀N ∈ N, c−
∑

0≤j<N

cj ∈ Sµ−N1,0 .

Proof. The proof is based on a Borel-type argument similar to the one used to
construct a C∞ function with an arbitrary Taylor expansion. Let ω ∈ C∞b (Rn)
such that ω(ξ) = 0 for |ξ| ≤ 1 and ω(ξ) = 1 for |ξ| ≥ 2. Let (λj)j∈N be a sequence
of numbers ≥ 1. We want to define

c(x, ξ) =
∑
j≥0

cj(x, ξ)ω(ξλ−1
j ), (1.1.26)
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and we shall show that a suitable choice of λj will provide the answer. We note
that, since λj ≥ 1, the functions ξ 7→ ω(ξλ−1

j ) make a bounded set in the Fréchet
space S0

1,0. Multiplying the cj by 〈ξ〉−µ, we may assume that µ = 0. We have then,
using the notation (1.1.14) (in which we drop the second index),

|cj(x, ξ)|ω(ξλ−1
j ) ≤ γ0(cj)〈ξ〉−j1{|ξ| ≥ λj} ≤ γ0(cj)λ

−j/2
j 〈ξ〉−j/2,

so that,

∀j ≥ 1, λj ≥ 22γ0(cj)
2
j = µ

(0)
j =⇒ ∀j ≥ 1, |cj(x, ξ)|ω(ξλ−1

j ) ≤ 2−j〈ξ〉−j/2,

showing that the function c can be defined as above in (1.1.26) and is a continuous
bounded function. Let 1 ≤ k ∈ N be given. Calculating (with ωj(ξ) = ω(ξλ−1

j ))
the derivatives ∂αξ ∂

β
x (cjωj) for |α|+ |β| = k, we get

|∂αξ ∂βx (cjωj)| ≤ γk(cjωj)〈ξ〉−j−|α|1{|ξ| ≥ λj} ≤ γ̃k(cj)λ
−j/2
j 〈ξ〉−|α|−

j
2 ,

so that

∀j ≥ k, λj ≥ 22
(
γ̃k(cj)

) 2
j = µ

(k)
j =⇒ ∀j ≥ k, |∂αξ ∂βx (cjωj)| ≤ 2−j〈ξ〉−|α|−

j
2 ,

(1.1.27)
showing that the function c can be defined as above in (1.1.26) and is a Ck function
such that

|(∂αξ ∂βx c)(x, ξ)| ≤
∑

0≤j<k

γ̃k(cj)〈ξ〉−j−|α| +
∑
j≥k

2−j〈ξ〉−|α| ≤ Ck〈ξ〉−|α|.

It is possible to fulfill the conditions on the λj above for all k ∈ N: just take

λj ≥ sup
0≤k≤j

µ
(k)
j .

The function c belongs to S0
1,0 and

rN = c−
∑

0≤j<N

cj =
∑

0≤j<N

(ωj − 1)cj︸ ︷︷ ︸
∈S−∞1,0

+
∑
j≥N

cjωj ,

and for |α|+ |β| = k, using the estimates (1.1.27), we obtain

∑
j≥N

|∂αξ ∂βx (cjωj)(x, ξ)| ≤
∑

N≤j<max(2N,k)

.〈ξ〉−|α|−j.〈ξ〉−|α|−N︷ ︸︸ ︷
|∂αξ ∂βx (cjωj)(x, ξ)|

+
∑

j≥max(2N,k)

|∂αξ ∂βx (cjωj)(x, ξ)|︸ ︷︷ ︸
.2−j〈ξ〉−|α|−

j
2 .2−j〈ξ〉−|α|−N

,

proving that rN ∈ S−N1,0 . The proof of the lemma is complete. �
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Going back to the proof of the theorem, we can take, using Lemma 1.1.24,
S−m1,0 3 b ∼

∑
j≥0 bj , and for all N ∈ N,

b � a ∈
∑

0≤j<N

bj � a+ S−N−m1,0 � a = 1 + S−N1,0 ,

providing the first equality in Theorem 1.1.23. To construct a right approximate
inverse, i.e. to obtain the second equality in this theorem with an a priori different
b follows the same lines (or can be seen as a direct consequence of the previous
identity by applying it to the adjoint a∗); however we are left with the proof that
the right and the left approximate inverse could be taken as the same. We have
proven that there exists b(1), b(2) ∈ S−m1,0 such that

b(1) � a ∈ 1 + S−∞1,0 , a � b(2) ∈ 1 + S−∞1,0 .

Now we calculate, using6 the theorem 1.1.5, (b(1)�a)�b(2) = b(2) mod S−∞1,0 which
is also b(1) � (a � b(2)) = b(1) mod S−∞1,0 so that b(1) − b(2) ∈ S−∞1,0 , providing the
result and completing the proof of the theorem. �

An important consequence of the proof of the previous theorem is the possible
microlocalization of this result.

Theorem 1.1.25. Let χ be a symbol in S0
1,0 and let a be a symbol in Sm1,0 such that

inf(x,ξ)∈suppχ |a(x, ξ)|〈ξ〉−m > 0. Let ψ be a symbol in S0
1,0 such that suppψ ⊂

int {χ = 1}. Then there exists b ∈ S−m1,0 such that

b(x,D)a(x,D) = ψ(x,D) + l(x,D), l ∈ S−∞1,0 .

Proof. We consider the symbol b0 = χ/a, which belongs obviously to S−m1,0 . We
have

b0 � a = χ+ l1, l1 ∈ S−1
1,0 ,

(
−χl1

a
+
χ

a

)
� a = χ+ l1(1− χ) + l2, l2 ∈ S−2

1,0 .

Inductively, we may assume that there exists (b0, . . . , bN ) with bj ∈ S−m−j such
that

(b0 + b1 + · · ·+ bN ) � a = χ+
∑

1≤j≤N

lj(1− χ) + lN+1, lN+1 ∈ S−1−N
1,0 .

Choosing bN+1 = −χlN+1/a, we get

(b0 + b1 + · · ·+ bN + bN+1) � a = χ+
∑

1≤j≤N+1

lj(1− χ) + lN+2, lN+2 ∈ S−2−N
1,0 .

6A consequence of Theorem 1.1.5 is the associativity of the “law” � since

op(a � (b � c)) = op(a)
`
op(b)op(c)

´
=

`
op(a)op(b)

´
op(c) = op((a � b) � c)

so that the injectivity property of Remark 4.1.6 gives the answer.
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Taking now a symbol ψ ∈ S0
1,0 such that suppψ ⊂ χ−1({1}), we obtain for all

N ∈ N, the existence of symbols b0, · · · , bN with bj ∈ S−m−j such that

ψ�(b0+b1+· · ·+bN )�a = ψ�χ+ψ�
∑

1≤j≤N

lj(1−χ)+ψ�lN+1 (lN+1 ∈ S−1−N
1,0 )

= ψ + rN+1, rN+1 ∈ S−1−N
1,0 .

Using now Lemma 1.1.24, we find a symbol b ∈ S−m1,0 such that, for all N ∈ N,
ψ � b � a ∈ ψ + S−1−N

1,0 , i.e. we find b̃ ∈ S−m1,0 such that b̃ � a ≡ ψ (mod S−∞1,0 ). �

We end this introduction with the so-called Sharp Gårding inequality, a result
proven in 1966 by L. Hörmander [64] and extended to systems the same year by
P. Lax and L. Nirenberg [86].

Theorem 1.1.26. Let a be a nonnegative symbol in Sm1,0. Then there exists a con-
stant C such that, for all u ∈ S (Rn),

Re〈a(x,D)u, u〉+ C‖u‖2
H

m−1
2 (Rn)

≥ 0. (1.1.28)

Proof. First reductions. We may assume that m = 1: in fact, the statement for
m = 1 implies the result by considering, for a nonnegative a ∈ Sm1,0, the operator
〈D〉 1−m

2 a(x,D)〈D〉 1−m
2 which, according to Theorem 1.1.20 has a symbol in S1

1,0,
which belongs to 〈ξ〉1−ma(x, ξ) + S0

1,0. Applying the result for m = 1, and the
L2-boundedeness of operators with symbols in S0

1,0, we get for all u ∈ S (Rn),

Re〈〈D〉
1−m

2 a(x,D)〈D〉
1−m

2 u, u〉+ C‖u‖2L2(Rn) ≥ 0,

which gives the sought result when applied to u = 〈D〉m−1
2 v. We may also replace

a(x,D) by aw, where aw is the operator with Weyl symbol a . In fact, according
to Lemma 4.1.2, J1/2a− a ∈ S0

1,0 and op(S0
1,0) is L2-bounded.

Main step: a result with a small parameter. We consider a nonnegative a ∈ S1
1,0

and

ϕ ∈ C∞c ((0,+∞); R+) such that
∫ +∞

0

ϕ(h)
dh

h
= 1. (1.1.29)

This implies

a(x, ξ) =
∫ +∞

0

ϕ(〈ξ〉h)a(x, ξ)︸ ︷︷ ︸
=ah(x,ξ)

dh

h
. (1.1.30)

We have, with Γh(x, ξ) = 2n exp−2π(h−1|x|2 + h|ξ|2) and X = (x, ξ),

(ah ∗ Γh)(X) = ah(X) +
∫ 1

0

(1− θ)a′′h(X + θY )Y 2Γh(Y )dY dθ

= ah(X) + rh(X). (1.1.31)
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The main step of the proof is that (ah ∗Γh)w ≥ 0, a result following from the next
calculation (for u ∈ S (Rn)), due to Definition 1.1.9. We have, with Ωu,u defined
in (1.1.11),

〈(ah ∗ Γh)wu, u〉 =
∫∫

(ah ∗ Γh)(x, ξ)
(∫

e−2iπz·ξu(x+
z

2
)ū(x− z

2
)dz
)
dxdξ

=
∫∫

a(y, η)(Ωu,u(1/2) ∗ Γh)(y, η)dydη,

and since (Ωu,u(1/2) ∗ Γh)(x, ξ) =∫∫∫
e−2iπz·(ξ−η)u(x− y +

z

2
)ū(x− y − z

2
)2n exp−2π(h−1|y|2 + h|η|2)dzdydη

=
∫∫

e−2iπz·ξu(x− y +
z

2
)ū(x− y − z

2
)2n/2e−2πh−1|y|2h−n/2e−

π
2h |z|

2
dzdy

=
∫∫

u(x− y1)ū(x− y2)e−2iπ(y2−y1)·ξ2n/2h−n/2e−
π
2h |y1+y2|

2
e−

π
2h |y1−y2|

2
dy1dy2

= 2n/2h−n/2
∣∣∣∣∫ u(x− y1)e2iπy1·ξe−πh

−1|y1|2dy1

∣∣∣∣2 ≥ 0,

we get indeed (ah ∗ Γh)w ≥ 0. From (1.1.30) and (1.1.31), we get

aw =
∫ +∞

0

awh h
−1dh =

∫ +∞

0

(ah ∗ Γh)wh−1dh−
∫ +∞

0

rwh h
−1dh ≥

−
∫ +∞

0

rwh h
−1dh.

Last step:
∫ +∞
0

rwh h
−1dh is L2-bounded. This is a technical point, where the main

difficulty is coming from the integration in h. We have from (1.1.31) and the fact
that Γh is an even function,

rh(X) =
1
8π

traceh a′′h(X) +
1
3!

∫∫ 1

0

(1− θ)3a(4)
h (X + θY )Y 4Γh(Y )dY dθ,

with traceh a′′h(X) = h trace ∂2
xah + h−1 trace ∂2

ξah. Since ϕ ∈ C∞c ((0,+∞)), we
have∫ +∞

0

h trace ∂2
xahh

−1dh = trace ∂2
xa(x, ξ)

∫ +∞

0

ϕ(〈ξ〉h)dh = c trace ∂2
xa〈ξ〉−1,

with c =
∫ +∞
0

ϕ(t)dt. The symbol c trace ∂2
xa〈ξ〉−1 belongs to S0

1,0 as well as the
other term

∫ +∞
0

h−1 trace ∂2
ξah(x, ξ)h

−1dh: we have

(∂ξah)(x, ξ) = (∂ξa)(x, ξ)ϕ(h〈ξ〉) + a(x, ξ)ϕ′(h〈ξ〉)h〈ξ〉−1ξ

(∂2
ξah)(x, ξ) = (∂2

ξa)(x, ξ)ϕ(h〈ξ〉) + 2∂ξa(x, ξ)ϕ′(h〈ξ〉)h
+ a(x, ξ)ϕ′′(h〈ξ〉)h2〈ξ〉−2ξ2 + a(x, ξ)ϕ′(h〈ξ〉)h∂ξ

(
ξ〈ξ〉−1

)
,
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and checking for instance the term
∫ +∞
0

h−1(∂2
ξa)(x, ξ)ϕ(h〈ξ〉)dhh , we see that it

is equal to

(∂2
ξa)(x, ξ)

∫ +∞

0

h−1ϕ(h〈ξ〉)dh
h

= (∂2
ξa)(x, ξ)〈ξ〉

∫ +∞

0

h−1ϕ(h)
dh

h

= c1(∂2
ξa)(x, ξ)〈ξ〉 ∈ S0

1,0,

whereas the other terms are analogous. We are finally left with the term

ρ(X) =
1
3!

∫∫∫ 1

0

(1− θ)3a(4)
h (X + θY )Y 4Γh(Y )dY h−1dhdθ,

and we note that on the integrand of (1.1.30), the product h〈ξ〉 is bounded above
and below by fixed constants and that integral can in fact be written as

a(x, ξ) =
∫ κ1〈ξ〉−1

κ0〈ξ〉−1
ϕ(〈ξ〉h)a(x, ξ)dh/h

with 0 < κ0 = min suppϕ < κ1 = max suppϕ. Consequently the symbol ah
satisfies the following estimates:

|∂αξ ∂βxah| ≤ Cαβh
−1+|α|

where the Cαβ are some semi-norms of a (and thus independent of h). As a result,
the above estimates can be written in a more concise and convenient way, using the
multilinear forms defined by the derivatives. We have, with T = (t, τ) ∈ Rn ×Rn,

|a(l)
h (X)T l| ≤ Clh

−1gh(T )l/2, with gh(t, τ) = |t|2 + h2|τ |2.

We calculate

ρ(k)(X)T k =
1
3!

∫∫∫ 1

0

(1− θ)3a(4+k)
h (X + θY )Y 4T kΓh(Y )dY h−1dhdθ,

which satisfies with ωh(t, τ) = h−1gh(t, τ),

|ρ(k)(X)T k|

≤ C4+k

4!

∫∫
1{h ≤ κ1}h−1gh(T )k/2 gh(Y )2︸ ︷︷ ︸

=h2ωh(Y )2

2ne−2πωh(Y )dY h−1dh

≤ C4+k

4!
gh(T )k/2

∫∫
ωh(Y )21{h ≤ κ1}2ne−2πωh(Y )dY dh ≤ C̃k(|t|+ |τ |)k

and this proves that the function ρ belongs to C∞b (R2n), as well as J1/2ρ (Lemma
4.1.2) and thus ρw = (J1/2ρ)(x,D) is bounded on L2 (Theorem 1.1.4). The proof
is complete. �



22 Chapter 1. Basic Notions of Phase Space Analysis

Remark 1.1.27. Theorem 1.1.26 remains valid for systems, even in infinite dimen-
sion. For definiteness, let us assume simply that a(x, ξ) is a N × N Hermitian
non-negative matrix of symbols in S1

1,0. Then for all u ∈ S (Rn; CN ), the inequal-
ity (1.1.28) holds. The vector space CN can be replaced in the above statement
by an infinite-dimensional complex Hilbert space H with a valued in L (H) and
the proof above requires essentially no change.
Remark 1.1.28 (The Hörmander’s classes Smρ,δ). There are many other examples
of classes of symbols, such as the Smρ,δ class: smooth functions a on R2n such that

|(∂αξ ∂βxa)(x, ξ)| ≤ Cαβ〈ξ〉m−ρ|α|+δ|β|. (1.1.32)

We see that it corresponds to the notation Sm1,0 (see (1.1.13)) and also C∞b (R2n) =
S0

0,0. An important motivation for studying this class of operators comes from the
Hörmander’s characterization of hypoelliptic operators with constant coefficients
(see Theorem 11.1.3 in [72]) in which it appeared that the parametrices of these
operators were in this type of class.

It is not difficult to prove that op(Smρ,δ) is continuous from S (Rn) into itself.
Assuming 1 ≥ ρ ≥ δ ≥ 0, δ < 1, one can prove that op(S0

ρ,δ) ⊂ L (L2(Rn)), but it
is not so easy; we shall see in the second chapter a very general approach to this
type of L2-boundedness questions, where that class will be a particular case (see
Theorem 2.5.1). Theorem 1.1.18 of Sobolev continuity still holds true. Composition
formulas given by Theorem 1.1.20 should be modified so that rN (a1, a2) belongs to
S
m1+m2−(ρ−δ)N
ρ,δ , as well as in Theorem 1.1.21 where rN (a) belongs to Sm−(ρ−δ)N

ρ,δ .
In particular, we note that when ρ = δ, no asymptotic expansions exist and for
instance the Poisson bracket of symbols in S0

δ,δ is still in S0
δ,δ. The theorems 1.1.23,

1.1.25 of inversion of elliptic operators do not require any change, provided ρ > δ
(note that S−∞ρ,δ = S−∞1,0 ), whereas in Theorem 1.1.26, the m−1

2 should be replaced
by m−(ρ−δ)

2 . Except for the L2-boundedness, all these results can be obtained by
simple inspection of the previous proofs; the reader eager for a complete and more
general description will find in the second chapter a thorough justification.

1.1.4 The semi-classical calculus

The books by M. Dimassi and J. Sjöstrand [37], by A. Grigis and J. Sjöstrand [49],
by B. Helffer [55, 56, 57, 58], by A. Martinez [103] and by D. Robert [125], were
based on a long tradition in quantum mechanics (see e.g. the book by V. Maslov
and M. Fedoriuk [104]) of semiclassical approximation, in which one tries to look
at the behaviour of various physical quantities when the Planck constant goes to
zero.

A semiclassical symbol of order m is defined as a family of smooth functions
a(·, ·, h) defined on the phase space R2n, depending on a parameter h ∈ (0, 1], such
that, for all multi-indices α, β

sup
(x,ξ,h)∈Rn×Rn×(0,1]

|(∂αξ ∂βxa)(x, ξ, h)|hm−|α| < +∞. (1.1.33)
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The set of semi-classical symbols of order m will be denoted by Smscl. A typical
example of such a symbol of order 0 is a function a1(x, hξ) where a1 belongs to
C∞b (R2n): we have indeed ∂αξ ∂

β
x

(
a1(x, hξ)

)
= (∂αξ ∂

β
xa1)(x, hξ)h|α|. It turns out

that this version of the semi-classical calculus is certainly the easiest to under-
stand and that Theorem 1.1.4 is implying the main continuity result for these
symbols. The reader has also to keep in mind that we are not dealing here with a
single function defined on the phase space, but with a family of symbols depend-
ing on a (small) parameter h, a way to express that the constants occurring in
(1.1.33) are “independent of h”. We shall review the results of the section on the
Sm1,0 class of symbols and show how they can be transferred to the semi-classical
framework, mutatis mutandis and almost without any new argument. To under-
stand the correspondence between symbols in Sm1,0 and semi-classical symbols, it
is essentially enough to think of the S1,0 calculus as a semi-classical calculus with
small parameter 〈ξ〉−1.

We can define, for a ∈ Smscl, k ∈ N,

γk,m(a) = sup
(x,ξ,h)∈R2n×(0,1],|α|+|β|≤k

|(∂αξ ∂βxa)(x, ξ, h)|hm−|α|. (1.1.34)

Theorem 1.1.29. Let a ∈ Smscl. Then the operator a(x,D, h)hm is continuous from
S (Rn) into itself with constants independent of h ∈ (0, 1].

Proof. We have a(x,D, h) = op(a(x, ξ, h)). The set
{
a(x, ξ, h)hm

}
h∈(0,1]

is boun-
ded in C∞b (R2n), so that we can use Theorem 1.1.2 to get the result. �

Theorem 1.1.30. Let a ∈ Smscl. Then the operator a(x,D, h)hm is bounded on
L2(Rn) with a norm bounded above independently of h ∈ (0, 1].

Proof. The set
{
a(x, ξ, h)hm

}
h∈(0,1]

being bounded in C∞b (R2n), it follows from
Theorem 1.1.4. �

Theorem 1.1.31. Let m1,m2 be real numbers and a1 ∈ Sm1
scl , a2 ∈ Sm2

scl . Then
the composition a1(x,D, h)a2(x,D, h) makes sense as a continuous operator from
S (Rn) into itself, as well as a bounded operator on L2(Rn) and

a1(x,D, h)a2(x,D, h) = (a1 � a2)(x,D, h)

where a1 � a2 belongs to Sm1+m2
scl and is given by the formula

(a1�a2)(x, ξ, h) = (exp 2iπDy ·Dη)
(
a1(x, ξ+η, h)a2(y+x, ξ, h)

)
|y=0,η=0

. (1.1.35)

Proof. This is a direct consequence of Theorem 1.1.5 since

∪j=1,2{hmjaj(x, ξ, h)}h∈(0,1] is bounded in C∞b (R2n).

�
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Theorem 1.1.32. Let m1,m2 be real numbers and a1 ∈ Sm1
scl , a2 ∈ Sm2

scl . Then
a1(x,D, h)a2(x,D, h) = (a1 � a2)(x,D, h), the symbol a1 � a2 belongs to Sm1+m2

scl

and we have the asymptotic expansion, for all N ∈ N,

a1 � a2 =
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2 + rN (a1, a2), (1.1.36)

with rN (a1, a2) ∈ Sm1+m2−N
scl . Note that Dα

ξ a1∂
α
x a2 belongs to Sm1+m2−|α|

scl .

Proof. Since hmjaj(x, ξ, h), j = 1, 2, belongs to S0
scl, we may assume that m1 =

m2 = 0. We can use the formula (1.1.15) and apply the formula (4.1.20) to get
the desired formula with

rN (a1, a2)(x, ξ, h) =
∫ 1

0

(1− θ)N−1

(N − 1)!
e2iπθDz·Dζ

(2iπDz ·Dζ)N
(
a1(x, ζ, h)a2(z, ξ, h)

)
dθ|z=x,ζ=ξ

. (1.1.37)

The function (z, ζ) 7→ bx,ξ,h(z, ζ) = (2iπDz ·Dζ)Na1(x, ζ, h)a2(z, ξ, h) belongs to
S−Nscl (R2n

z,ζ) uniformly with respect to the parameters (x, ξ) ∈ R2n: it satisfies, using
the notation (1.1.34), for max(|α|, |β|) ≤ k,

|∂αζ ∂βz bx,ξ,h(z, ζ)| ≤ γk,m1(a1)γk,m2(a2)hN+|α|.

Applying Lemma 4.1.2, we obtain that the function

ρx,ξ,h(z, ζ) =
∫ 1

0

(1− θ)N−1

(N − 1)!
(Jθbx,ξ,h)(z, ζ)dθ

belongs to S−Nscl (R2n
z,ζ) uniformly with respect to x, ξ, h, so that in particular

sup
(x,ξ,z,ζ)∈R4n,h∈(0,1]

|ρx,ξ,h(z, ζ)h−N | = C0 < +∞.

Since rN (a1, a2)(x, ξ) = ρx,ξ,h(x, ξ), we obtain

|rN (a1, a2)(x, ξ)| ≤ C0h
N . (1.1.38)

Using the formula (1.1.37) above gives as well the smoothness of rN (a1, a2) and
with the identities (consequences of ∂xj

(a1 � a2) = (∂xj
a1) � a2 + a1 � (∂xj

a2))

∂xj

(
rN (a1, a2)

)
= rN (∂xja1, a2) + rN (a1, ∂xja2)

∂ξj

(
rN (a1, a2)

)
= rN (∂ξja1, a2) + rN (a1, ∂ξja2),

it is enough to reapply (1.1.38) to get the result rN ∈ S−Nscl . �

Lemma 4.1.2 and Taylor’s expansion (1.1.37) give the following result.
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Theorem 1.1.33. Let a ∈ Smscl. Then a∗ = Jā and the mapping a 7→ a∗ is continu-
ous from Smscl into itself. Moreover, for all integers N , we have

a∗ =
∑
|α|<N

1
α!
Dα
ξ ∂

α
x ā+ rN (a), rN (a) ∈ Sm−Nscl .

Corollary 1.1.34. Let aj ∈ S
mj

scl , j = 1, 2. Then we have

a1 � a2 ≡ a1a2 mod Sm1+m2−1
scl , (1.1.39)

a1 � a2 − a2 � a1 ≡
1

2iπ
{a1, a2} mod Sm1+m2−2

scl , (1.1.40)

For a ∈ Smscl, a∗ ≡ ā mod Sm−1
scl . (1.1.41)

Lemma 1.1.35. Let µ ∈ R and (cj)j∈N be a sequence of symbols such that cj ∈ Sµ−jscl .
Then there exists c ∈ Sµscl such that

c ∼
∑
j

cj , i.e. ∀N ∈ N, c−
∑

0≤j<N

cj ∈ Sµ−Nscl .

Proof. The proof is almost identical to the proof of Lemma 1.1.24. Let ω ∈
C∞b (R; R+) such that ω(t) = 0 for t ≤ 1 and ω(t) = 1 for t ≥ 2. Let (λj)j∈N
be a sequence of numbers ≥ 1. We want to define

c(x, ξ, h) =
∑
j≥0

cj(x, ξ, h)ω(h−1λ−1
j ), (1.1.42)

and we shall show that a suitable choice of λj will provide the answer. Multiplying
the cj by hµ, we may assume that µ = 0. We have then

|cj(x, ξ, h)|ω(h−1λ−1
j ) ≤ γ0(cj)hj1{1 ≥ hλj} ≤ γ0(cj)λ

−j
j ,

so that,

∀j ≥ 1, λj ≥ 2γ0(cj)
1
j = µ

(0)
j =⇒ ∀j ≥ 1, |cj(x, ξ, h)|ω(h−1λ−1

j ) ≤ 2−j ,

showing that the function c can be defined as above in (1.1.42) and is a continuous
bounded function. Let 1 ≤ k ∈ N be given. Calculating (with ωj = ω(h−1λ−1

j ))
the derivatives ωj∂αξ ∂

β
x (cj) for |α|+ |β| = k, we get

ωj |∂αξ ∂βx (cj)| ≤ γk(cj)hj+|α|1{1 ≥ hλj} ≤ γk(cj)λ
−j/2
j h|α|+

j
2 ,

so that

∀j ≥ k, λj ≥ 22
(
γk(cj)

) 2
j = µ

(k)
j =⇒ ∀j ≥ k, |∂αξ ∂βx (cjωj)| ≤ 2−jh|α|+

j
2 ,

(1.1.43)
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showing that the function c can be defined as above in (1.1.42) and is a Ck function
such that

|(∂αξ ∂βx c)(x, ξ, h)| ≤
∑

0≤j<k

γk(cj)hj+|α| +
∑
j≥k

2−jh|α| ≤ Ckh
|α|.

It is possible to fulfill the conditions on the λj above for all k ∈ N: just take
λj ≥ sup0≤k≤j µ

(k)
j . The function c belongs to S0

scl and, with S−∞scl = ∩m∈RS
m
scl,

rN = c−
∑

0≤j<N

cj =
∑

0≤j<N

(ωj − 1)cj︸ ︷︷ ︸
∈S−∞scl

+
∑
j≥N

cjωj ,

and for |α|+ |β| = k, using the estimates (1.1.43), we obtain

∑
j≥N

|∂αξ ∂βx (cjωj)(x, ξ, h)| ≤
∑

N≤j<max(2N,k)

.h|α|+j.h|α|+N︷ ︸︸ ︷
|∂αξ ∂βx (cjωj)(x, ξ, h)|

+
∑

j≥max(2N,k)

|∂αξ ∂βx (cjωj)(x, ξ, h)|︸ ︷︷ ︸
.2−jh|α|+

j
2 .2−jh|α|+N

,

proving that rN ∈ S−Nscl . The proof of the lemma is complete. �

Remark 1.1.36. These asymptotic results (as well as the example a1(x, hξ) with
a1 ∈ C∞b (R2n) see page 23) led many authors to set a slightly different framework
for the semiclassical calculus; instead of dealing with a family of symbols a(x, ξ, h)
satisfying the estimates (1.1.33), one deals with a function a ∈ C∞b (R2n) and
consider the operator a(x, hDx) or the operator a(x, hξ)w; another way to express
this is to modify the quantization formula and to define for instance

(awhu)(x)=
∫∫

e
2iπ
h 〈x−y,ξ〉a(

x+ y

2
, ξ)u(y)dydξh−n, i.e. awh = a(x, hξ)w. (1.1.44)

Then, using Lemma 1.1.35, given a sequence (aj)j≥0 in C∞b (R2n), it is possible to
consider a(x, ξ, h) ∈ S0

scl with

a(x, ξ, h) ∼
∑
j≥0

hjaj(x, hξ), i.e. ∀N, a(x, ξ, h)−
∑

0≤j<N

hjaj(x, hξ) ∈ S−Nscl .

The symbol a0 is the principal symbol and

a(x, ξ, h)w ∼
∑
j≥0

hjawh
j , i.e. ∀N, a(x, ξ, h)w −

∑
0≤j<N

hjawh
j = hNrwh

N,h,

where {rN,h}0<h≤1 is bounded in C∞b (R2n): in fact we have from Theorem 1.1.32,

hNrN,h(x, hξ) = sN (x, ξ, h), sN ∈ S−Nscl , i.e. rN,h(x, ξ) = h−NsN (x, h−1ξ, h),
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and thus

|(∂αξ ∂βx rN,h)(x, ξ) = h−N−|α|(∂αξ ∂
β
x sN )(x, h−1ξ, h)| ≤ h−N−|α|γα,β,Nh

N+|α|.

If a, b ∈ S0
scl and a ∼

∑
j≥0 h

jaj(x, hξ), b ∼
∑
j≥0 h

jbj(x, hξ) as above, then one
can prove, using Corollary 1.1.34 and Lemma 4.1.2

awbw ≡ (a0b0)wh mod h(S0
scl)

w, (1.1.45)

[aw, bw] ≡ h

2iπ
{a0, b0}wh mod h2(S0

scl)
w. (1.1.46)

There are many variations on this theme, and in particular, one can replace the
space C∞b (R2n) by a more general one, involving some weight functions, for in-
stance with polynomial growth at infinity. At this point, we are leaving an intro-
duction to the pseudodifferential calculus and can use our more general approach
of Chapter 2, involving metrics on the phase space, which incorporate all these
variations. Expecting these generalizations, we shall not use the wh quantization
in this book, except for the present remark.

Theorem 1.1.37. Let a be a symbol in S0
scl such that

inf
(x,ξ)∈R2n,h∈(0,1]

|a(x, ξ, h)| > 0.

Then there exists b ∈ S0
scl such that

b(x,D, h)a(x,D, h) = Id+l(x,D, h),
a(x,D, h)b(x,D, h) = Id+r(x,D, h), r, l ∈ S−∞scl = ∩νSνscl.

Proof. The only change to perform in the proof of Theorem 1.1.23 to get this
result is to replace everywhere S1,0 by Sscl. �

Theorem 1.1.38. Let χ be a symbol in S0
scl and let a be a symbol in S0

scl such
that infh∈(0,1],(x,ξ)∈suppχ(·,·,h) |a(x, ξ, h)| > 0. Let ψ be a symbol in S0

scl such that
suppψ(·, ·, h) ⊂ {(x, ξ), χ(x, ξ, h) = 1}. Then there exists b ∈ S0

scl such that

b(x,D, h)a(x,D, h) = ψ(x,D, h) + l(x,D, h), l ∈ S−∞scl .

Proof. Here also we have only to follow the proof of Theorem 1.1.25 and use
Lemma 1.1.35 instead of Lemma 1.1.24 in the course of the proof. �

Theorem 1.1.39. Let a be a nonnegative symbol in S0
scl. Then there exists a constant

C such that, for all u ∈ S (Rn),

Re〈a(x,D, h)u, u〉+ hC‖u‖2L2(Rn) ≥ 0. (1.1.47)

Equivalently, there exists C ≥ 0 such that aw + Ch ≥ 0.

Proof. The proof of Theorem 1.1.26 is containing a proof of this result: noticing
that it is harmless to replace the standard quantization by the Weyl quantization
for this result, since J1/2a−a belongs to S−1

scl (see the formula (4.1.20) and Lemma
4.1.5), we use the formula (1.1.31) to obtain than (a ∗ Γh)w ≥ 0. The difference
a∗Γh−a is

∫ 1

0
(1−θ)

∫
R2n a

′′(X+θY, h)Y 2Γh(Y )dY dθ, which belongs to S0
scl. �
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1.1.5 Other classes of symbols

Shubin’s classes of pseudodifferential operators

If one considers a polynomial p ∈ C[R2n] with degree 2m, it satisfies the following
estimates, using the notation 〈X〉 = (1 + |x|2 + |ξ|2)1/2 for X = (x, ξ) ∈ Rn ×Rn,

|(∂αξ ∂βxp)(x, ξ)| ≤ Cαβ〈X〉2m−|α|−|β|. (1.1.48)

It is then natural to consider the class Σm of smooth symbols defined by (1.1.48).
Since Σ0 ⊂ C∞b (R2n), Theorem 1.1.4 gives the L2(Rn)-boundedness of op(Σ0). It
would be now tedious to repeat the arguments of the two previous sections and we
refer the reader to Chapter 2 and in particular to the introductory section 2.2.1
to see how that class fits in the general framework of classes defined by a metric
on the phase space.

Let us simply justify our notation Σm: if aj ∈ Σmj , j = 1, 2, the Poisson
bracket {a1, a2} = ∂ξa1 ·∂xa2−∂ξa2 ·∂xa1 ∈ belongs to Σm1+m2−1 and in particular
satisfies the estimate | {a1, a2} | ≤ C〈X〉2m1−1+2m2−1. To keep the statements of
Corollaries 1.1.22, 1.1.34, we need to consider the symbols satisfying (1.1.48) as
symbols of “order m”.

1.2 Pseudodifferential operators on an open subset of Rn

1.2.1 Introduction

The main reason for studying the class Sm1,0 of pseudodifferential operators as
introduced in the second subsection of the section 1.1.3 is that the parametrix of
an elliptic differential operator of order m has a symbol in the class S−m1,0 . More
specifically, we have the following result.

Proposition 1.2.1. Let m be a nonnegative integer, Ω an open set of Rn and let
A =

∑
|α|≤m aα(x)Dα

x be a differential 7operator with C∞ coefficients on Ω (i.e.
aα ∈ C∞(Ω)). We assume that A is elliptic, i.e.

∀(x, ξ) ∈ Ω× (Rn\{0}),
∑
|α|=m

aα(x)ξα 6= 0.

Then, if u is a distribution on Ω such that Au belongs to Hs
loc(Ω), we obtain that u

belongs to Hs+m
loc (Ω), implying that singsuppu = singsuppAu (for the C∞ singular

supports8).

This result will be proven in the next subsection in a far greater generality;
first we shall use the notion of wave-front-set which microlocalizes the notion of

7We use the notation (4.1.4) for the Dα
x .

8For v ∈ D ′(Ω), (singsupp v)c is the union of the open subsets ω of Ω such that v|ω ∈ C∞(ω).
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singular support and also we shall prove this result for a microelliptic pseudod-
ifferential operator. In fact, the proof relies essentially on Theorem 1.1.23 which
allows the invertibility of an operator of the same type as A above. Nevertheless,
one should note that the function (x, ξ) 7→

∑
|α|≤m aα(x)ξα does not belongs to

Sm1,0 since in the first place it is not defined on R2n when Ω 6= Rn, and even if Ω
were equal to Rn, we do not have any control on the growth of the aα at infinity.
Also we see that the ellipticity condition concerns only the principal symbol, i.e.
the function

∑
|α|=m aα(x)ξα. To get a good understanding (and a simple proof) of

the previous result, we have to introduce the notion of pseudodifferential operator
on an open set of Rn, as well as the proper notion of ellipticity. The elliptic reg-
ularity theorem will be a simple consequence of the calculus of pseudodifferential
operators on an open set of Rn. One of the most important result of this theory
is that pseudodifferential operators are geometrical objects that can be defined
on a smooth manifold without reference to a coordinate chart; this invariance by
change of coordinates has had a tremendous influence on the success of microlocal
methods in geometrical problems such as the index theorem.

Definition 1.2.2. Let Ω be an open subset of Rn and m ∈ R. Smloc(Ω×Rn) is defined
as the set of a ∈ C∞(Ω × R2n) such that for any compact subset K of Ω, for all
multi-indices α, β ∈ Nn, there exists CKαβ such that, for (x, ξ) ∈ K × Rn,

|(∂αξ ∂βxa)(x, ξ)| ≤ CKαβ〈ξ〉m−|α|. (1.2.1)

We note in particular that the differential operators of order m with C∞

coefficients in Ω have a symbol in Smloc(Ω× Rn), i.e. can be written as

(Au)(x) =
∫
e2iπx·ξa(x, ξ)û(ξ)dξ, for u ∈ C∞c (Ω), (1.2.2)

with a(x, ξ) =
∑
|α|≤m aα(x)ξα, aα ∈ C∞(Ω).

Theorem 1.2.3. Let Ω be an open set of Rn and let a be a symbol in Smloc(Ω×Rn).
Then the formula (1.2.2) defines a continuous linear operator (denoted also by
a(x,D)) from C∞c (Ω) into C∞(Ω), from E ′(Ω) into D ′(Ω), and from Hs+m

comp(Ω)
to Hs

loc(Ω) for all s ∈ R.

Proof. To obtain the last result, we note that for χ ∈ C∞c (Ω), the operator
χ(x)a(x,D) has the symbol χ(x)a(x, ξ) which belongs to Sm1,0 and thus, from
Theorem 1.1.18, χ(x)a(x,D) sends continuously Hs+m(Rn) into Hs(Rn), which
gives that a(x,D) sends continuously Hs+m

comp(Ω) into Hs
loc(Ω). This implies also

that the formula (1.2.2) defines an operator from S (Rn) into C∞(Ω). Moreover
the formula (1.2.2) defines a mapping from E ′(Ω) into D ′(Ω), via the identity9

≺ a(x,D)u, ϕ �D′(Ω),D(Ω)=≺ û(ξ),
∫
ϕ(x)a(x, ξ)e2iπx·ξdx �S ′(Rn),S (Rn) .

9Using Theorem 1.1.2, we see that for ϕ ∈ C∞c (Ω), the function

ξ 7→ Vϕ(ξ) =

Z
Rn

a(x, ξ)ϕ(x)e2iπx·ξdx
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�

Definition 1.2.4. Let Ω be an open set of Rn and m ∈ R. The set of operators
{a(x,D)}a∈Sm

loc(Ω×Rn) as given by the formula (1.2.2) is defined as Ψm(Ω), the set
of pseudodifferential operators of order m on Ω.

We have to modify slightly the quantization of our symbols to get an algebra
of operators, sending for instance C∞c (Ω) into itself. Let us consider a locally finite
partition of unity (see section 4.3.4 in the appendix) in Ω, 1Ω(x) =

∑
j∈N ϕj(x)

where each ϕj belongs to C∞c (Ω). Let a be a symbol in Smloc(Ω × Rn) and A be
the operator defined by the formula (1.2.2). We consider the operator

Ã =
∑
j,k

suppϕj∩suppϕk 6=∅

ϕjAϕk. (1.2.3)

The operator ϕjAϕk has a symbol in Sm1,0 which is given by ϕja �ϕk. We consider
the finite sets

Jj = {k ∈ N, suppϕj ∩ suppϕk 6= ∅} (1.2.4)

and the function

Φj =
∑
k∈Jj

ϕk ∈ C∞c (Ω), Φj = 1 on a neighborhood of suppϕj , (1.2.5)

(see Lemma 4.3.6) so that for all multi-indices α

ϕj(x)∂αx (1− Φj)(x) = 0. (1.2.6)

We check now the symbol ã =
∑
j ϕja � Φj of Ã. Given a compact subset of Ω

it meets only finitely many suppϕj and thus ã belongs to Smloc(Ω × Rn). On the
other hand, we have on Ω× Rn,

a− ã =
∑
j

ϕja− ϕja � Φj =
∑
j

ϕja � (1− Φj)

and we get from Theorem 1.1.20 and (1.2.6) that that each ϕja � (1−Φj) belongs
to S−∞1,0 ; moreover the sum is locally finite, so that a − ã ∈ S−∞loc (Ω × Rn) =
∩m∈RS

m
loc(Ω× Rn).

Proposition 1.2.5. Let Ω be an open set of Rn, let a be a symbol in Smloc(Rn). There
exists a symbol ã ∈ Smloc(Ω× Rn) such that

belongs to S (Rn): for χ ∈ C∞c (Ω) equal to 1 on the support of ϕ, we consider the symbol
b(x, ξ) = χ(ξ)a(ξ, x)〈x〉−m which belongs to C∞b (R2n) and we have

Vϕ(ξ) = 〈ξ〉m
Z

Rn
χ(x)a(x, ξ)〈ξ〉−mϕ(x)e2iπx·ξdx = 〈ξ〉m(op(b) ˆ̌ϕ)(ξ).
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(i) a− ã ∈ S−∞loc (Ω× Rn), a(x,D)− ã(x,D) sends E ′(Ω) into C∞(Ω),

(ii) the operator ã(x,D) is properly supported10, and sends continuously C∞c (Ω)
into itself, C∞(Ω) into itself, E ′(Ω) into itself, D ′(Ω) into itself,

(iii) ã(x,D) defines a continuous linear operator from Hs+m
comp(Ω) to Hs

comp(Ω),
from Hs+m

loc (Ω) to Hs
loc(Ω).

Proof. We have already proven (i), using E ′(Ω) = ∪sHs
comp(Ω) and Theorem 1.2.3.

Using the above notations, we get for u ∈ C∞c (Ω),

ã(x,D)u =
∑
j

ϕja(x,D)Φju (1.2.7)

with a finite sum of C∞c (Ω) functions since suppu meets only finitely many
supp Φj . If u ∈ C∞(Ω), we have Φju ∈ C∞c (Ω) ⊂ C∞c (Rn) and

∑
j ϕja(x,D)Φju

is a locally finite sum of C∞c (Ω) functions, thus a C∞(Ω) function. For u ∈ E ′(Ω)
with a (compact) support K ⊂ Ω, the Φju are all zero, except for a finite set
of indices JK and then

∑
j∈JK

ϕja(x,D)Φju belongs to E ′(Ω). If u ∈ D ′(Ω), we
have Φju ∈ E ′(Ω) and

∑
j ϕja(x,D)Φju is a locally finite sum of distributions in

Ω and thus a distribution on Ω, proving (ii). The assertion (iii) and the continuity
properties are direct consequences of (ii) and of Theorem 1.2.3. �

Remark 1.2.6. Let us now consider a symbol a belonging to Smloc(Ω × Rn). We
can quantify this symbol into a properly supported operator, say OpΩ(a), given
by the formula (1.2.7), which has the properties of the operator ã(x,D) in the
proposition 1.2.5. This quantization defines a linear mapping from Smloc(Ω × Rn)
to the quotient Ψm

ps(Ω)/Ψ−∞
ps (Ω), where Ψm

ps(Ω) stands for the properly supported
pseudodifferential operators of order m on Ω, and Ψ−∞

ps (Ω) = ∩m∈RΨm
ps(Ω). A

change in the choice of the partition of unity (ϕj) will not change this mapping.
From the proposition 1.2.5, we see that the operators of Ψm

ps(Ω) are continuous
from C∞c (Ω) into itself, from C∞(Ω) into itself, from E ′(Ω) into itself, from D ′(Ω)
into itself, from Hs+m

comp(Ω) into Hs
comp(Ω) from Hs+m

loc (Ω) into Hs
loc(Ω). Note also

that if A ∈ Ψ−∞
ps (Ω) and u ∈ D ′(Ω), if ω is a relatively compact open subset of

Ω, u belongs to Hs
loc(ω) for some s and thus Au ∈ H+∞

loc (ω) so that Au ∈ C∞(ω),
proving that Ψ−∞

ps (Ω) sends D ′(Ω) into C∞(Ω).

Theorem 1.2.7. Let Ω be an open set of Rn, m1,m2 ∈ R. Let aj ∈ S
mj

loc (Ω× Rn).
Then the operator OpΩ(a1)OpΩ(a2) belongs to Ψm1+m2

ps (Ω) and is such that,

OpΩ(a1)OpΩ(a2) = OpΩ(a1a2) mod Ψm1+m2−1
ps (Ω),

OpΩ(a1)OpΩ(a2) = OpΩ(a1a2 +Dξa1 · ∂xa2) mod Ψm1+m2−2
ps (Ω),

10A continuous linear operator A : D(V ) −→ D ′(U) is said to be properly supported when
both projections of the support of the kernel k from supp k in U, V are proper, i.e. for every
compact L ⊂ V , there exists a compact K ⊂ U such that supp v ⊂ L =⇒ supp Av ⊂ K and for
every compact K ⊂ U , there exists a compact L ⊂ V such that supp v ⊂ Lc =⇒ supp Av ⊂ Kc.
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and more generally, for all N ∈ N,

OpΩ(a1)OpΩ(a2) = OpΩ(
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2) mod Ψm1+m2−N

ps (Ω).

Proof. Let ψ1, ψ2 ∈ C∞c (Ω) with ψ2 = 1 on a neighborhood of the support of ψ1.
From Theorem 1.1.20, the proposition 1.2.5 and Remark 1.2.6, we have

ψ1OpΩ(a1)ψ2OpΩ(a2) = (ψ1a1)(x,D)(ψ2a2)(x,D) mod Ψ−∞(Ω),

= ψ1(
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2)(x,D) mod Ψm1+m2−N (Ω),

= ψ1OpΩ(
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2) mod Ψm1+m2−N (Ω),

and since the lhs and the first term in the rhs are both properly supported, the
equality takes place mod Ψm1+m2−N

ps (Ω). It means that for all ψ1 ∈ C∞c (Ω), we
have

ψ1OpΩ(a1)OpΩ(a2) = ψ1OpΩ(
∑
|α|<N

1
α!
Dα
ξ a1∂

α
x a2) mod Ψm1+m2−N

ps (Ω).

Since the operator OpΩ(a) is properly supported and completely determined
mod Ψ−∞

ps (Ω) by its definition on C∞c (Ω), it concludes the proof. �

Let a ∈ Smloc(Ω × Rn) and let us consider as above the operator OpΩ(a) =∑
j∼k ϕja(x,D)ϕk, j ∼ k meaning suppϕj ∩ suppϕk 6= ∅. With Φj given by

(1.2.5), we have OpΩ(a) =
∑
j∼k ϕjΦja(x,D)ϕk and thus the adjoint operator is∑
j∼k

ϕkJ(Φja)(x,D)ϕj .

Since J(Φja) =
∑
|α|<N

1
α!D

α
ξ ∂

α
x (Φj ā) + rN,j with rN,j ∈ Sm−N1,0 , we get

(OpΩ(a))∗ =
∑
j∼k

ϕk
∑
|α|<N

1
α!
Dα
ξ ∂

α
x (Φj ā)(x,D)ϕj +

∑
j∼k

ϕkrN,j(x,D)ϕj .

Let a∗ ∈ Smloc(Ω× Rn) such that for all N ,

a∗ −
∑
|α|<N

1
α!
Dα
ξ ∂

α
x ā ∈ Sm−Nloc (Ω× Rn).

Since Φj is 1 near the support of ϕj , we obtain (OpΩ(a))∗ = (OpΩ(a∗)) modulo
Ψ−∞
ps (Ω).
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1.2.2 Inversion of (micro)elliptic operators

Definitions

Let Ω be an open subset of Rn and (x0, ξ0) ∈ Ω × (Rn\{0}) = Ṫ ∗(Ω); a conic-
neighborhood of (x0, ξ0) is defined as a subset of Ω× Rn\{0} containing for some
positive r the set

Wx0,ξ0(r) = {(x, ξ) ∈ Rn×Rn\{0}, |x−x0| < r,

∣∣∣∣ ξ|ξ| − ξ0
|ξ0|

∣∣∣∣ < r, |ξ| > 1
r
}. (1.2.8)

Definition 1.2.8. Let a ∈ Smloc(Ω × Rn) and (x0, ξ0) ∈ Ω × Rn\{0}. The symbol
a is said to be elliptic at (x0, ξ0), when there exists a conic-neighborhood W of
(x0, ξ0) such that

inf
(x,ξ)∈W

|a(x, ξ)||ξ|−m > 0. (1.2.9)

The points of Ṫ ∗(Ω) where a is not elliptic are called characteristic points.

Let us give an example of an elliptic symbol of order 0 at (x0, ξ0). Considering
a function χ0 ∈ C∞c (R), χ0(t) = 1 for t ≤ 1, χ0(t) = 0 for t ≥ 2, we define on R2n

for r > 0

θr,x0,ξ0(x, ξ) = χ0(r−2|x− x0|2)χ0

(
r−2
∣∣ ξ
|ξ|
− ξ0
|ξ0|
∣∣2)(1− χ0(2r2|ξ|2)

)
. (1.2.10)

It is easy to check that θr,x0,ξ0 belongs to S0
1,0, is elliptic at (x0, ξ0) (note that

θr,x0,ξ0 ≡ 1 on Wx0,ξ0(r) and supp θr,x0,ξ0 ⊂Wx0,ξ0(2r)).

Definition 1.2.9. A function a defined on Ω × Rn will be said positively-homoge-
neous of degree m when for all ξ ∈ Rn with |ξ| ≥ 1 and all t ≥ 1, am(x, tξ) =
tmam(x, ξ). A function a defined on Ω×Rn\{0} will be said positively homogeneous
of degree m when for all ξ ∈ Rn\{0} and all t > 0, am(x, tξ) = tmam(x, ξ).

Lemma 1.2.10. Let a ∈ Smloc(Ω × Rn) and (x0, ξ0) ∈ Ω × Rn\{0} such that the
symbol a is elliptic at (x0, ξ0). Then for b ∈ Sm

′

loc(Ω × Rn) with m′ < m, the
symbol a+ b is elliptic at (x0, ξ0). In particular, if there exists am ∈ C∞(Ω×Rn)
positively-homogeneous of degree m such that

am(x0, ξ0/|ξ0|) 6= 0, a− am ∈ Sm−1
loc (Ω× Rn),

then the symbol a is elliptic at (x0, ξ0). This is the case in particular of a differential
operator with C∞(Ω) coefficients

∑
|α|≤m aα(x)Dα

x such that

0 6= am(x0, ξ0)(=
∑
|α|=m

aα(x0)ξα0 ).
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Proof. The first part of the lemma is obvious since for K compact subset of Ω,
lim|ξ|→+∞

(
supx∈K |b(x, ξ)|

)
|ξ|−m = 0. The second part is due to the fact that the

property of homogeneity and the smoothness of a imply11 that am ∈ Smloc(Ω ×
Rn). �

Remark 1.2.11. Note that if OpΩ(a1) = OpΩ(a2) with aj ∈ Smloc(Ω × Rn), then
OpΩ(a1 − a2) ∈ Ψ−∞

ps (Ω) and thus

(a1 − a2)(x,D) = r(x,D) with r ∈ S−∞loc (Ω× Rn).

A consequence of Remark 4.1.6 is that, for all χ ∈ C∞c (Ω), χ(x)(a1 − a2)(x, ξ) =
χ(x)r(x, ξ) which gives a1−a2 = r(as functions of S−∞loc (Ω×Rn)). As a result, the
characteristic points of a1 and a2 are the same, and one may define char OpΩ(a)
as the characteristic points of a.

Lemma 1.2.12. Let a ∈ Smloc(Ω × Rn) and (x0, ξ0) ∈ Ω × Rn\{0} such that the
symbol a is elliptic at (x0, ξ0). Then there exists r > 0 and b ∈ S−mloc (Ω × Rn),
elliptic at (x0, ξ0) such that

OpΩ(b)OpΩ(a) = OpΩ(θr,x0,ξ0) + OpΩ(ρ),

with ρ ∈ S−∞loc (Ω× Rn) and θr,x0,ξ0 is given by (1.2.10).

Proof. Since a is elliptic at (x0, ξ0), we may assume that (1.2.9) holds for some
conic-neighborhood Wx0,ξ0(r0). Let us consider the symbol θr1,x0,ξ0 ∈ S0

1,0 with
r1 = r0/2 so that supp θr1,x0,ξ0 ⊂ Wx0,ξ0(r0). The assumption of Theorem 1.1.25
is verified with χ = θr1,x0,ξ0 . Considering r2 = r0/4 so that supp θr2,x0,ξ0 ⊂
Wx0,ξ0(r1) ⊂ {θr1,x0,ξ0 = 1} we can find b1 ∈ S−m1,0 such that, omitting the sub-
scripts x0, ξ0,

b1(x,D)
(
θr1a

)
(x,D) = θr2(x,D) + ρ(x,D), ρ ∈ S−∞1,0 ,

implying with r = r0/8,

θr(x,D)b1(x,D)
(
θr1a

)
(x,D) = θr(x,D) + ρ̃(x,D), ρ̃ ∈ S−∞1,0 ,

and thus, with b = θr � b1, which belongs to Sm1,0, we have modulo Ψ−∞
ps (Ω)

OpΩ(b)OpΩ(a) ≡ OpΩ(b)OpΩ(θr1a) + OpΩ(θr � b1)OpΩ((1− θr1)a)
≡ OpΩ(b)OpΩ(θr1a)
≡ OpΩ(θr).

�
11For ω ∈ C∞b (Rn) vanishing for |ξ| ≤ 1/2 and equal to 1 for |ξ| ≥ 1, we have in fact

am(x, ξ) = ω(ξ)am(x, ξ/|ξ|)|ξ|m + (1− ω(ξ))am(x, ξ) ∈ Sm
loc(Ω× Rn) + S−∞loc (Ω× Rn).
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Definition 1.2.13. Let Ω be an open set of Rn, a ∈ Smloc(Ω × Rn), A = OpΩ(a).
We define the essential support of A, denoted by essuppA as the complement in
Ω× Rn\{0} of the points (x0, ξ0) for which there exists a conic-neighborhood W
so that a is of order −∞ in W , i.e.

∀(N,α, β) ∈ N× Nn × Nn, sup
(x,ξ)∈W

|(∂αξ ∂βxa)(x, ξ)||ξ|N <∞.

Note that from Remark 1.2.11, this definition depends only on A and the es-
sential support is a closed conic subset of Ṫ ∗(Ω). Thanks to Lemma 1.2.10, if
A = OpΩ(am + b) with am ∈ C∞(Ω × Rn) positively-homogeneous of degree m
and b ∈ Sm−1

loc (Ω× Rn), then charA = {(x, ξ) ∈ Ṫ ∗(Ω), am(x, ξ) = 0}

Remark 1.2.14. Let Ω be an open set of Rn and (A,B) ∈ Ψm1
ps (Ω)×Ψm2

ps (Ω). Then
we have

essupp(AB) ⊂ essuppA ∩ essuppB. (1.2.11)

In fact if Ṫ ∗(Ω) 3 (x0, ξ0) belongs to (essuppA)c ∪ (essuppB)c, the composition
formula of Theorem 1.2.7 shows that (x0, ξ0) is in (essuppAB)c.

Theorem 1.2.15. Let Ω be an open set of Rn, A ∈ Ψm
ps(Ω). Let (x0, ξ0) be an elliptic

point for A, i.e. (x0, ξ0) /∈ charA. Then there exist B ∈ Ψ−m
ps (Ω), R, S ∈ Ψ0

ps(Ω),
such that

BA = Id+R, AB = Id+S, (x0, ξ0) /∈ essuppR, (x0, ξ0) /∈ essuppS.
(1.2.12)

Proof. Lemma 1.2.12 implies the first result. On the other hand we can prove
similarly that there exists B1 ∈ Ψ−m

ps (Ω) such that AB1 = Id+S1, (x0, ξ0) /∈
essuppS1. Now we see that

B = B(AB1 − S1) = (Id+R)B1 −BS1 = B1 +RB1 −BS1,

so that AB = Id+S, (x0, ξ0) /∈ essuppS, (using (1.2.11)). The proof is complete.
�

The wave-front-set of a distribution

Definition 1.2.16. Let Ω be an open set of Rn and u ∈ D ′(Ω). The wave-front-set
of u, denoted by WFu, is the subset of Ṫ ∗(Ω) whose complement is given by

(WFu)c =

{(x, ξ) ∈ Ṫ ∗(Ω),∃W conic-neighborhood of (x, ξ) s.t. ∀a ∈ Smloc(Ω× Rn)
with supp a ⊂W,we have OpΩ(a)u ∈ C∞(Ω)}. (1.2.13)
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Proposition 1.2.17. Let Ω be an open set of Rn and u ∈ D ′(Ω). The wave-front-
set of u is a closed conic subset of Ṫ ∗(Ω) whose canonical projection12on Ω is
singsuppu. Moreover, we have

(WFu)c = {(x, ξ) ∈ Ṫ ∗(Ω),∃a ∈ S0
loc(Ω× Rn) elliptic at (x, ξ)

with OpΩ(a)u ∈ C∞(Ω)}. (1.2.14)

Proof. The first assertion (closed conic) follows immediately from the definition.
Now if x0 /∈ singsuppu, there exists r0 > 0 such that u|B(x0,r0) is C∞, (B(x, r)
stands for the open Euclidean ball of Rn with center x and radius r). As a
result if ξ0 ∈ Sn−1, a ∈ Smloc(Ω × Rn) with supp a ⊂ Wx0,ξ0(r1), r1 = r0/2,
χ0 ∈ C∞c (B(x0, r0)), χ0 = 1 on B(x0, r1)

OpΩ(a)u =

∈C∞c (Ω)︷ ︸︸ ︷
OpΩ(a) χ0u︸︷︷︸

∈C∞c (Ω)

+

∈C∞(Ω)︷ ︸︸ ︷
OpΩ(a)(1− χ0)︸ ︷︷ ︸

∈Ψ−∞ps (Ω)

u

since A ∈ Ψ−∞
ps (Ω) sends D ′(Ω) into C∞(Ω), proving that {x0}×Sn−1 ⊂ (WFu)c.

Conversely, if x0 ∈ singsuppu, there must exists some ξ0 ∈ Sn−1 such that
(x0, ξ0) ∈ WFu, otherwise {x0} × Sn−1 ⊂ (WFu)c and using the compactness
of Sn−1, we could find an open neighborhood ω of x0 in Ω, such that for all
a ∈ S0

loc(Ω × Rn), supp a ⊂ ω × Rn, OpΩ(a)u ∈ C∞(Ω); taking a(x, ξ) = χ(x)
where χ ∈ C∞c (ω) would give u ∈ C∞(ω), contradicting x0 ∈ singsuppu. Call-
ing Nu the complement of the set defined by (1.2.14), we see immediately that
(WFu)c ⊂ N c

u; conversely, if (x0, ξ0) ∈ N c
u, we can find A such that

A ∈ Ψ0
ps(Ω), Au ∈ C∞(Ω), (x0, ξ0) /∈ charA.

Applying Theorem 1.2.15, we find B ∈ Ψ0
ps(Ω) so that (1.2.12) holds and this

implies for c ∈ Smloc(Ω× Rn),

BAu = u+Ru =⇒ OpΩ(c)u = OpΩ(c)BAu︸ ︷︷ ︸
∈C∞(Ω)

−OpΩ(c)Ru

and since (x0, ξ0) /∈ essuppR, there exists a conic-neighborhood W of (x0, ξ0)
such that R is of order −∞ in W so that, taking c supported in W will imply
OpΩ(c)R ∈ Ψ−∞

ps (Ω) and OpΩ(c)Ru ∈ C∞(Ω), proving that (x0, ξ0) /∈WFu. The
proof of the proposition is complete. �

Lemma 1.2.18. Let Ω be an open set of Rn and u ∈ D ′(Ω). Then

(WFu)c ={(x, ξ) ∈ Ṫ ∗(Ω),∃W conic-neighborhood of (x, ξ) s.t. ∀A ∈ Ψm
ps(Ω),

with essuppA ⊂W,we have Au ∈ C∞(Ω)}. (1.2.15)

12This is the mapping Ṫ ∗(Ω) 3 (x, ξ) 7→ x ∈ Ω.
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Proof. CallingMu the complement of the set defined by (1.2.15), we have obviously
M c
u ⊂ (WFu)c and conversely if (x0, ξ0) /∈ WFu, there exists r0 > 0 such that

for all a ∈ Smloc(Ω × Rn) supported in Wx0,ξ0(r0), OpΩ(a)u ∈ C∞(Ω). Now if
B ∈ Ψm

ps(Ω), with essuppB ⊂Wx0,ξ0(r0/2), we have

B = OpΩ(b) = OpΩ( bθr0/2︸ ︷︷ ︸
supported
in W (r0)

) mod ψ−∞ps (Ω)

and thus Bu ∈ C∞(Ω), completing the proof of the lemma. �

The elliptic regularity theorem

Theorem 1.2.19. Let Ω be an open set of Rn and A ∈ Ψm
ps(Ω). Then for u ∈ D ′(Ω),

WF (Au) ⊂WFu ⊂ charA ∪WF (Au).

Proof. If (x0, ξ0) /∈ WFu, there exists a conic-neighborhood W of (x0, ξ0) such
that (1.2.15) holds and taking C ∈ Ψm

ps(Ω) with essuppC ⊂ W , we get from
(1.2.11) that essuppCA ⊂W , and Lemma 1.2.18 implies that (x0, ξ0) /∈WF (Au).
On the other hand, if (x0, ξ0) /∈ charA and (x0, ξ0) /∈ WF (Au), Theorem 1.2.15
provides B ∈ Ψ−m

ps (Ω) satisfying (1.2.12): we get

u = BAu−Ru, (x0, ξ0) /∈ essuppR i.e. R of order −∞ on W ,

where W is a conic-neighborhood of (x0, ξ0). Taking C ∈ Ψm
ps(Ω) with essuppC ⊂

W we have
Cu = CBAu− CR︸︷︷︸

∈Ψ−∞ps (Ω)

u,

so that CRu ∈ C∞(Ω). On the other hand, since (x0, ξ0) /∈ WF (Au), thanks
to Lemma 1.2.18, there exists a conic-neighborhood W1 of (x0, ξ0) such that, for
all P ∈ Ψm

ps(Ω) with essuppP ⊂ W1, we have PAu ∈ C∞(Ω). This proves that
CBAu ∈ C∞(Ω), provided essuppC ⊂ W1 and with essuppC ⊂ W1 ∩W we get
Cu ∈ C∞(Ω), which implies (x0, ξ0) /∈WFu, using Lemma 1.2.18. �

Corollary 1.2.20. Let Ω be an open set of Rn, A ∈ Ψm
ps(Ω). Then for u ∈ D ′(Ω),

singsupp(Au) ⊂ singsuppu ⊂ singsupp(Au)∪pr(charA) and in particular, if A is
elliptic on Ω, i.e. charA = ∅, we obtain that singsuppu = singsupp(Au).

Definition 1.2.21 (Hs wave-front-set). Let Ω be an open set of Rn, s ∈ R and
u ∈ D ′(Ω). The Hs wave-front-set of u, denoted by WFsu is the subset of Ṫ ∗(Ω)
whose complement is given by

(WFsu)c = {(x, ξ) ∈ Ṫ ∗(Ω),∃W conic-neighborhood of (x, ξ) s.t.

∀A ∈ ψ0(Ω) with essuppA ⊂W,we have Au ∈ Hs
loc(Ω)}. (1.2.16)

When (x, ξ) /∈WFsu, we shall say that u is Hs at (x, ξ) and write u ∈ Hs
(x,ξ).
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The proof of the following theorem is a simple adaptation of the proof of
Theorem 1.2.19.

Theorem 1.2.22. Let Ω be an open set of Rn, s,m ∈ R and A ∈ Ψm
ps(Ω). Then for

u ∈ D ′(Ω),
WFs(Au) ⊂WFs+mu ⊂ charA ∪WFs(Au). (1.2.17)

1.2.3 Propagation of singularities

Let Ω be an open subset of Rn, m ∈ R and P ∈ Ψm
ps(Ω) a pseudodifferential

operator with symbol p such that

p(x, ξ) = pm(x, ξ)ω(ξ) + pm−1(x, ξ), (1.2.18)

with pm positively homogeneous of degree m and pm−1 ∈ Sm−1
loc (Ω× Rn) and

ω ∈ C∞(Rn),

{
ω(ξ) = 0 for |ξ| ≤ 1/2,
ω(ξ) = 1 for |ξ| ≥ 1.

(1.2.19)

We shall say that pm is the13 principal symbol of P . Note also that the function
pm(x, ξ)ω(ξ) is positively-homogeneous with degree m, according to the terminol-
ogy of Definition 1.2.9. In the sequel, we shall mainly consider operators of that
type.

Theorem 1.2.23. Let P as above, t0 < t1 ∈ R and I = [t0, t1] 3 t 7→ γ(t) ∈ Ṫ ∗(Ω)
be a null bicharacteristic14 curve of Re pm. Let us assume that Im pm ≥ 0 on a
conic-neighborhood of γ(I). Let s ∈ R and u ∈ D ′(Ω) such that Pu ∈ Hs at γ(I)
(i.e. WFsPu ∩ γ(I) = ∅). Then

γ(t0) ∈WFs+m−1u =⇒ γ(t1) ∈WFs+m−1u. (1.2.20)

Remark 1.2.24. The property (1.2.20) means that the singularities are propagating
forward when the imaginary part of pm is nonnegative (see the discussion in Section
4.3.8). A statement equivalent to (1.2.20) is

γ(t1) /∈WFs+m−1u =⇒ γ(t0) /∈WFs+m−1u, (1.2.21)

13If pm, qm are positively homogeneous of degree m on Ω× Rn\{0} such that for |ξ| ≥ R > 0
|pm(x, ξ) − qm(x, ξ)| ≤ C|ξ|m−1, this implies |pm(x, ξ/|ξ|) − qm(x, ξ/|ξ|)| ≤ C|ξ|−1 and thus
pm = qm on Ω× Rn\{0}.

14For a C1 on Ω× Rn, the Hamiltonian vector field of a is

Ha =
X

1≤j≤n

` ∂a

∂ξj

∂

∂xj
−

∂a

∂xj

∂

∂ξj

´
.

The integral curves of Ha are called the bicharacteristic curves of a. Since Ha(a) = 0, a is
constant along its bicharacteristic curves; the null bicharacteristic curves are those on which a
vanishes.
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meaning that the regularity is propagating backward in that case. If we change
the sign condition on Im pm, we have to reverse the direction of propagation of
singularities and we have under Im pm ≤ 0 near γ(I),

γ(t1) ∈WFs+m−1u =⇒ γ(t0) ∈WFs+m−1u. (1.2.22)

When the imaginary part of pm is identically 0, the propagation takes place in
both directions and WFs+m−1u\WFs(Pu) is invariant by the Hamiltonian flow of
pm; this implies in particular for a real-valued pm that WFu\WF (Pu) is invariant
by the Hamiltonian flow of pm.

Proof of Theorem 1.2.23. Multiplying by an elliptic operator of order 1 −m, we
are reduced to the case m = 1. We have to prove that

u ∈ Hs
γ(t1)

, Pu ∈ Hs
γ(I) =⇒ u ∈ Hs

γ(t0)
. (1.2.23)

It is enough to prove that

u ∈ Hs
γ(t1)

, Pu ∈ Hs
γ(I), u ∈ H

s− 1
2

γ(I) =⇒ u ∈ Hs
γ(t0)

. (1.2.24)

In fact, since γ(I) is compact, we may assume that u ∈ Hs0− 1
2

γ(I) for some s0. The

property (1.2.24)s0 is identical to (1.2.23)s0 . Assume now that u ∈ H
s0+

1
2

γ(t1)
, Pu ∈

H
s0+

1
2

γ(I) : this implies that u ∈ Hs0
γ(t1)

, Pu ∈ Hs0
γ(I) and since u ∈ Hs0− 1

2
γ(I) , the property

(1.2.24)s0 gives eventually u ∈ Hs0
γ(I) so that the property (1.2.24)s0+ 1

2
gives u ∈

H
s0+

1
2

γ(I) . Inductively, we assume that for some k ∈ N∗,

u ∈ Hs0+
k
2

γ(t1)
, Pu ∈ Hs0+

k
2

γ(I) =⇒ u ∈ Hs0+
k
2

γ(I) . (1.2.25)

Then if u ∈ Hs0+
k+1
2

γ(t1)
, Pu ∈ Hs0+

k+1
2

γ(I) , (1.2.25) gives u ∈ Hs0+
k
2

γ(I) and the property

(1.2.24)s0+ k+1
2

gives u ∈ H
s0+

k+1
2

γ(I) , so that (1.2.24) implies (1.2.25) for all k ∈ N

and all s0 such that u ∈ H
s0− 1

2
γ(I) , meaning that(1.2.24) implies (1.2.23). Now to

prove (1.2.24), it is enough to get it for s = 0: assuming (1.2.24) for s = 0 and
considering properly supported pseudodifferential operator Es, E−s of order s,−s,
elliptic on a neighborhood of γ(I), whose symbols have an asymptotic expansion∑
j∈N c±s−j , c±s−j positively-homogeneous of degree ±s− j and such that

E−sEs = Id+R, γ(I) ⊂ (essuppR)c

we get under the hypothesis of (1.2.24) that

Esu ∈ H0
γ(t1)

, EsPE−sEsu ∈ H0
γ(I), Esu ∈ H

−1/2
γ(I) ,
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and since the operator EsPE−s is of order 1 with the same principal symbol
as P , we can then apply (1.2.24) for s = 0, entailing Esu ∈ H0

γ(t0)
which gives

u ∈ Hs
γ(t0)

using the ellipticity of Es. The remaining part of the proof is devoted
to establishing (1.2.24) for s = 0. As a last preliminary remark we note that

J = {t ∈ [t0, t1], u ∈ H0
γ(s) for s ∈ [t, t1]}

is a nonempty open interval of [t0, t1]; if inf J belongs to J it is also closed and
thus equal to [t0, t1]; as a result, we may assume that J =]t0, t1]. Of course there
is no loss of generality setting t0 = 0, t1 = 1. Summing-up, we have to prove

u ∈ H0
γ(t) for t ∈]0, 1], Pu ∈ H0

γ([0,1]), u ∈ H
−1/2
γ([0,1]) =⇒ u ∈ H0

γ(0). (1.2.26)

We may also assume that u is compactly supported: if ϕ ∈ C∞c (Ω) is 1 near the
first projection of γ([0, 1]), we have Pϕu = [P,ϕ]u+ ϕPu and since

(essupp[P,ϕ])c ⊃ γ([0, 1])

we get that ϕu satisfies as well the assumptions of (1.2.26). On the other hand,
if p1 is the real part of the principal symbol of P , we may assume that at γ(0),
dp1 ∧ ξ · dx 6= 0, otherwise ∂ξp1(γ(0)) = 0, ∂xp1(γ(0)) = λξ(0) and the solution
γ(t) = (x(t), ξ(t)) of

ẋ(t) = ∂ξp1(x(t), ξ(t)), ξ̇(t) = −∂xp1(x(t), ξ(t)), (x(0), ξ(0)) = γ(0),

is x(t) = x(0), ξ(t) = e−λtξ(0); since the wave-front-set is conic, (1.2.26) is
obvious. Let us consider W0 a conic neighborhood of γ([0, 1]) such that in W0

Pu ∈ H0, u ∈ H−1/2. Letm0 ∈ S0 real-valued. The symbol of P is p1+iq1+p0+iq0
with pj , qj ∈ Sj real-valued, p1, q1 positively-homogeneous of degree 1 and q1 ≥ 0.
We calculate withM = m0(x,D), A = 1

2 (P+P ∗), B = 1
2i (P−P

∗), for v ∈ C∞c (Ω),

2 Re〈Pv, iM∗Mv〉
= 〈[A, iM∗M ]v, v〉+ 2 Re〈M∗[M,B]v, v〉+ 2 Re〈BMv,Mv〉. (1.2.27)

From the Gårding inequality (Theorem 1.1.26) we have

2 Re〈BMv,Mv〉+ α0‖Mv‖20 ≥ 0, α0 a semi-norm of q1. (1.2.28)

On the other hand, the principal symbol of M∗[M,B] is purely imaginary, belongs
to S0, and so that

2 Re〈M∗[M,B]v, v〉+ C1‖v‖2−1/2 ≥ 0. (1.2.29)

We have also

〈[A, iM∗M ]v, v〉+ C2‖v‖2−1/2 ≥ 〈
{
p1,m

2
}

(x,D)v, v〉 1
2π
. (1.2.30)
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As a result, we have

‖MPv‖20+(1+α0)‖Mv‖20+(C1+C2)‖v‖2−1/2 ≥ 〈
{
p1,m

2
}

(x,D)v, v〉 1
2π
. (1.2.31)

We can find (t, y, τ, η) ∈ R×Rn−1×R×Rn−1 as C∞ local symplectic coordinates
near γ(0), (x, ξ) 7→ (t, y) homogeneous functions of degree 0 with respect to ξ,
(x, ξ) 7→ (τ, η) homogeneous functions of degree 1 with respect to ξ, so that ∂t =
Hp1 . We choose θ0 ∈ C∞c (R) supported on [−ε0, ε0] with ε0 > 0, positive on
(−ε0, ε0), with L2-norm 1 and consider θ1(t) = θ0(t− 3ε0): with

κ(t) =
∫ t

−ε0

(
θ0(s)2 − θ1(s)2

)
ds =

∫ t

t−3ε0

θ0(s)2ds,

imitating the multiplier method of Section 4.3.8, we have for the C∞ function κ
supported in [−ε0, 4ε0],

0 ≤ κ ≤ 1, κ̇ = θ20 − θ21, [−ε0, 2ε0] ⊂ {κ̇ ≥ 0}, suppκ ⊂ [−ε0, 4ε0],

and the following variation table.

t −ε0 0 ε0 2ε0 3ε0 4ε0
κ̇(t) 0 + κ̇(0) > 0 + 0 0 0 − κ̇(3ε0) < 0 − 0
κ(t) 0 ↗ κ(0) > 0 ↗ 1 1 1 ↘ κ(3ε0) > 0 ↘ 0

We multiply now the function κ by ν2 with ν ∈ C∞(R2n−1
y,τ,η ; [0, 1]), ν(0) = 1, ν

homogeneous with degree 0 with respect to τ, η, and we get that

0 ≤ κ(t)ν2(Y ) ≤ 1, ∂t
(
κ(t)ν2(Y )

)
=
(
θ20(t)− θ21(t)

)
ν2(Y ),

[−ε0, 2ε0]× supp ν ⊂ {κ̇⊗ ν2 ≥ 0}, suppκ⊗ ν2 ⊂ [−ε0, 4ε0]× supp ν,

κ(0)ν2(0) > 0, κ̇(0)ν2(0) > 0, {κ̇⊗ ν2 < 0} ⊂ [2ε0, 4ε0]× supp ν.

The mapping

R× Rn−1 × R× Rn−1 3 (t, y, τ, η) 7→ x(t, y, τ, η), ξ(t, y, τ, η) ∈ Rn × Rn

is a local symplectomorphism Θ, with x homogeneous of degree 0, ξ homogeneous
of degree 1, and the push-forward µ of κ ⊗ ν2 by Θ given by µ ◦ Θ = κ ⊗ ν2 is
homogeneous of degree 0 with respect to τ, η and satisfies

µ ∈ C∞c (Ṫ ∗(Ω); [0, 1]), suppµ ⊂ Θ([−ε0, 4ε0]× supp ν), µ(γ(0)) > 0,

Hp1(µ) = χ2
0 − χ2

1, χ0, χ1 ∈ C∞c (Ṫ ∗(Ω)), χ0(γ(0)) > 0,
suppχ0 = Θ([−ε0, ε0]× supp ν), suppχ1 = Θ([2ε0, 4ε0]× supp ν),

and thus suppχ0 ∩ suppχ1 = ∅.
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The function µ is homogeneous of degree 0 such that

suppµ ⊂W, conic neighborhood of γ([−ε0, 4ε0]) ⊂W0

Hp1(µ) = χ2
0 − χ2

1, suppχ1 ⊂W1,

where W1 ⊂W0 is a conic neighborhood of γ(3ε0) with u ∈ H0 on W1.

We consider now, with T = t ◦ Θ−1 so that Hp1(T ) = 1, and T is homogeneous
with degree 0, the symbol

m = µeλT

where λ is so that λ ≥ (1 + α0)2π and α0 is given in (1.2.28). Checking

Hp1(m
2)− 2π(1 + α0)m2 = 2µeλT

(
Hp1(µ)eλT + λeλTµ

)
− 2π(1 + α0)µ2e2λT

= 2µe2λTHp1(µ) + µ2e2λT
(
2λ− 2π(1 + α0)

)
≥ 2µe2λTHp1(µ).

Since µe2λTHp1(µ) is supported in W , positive at γ(0) and non-negative except
on a neighborhood of γ(3ε0), in fact such that

µe2λTHp1(µ) = µ(eλTχ0)2 − µ(eλTχ1)2,

the inequality (1.2.31) gives with A0, A1 ∈ Ψ0
ps(Ω), A0 elliptic at γ(0), essuppA1 ⊂

W1,
‖A0v‖20 ≤ ‖A1v‖20 + ‖MPv‖20 + (C1 + C2)‖v‖2−1/2. (1.2.32)

Replacing in that inequality v by Nv where N ∈ ψ0
ps(Ω), essuppN ⊂ W0, with a

symbol equal to 1 on W gives with R ∈ ψ−∞ps (Ω)

‖A0v‖20 ≤ ‖A1v‖20 + ‖MPv‖20 + (C1 + C2)‖Nv‖2−1/2 + ‖Rv‖20. (1.2.33)

Since u ∈ E ′(Ω), we can apply (1.2.33) to vε = u ∗ ρε where ρε(x) = ρ(x/ε)ε−n,
with ρ ∈ C∞c (Rn) of integral 1 and ε small enough so that vε ∈ C∞c (Ω). Since u
is H0 on W1 and also H−1/2 on W0, Pu is H0 on W0, we get that the ‖A0vε‖20 is
bounded for ε → 0+, implying that the weak limit A0u in E ′(Ω) belongs to H0,
proving that u is H0 at γ(0). The proof of Theorem 1.2.23 is complete. �

1.2.4 Local solvability

Functional analysis arguments

Definition 1.2.25. Let Ω be an open subset of Rn, x0 ∈ Ω, m ∈ R and P ∈ Ψm
ps(Ω)

a properly supported pseudodifferential operator. We shall say that P is locally
solvable at x0 if there exists an open neighborhood V ⊂ Ω of x0 such that

∀f ∈ C∞(Ω), ∃u ∈ D ′(Ω) with Pu = f in V . (1.2.34)
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Note that this definition makes sense since P is properly supported (in par-
ticular P is an endomorphism of D ′(Ω)) and we can actually restrict a distribution
to an open set. Moreover the set of points x ∈ Ω such that P is locally solvable at
x is open.

Definition 1.2.26. Let Ω, x0, P be as above and let µ ≥ 0. We shall say that P is
locally solvable at x0 with loss of µ derivatives if, for every s ∈ R, there exists an
open neighborhood V ⊂ Ω of x0 such that

∀f ∈ Hs
loc(Ω), ∃u ∈ Hs+m−µ

loc (Ω) with Pu = f in V . (1.2.35)

Remark 1.2.27. Note that the neighborhood V above may depend on s.

Lemma 1.2.28. Let Ω be an open subset of Rn, x0 ∈ Ω, m ∈ R and let P ∈ Ψm
ps(Ω)

be a pseudodifferential operator solvable at x0. Then there exists a neighborhood
V ⊂ Ω of x0, N ∈ N, C > 0 such that

∀v ∈ C∞c (V ), C‖P ∗v‖N ≥ ‖v‖−N . (1.2.36)

Proof. The solvability of P at x0 gives the existence of a neighborhood V of x0

such that (1.2.34) holds. We consider now v0 ∈ C∞c (V ) such that P ∗v0 = 0: Then,
for all ϕ ∈ C∞c (V ) the solvability property implies the existence of u ∈ D ′(Ω) with
Pu = ϕ in V . As a result, we have for all ϕ ∈ C∞c (V )∫

ϕ(x)v0(x)dx = 〈(Pu)|V , v0〉D∗(V ),D(V ) = 〈Pu, v0〉D∗(Ω),D(Ω)

= 〈u, P ∗v0〉D∗(Ω),D(Ω) = 0, (1.2.37)

which gives v0 = 0. Then for any compact subset K of V , the space C∞K (V ) is
a metrizable topological space for the topology given by the countable family of
norms {‖P ∗v‖Hr}r∈N. Let K̃ be a compact subset of V , neighborhood of a given
compact subset K of V and consider the space C∞

K̃
(V ), equipped with its standard

Fréchet topology, where the semi-norms may be given by the family {‖ϕ‖Hs}s∈N.
For a fixed v ∈ C∞K (V ), the mapping

C∞
K̃

(V ) 3 ϕ 7→
∫
ϕ(x)v(x)dx

is obviously continuous since C∞
K̃

(V ) is equipped with its standard Fréchet topol-
ogy. For a fixed ϕ ∈ C∞

K̃
(V ), the mapping

C∞K (V ) 3 v 7→
∫
ϕ(x)v(x)dx

is continuous for the topology on C∞K (V ) given by the family {‖P ∗v‖Hr}r∈N since
ϕ = Pu on V with u ∈ D ′(Ω) and thus, as in (1.2.37),∣∣∣∣∫ ϕ(x)v(x)dx = 〈u, P ∗v〉D∗(Ω),D(Ω)

∣∣∣∣ ≤ Cu‖P ∗v‖r.
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A separately continuous bilinear form on the product of a Fréchet space with a
metrizable space is in fact continous so that

∃C > 0,∃N ∈ N, ∀v ∈ C∞K (V ),∀ϕ ∈ C∞
K̃

(V ),∣∣∣∣∫ ϕ(x)v(x)dx
∣∣∣∣ ≤ C‖P ∗v‖N‖ϕ‖N ,

and since K̃ is a neighborhood of K, it gives the lemma. �

Lemma 1.2.29. Let Ω be an open subset of Rn, x0 ∈ Ω, m, s, µ ∈ R and let P ∈
Ψm
ps(Ω) be a pseudodifferential operator such that there exists an open neighborhood

V of x0 such that

∀f ∈ Hs
loc(Ω), ∃u ∈ Hs+m−µ

loc (Ω) with Pu = f in V . (1.2.38)

Then there exists a neighborhood W ⊂ Ω of x0, C > 0 such that

∀v ∈ C∞c (W ), C‖P ∗v‖−s−m+µ ≥ ‖v‖−s. (1.2.39)

Proof. We consider v0 ∈ C∞c (V ) such that P ∗v0 = 0: Then, for all ϕ ∈ C∞c (V ) the
solvability property (1.2.38) implies (1.2.34) and the proof of Lemma 1.2.28 gives
v0 = 0. Then for any compact subset K of V , the space C∞K (V ) is a normed space
with the norm ‖P ∗v‖−s−m+µ. Let K̃ be a compact subset of V , neighborhood
of a given compact subset K of V and consider the Hilbert space Hs

K̃
(V ). For a

fixed v ∈ C∞K (V ), the mapping Hs
K̃

(V ) 3 ϕ 7→ 〈ϕ, v〉 is obviously continuous since
|〈ϕ, v〉| ≤ ‖ϕ‖s‖v‖−s. For a fixed ϕ ∈ Hs

K̃
(V ), the mapping

C∞K (V ) 3 v 7→ 〈ϕ, v〉

is continuous for the topology on C∞K (V ) given by the norm ‖P ∗v‖−s−m+µ since
ϕ = Pu on V with u ∈ Hs+m−µ

loc (Ω) and thus, as in (1.2.37), with χ ∈ C∞c (Ω),
χ = 1 near the support of P ∗(C∞K (V )),∣∣〈ϕ, v〉 = 〈u, P ∗v〉D∗(Ω),D(Ω) = 〈χu, P ∗v〉Hs+m−µ,D(Ω)

∣∣
≤ ‖χu‖s+m−µ‖P ∗v‖−s−m+µ.

As before, this bilinear form is continuous,

∃C > 0,∀v ∈ C∞K (V ),∀ϕ ∈ Hs
K̃

(V ), |〈ϕ, v〉| ≤ C‖P ∗v‖−s−m+µ‖ϕ‖s,

and since K̃ is a neighborhood of K, it gives ‖v‖−s ≤ C‖P ∗v‖−s−m+µ, for all
v ∈ C∞K (V ). Choosing K as a compact neighborhood of x0 included in V , we can
take W = intK to obtain the lemma. �
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Lemma 1.2.30. Let Ω be an open subset of Rn, x0 ∈ Ω, m ∈ R and P ∈ Ψm
ps(Ω) a

properly supported pseudodifferential operator. Let s ∈ R. Assume that there exists
µ ≥ 0 and an open neighborhood V ⊂ Ω of x0 such that,

∃C > 0,∀v ∈ C∞c (V ), ‖v‖−s ≤ C‖P ∗v‖−s−m+µ. (1.2.40)

Then, for all f ∈ Hs
loc(Ω), there exists u ∈ Hs+m−µ(Ω) such that Pu = f in V .

Proof. Let f0 ∈ Hs
loc(Ω). The inequality (1.2.40) implies the injectivity of P ∗ on

C∞c (V ). Assuming as we may that V b Ω, we get that the space P ∗(C∞c (V )) is a
subspace of C∞K (Ω), where K is a compact subset of Ω. We consider P ∗(C∞c (V ))
as a subspace of H−s−m+µ

0 (Ω) and we can define the linear form

P ∗(C∞c (V )) 3 P ∗v 7→ 〈v, f0〉

which satisfies the following estimate: with χ ∈ C∞c (Ω) equal to 1 on V , we have

|〈v, f0〉| ≤ ‖v‖−s‖χf0‖s ≤ C‖P ∗v‖−s−m+µ‖χf0‖s.

We can extend this linear form to the whole H−s−m+µ
0 (Ω) to a linear form ξ

with norm ≤ C‖χf0‖s by the Hahn-Banach theorem. This means that there exists
u0 ∈ Hs+m−µ(Ω) such that

∀g ∈ H−s−m+µ
0 (Ω), 〈g, u0〉 = ξ(g), ‖u0‖Hs+m−µ(Ω) ≤ C‖χf0‖s,

and in particular for all v ∈ C∞c (V ),

〈v, f0〉 = ξ(P ∗v) = 〈P ∗v, u0〉 = 〈v, Pu0〉

and thus Pu0 = f0 on V . �

Remark 1.2.31. Note in particular that if the estimate

‖v‖σ+m−µ ≤ C‖P ∗v‖σ

is proven true for any σ ∈ R, for v ∈ C∞c (Vσ), where Vσ is a neighborhood of x0

(which may depend on σ), then the result of the lemma holds and P is locally
solvable at x0 with loss of µ derivatives (see Remark 1.2.27). The estimate above
can be true for µ = 0 if and only if P is elliptic at x0. Moreover the two previous
lemmas show that the local solvability questions for a properly supported operator
are equivalent to proving an a priori estimate of the type (1.2.36), (1.2.40).

Lemma 1.2.32. Let Ω be an open subset of Rn, x0 ∈ Ω, m ∈ R and P ∈ Ψm
ps(Ω)

a properly supported pseudodifferential operator. If P is solvable at x0, then there
exists a neighborhood V of x0 and an integer N such that

∀f ∈ CN (Ω), ∃u ∈ E ′N (Ω), with Pu = f in V. (1.2.41)
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Proof. In fact, from (1.2.36), the estimate

C‖P ∗v‖N ≥ ‖v‖−N (1.2.42)

holds for all v ∈ C∞c (V ) for some neighborhood V of x0 and some N ∈ N. We may
assume V b Ω. Let f0 ∈ CN (Ω). The inequality (1.2.42) implies the injectivity of
P ∗ on C∞c (V ). We consider the space P ∗(C∞c (V )) as a subspace of CNK (Ω), where
K is a compact subset of Ω and we can define the linear form

P ∗(C∞c (V )) 3 P ∗v 7→ 〈v, f0〉

which satisfies the following estimate: with χ ∈ C∞c (Ω), χ = 1 near V , we have

|〈v, f0〉| ≤ ‖v‖−N‖χf0‖N ≤ C‖P ∗v‖N‖χf0‖N ≤ C1‖χf0‖N sup
|α|≤N
x∈K

|∂α(P ∗v)(x)|.

By the Hahn-Banach theorem, we can extend this linear form to a linear form ξ
defined on CN (Ω) such that

∀g ∈ CN (Ω), |ξ(g)| ≤ C1‖χf0‖N sup
|α|≤N
x∈K

|∂αg(x)|.

This means that there exists u0 ∈ E ′N (Ω) such that ∀g ∈ CN (Ω), 〈g, u0〉 = ξ(g)
and in particular for all v ∈ C∞c (V ),

〈v, f0〉 = ξ(P ∗v) = 〈P ∗v, u0〉 = 〈v, Pu0〉

and thus Pu0 = f0 on V . �

Remarks on solvability with loss of µ derivative(s)

To establish local solvability at x0 with loss of µ derivatives, it is enough to prove
(see Lemma 1.2.30 and Remark 1.2.31) that for every s ∈ R, there exists r > 0
and C > 0 such that

∀v ∈ C∞c (B(x0, r)), C‖P ∗v‖−s−m+µ ≥ ‖v‖−s. (1.2.43)

However, we may be able to prove a weaker estimate only for some s. The next
lemma establishes local solvability as a consequence of a weak estimate.

Lemma 1.2.33. Let Ω be an open subset of Rn, x0 ∈ Ω,m ∈ R, µ ≥ 0, s < n/2 and
P ∈ Ψm

ps(Ω) a properly supported pseudodifferential operator. Let us assume that
there exists r > 0, C > 0 such that

∀v ∈ C∞c (B(x0, r)), C‖v‖−s−1 + C‖P ∗v‖−s−m+µ ≥ ‖v‖−s. (1.2.44)

Then, there exists r > 0, C > 0 such that (1.2.43) holds and for all f ∈ Hs
loc(Ω),

there exists u ∈ Hs+m−µ(Ω) such that Pu = f in V , where V is some neighborhood
of x0. In particular P is locally solvable at x0.
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Proof. Lemma 4.3.5 implies that ‖u‖−s−1 ≤ φ(r)‖u‖−s with limr→0 φ(r) = 0,
provided −s > −n/2 and this proves that shrinking r leads to (1.2.43) which
implies the lemma by applying Lemma 1.2.30. �

On the other hand, we may also want to stick on our definition 1.2.26 of
solvability with loss of µ derivatives for which we need to prove an estimate for
every s ∈ R.

Lemma 1.2.34. Let Ω be an open subset of Rn, x0 ∈ Ω, m ∈ R, µ ≥ 0 and
P ∈ Ψm

ps(Ω) a properly supported pseudodifferential operator, with homogeneous
principal symbol pm such that

Sn−1 3 ξ 7→ pm(x0, ξ) is not identically 0. (1.2.45)

Let us assume that for every s ∈ R, there exists r > 0, C1, C2 such that

∀v ∈ C∞c (B(x0, r)), C2‖v‖−s−1 + C1‖P ∗v‖−s−m+µ ≥ ‖v‖−s. (1.2.46)

Then, for every s ∈ R, there exists r > 0, C > 0 such that (1.2.43) holds.

Proof. If (1.2.43) were not true, we could find a sequence (vk)k≥1 such that vk ∈
C∞c (B(x0, k

−1)) with ‖vk‖−s = 1 and limk ‖P ∗vk‖−s−m+µ = 0. The estimate
(1.2.46) implies that C2‖vk‖−s−1 ≥ 1/2 for k large enough and since the sequence
(vk) is compact in H−s−1, it has a subsequence strongly convergent in H−s−1

towards v0 6= 0, which is a weak limit in H−s. We have

P ∗v0 = 0, supp v0 = {x0}, so that v0 = Q(D)δx0

where Q is a non-zero polynomial. As a consequence, we have for u ∈ C∞c (Ω)

〈Q̄(D)Pu, δx0〉 = 〈u, P ∗v0〉 = 0 =⇒ (Q̄(D)Pu)(x0) = 0, for all u ∈ C∞c (Ω),

and that, for all ξ ∈ Rn\{0}, q̄(ξ)p(x0, ξ) = 0, where q is the principal part of Q
(homogeneous with degree ν) and p the principal symbol of P , since

q̄(ξ)p(x0, ξ)u(x) = lim
t→+∞

(
(Q̄(D)P )(e2iπt〈·,ξ〉u(·))

)
(x0)t−m−νe−2iπt〈x0,ξ〉.

Since q is a non-zero polynomial15, this implies that ξ 7→ p(x0, ξ) is identically
zero, contradicting the assumption. The proof of the lemma is complete. �

Lemma 1.2.35. Let Ω be an open subset of Rn, x0 ∈ Ω,m ∈ R and P ∈ Ψm
ps(Ω) a

properly supported pseudodifferential operator. To get (1.2.44)s it suffices to prove
that for every ξ0 ∈ Sn−1, there exists some ϕ ∈ S0

1,0 non-characteristic at (x0, ξ0),
such that

∃C,∃r0 > 0,∀r ∈]0, r0],∃A(r),∃ε(r)with lim
r→0

ε(r) = 0,∀v ∈ C∞c (B(x0, r)),

ε(r)‖v‖σ+m−µ +A(r)‖v‖σ+m−µ−1 + C‖P ∗v‖σ ≥ ‖ϕwv‖σ+m−µ, (1.2.47)

with σ = −s−m+ µ.
15The open set {ξ ∈ Rn, q(ξ) 6= 0} is dense since the closed set {ξ ∈ Rn, q(ξ) = 0} cannot have

interior points because q is a non-zero polynomial.
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Proof. To get (1.2.44)s with s = −σ−m+µ, it is enough to prove that, for every
ξ0 ∈ Sn−1, there exists some ϕ ∈ S0

1,0 non-characteristic at (x0, ξ0), r > 0, C > 0,
such that

∀v ∈ C∞c (B(x0, r)), C‖v‖σ+m−µ−1 + C‖P ∗v‖σ ≥ ‖ϕwv‖σ+m−µ. (1.2.48)

In fact, if (1.2.48) holds, one can find finitely many ϕ1, . . . , ϕν such that∑
1≤j≤ν

|ϕj |2 is elliptic at x0

and for all v ∈ C∞c (B(x0, r0)) (r0 is the minimum of the rj > 0 corresponding to
each ϕj),

‖v‖2σ+m−µ ≤ C1

∑
1≤j≤ν

‖ϕwj v‖2σ+m−µ + C2‖v‖2σ+m−µ−1

≤ C1ν2C2‖P ∗v‖2σ + (C2 + C1ν2C2)‖v‖2σ+m−µ−1,

which gives C‖v‖σ+m−µ−1 +C‖P ∗v‖σ ≥ ‖v‖σ+m−µ. The same argument as above
gives the implication (1.2.47)σ =⇒ (1.2.44)s. �

Remark 1.2.36. Assume in particular that m = 1 and that, on a conic neighbor-
hood of (0; en) the principal symbol of p is

ξ1 + q(x1, x
′, ξ′), q complex-valued. (1.2.49)

Considering a positively-homogeneous function of n variables χ0 supported in

{ξ ∈ Rn, |ξ1| ≤ C1|ξ′|},

equal to 1 on {ξ ∈ Rn, |ξ1| ≤ C0|ξ′|, |ξ| ≥ 1}, and ψ0 a positively-homogeneous
function of n−1 variables supported in a conic-neigborhood of ξ′0 = (0, . . . , 0, 1) ∈
Rn−1 and equal to one on a conic-neighborhood of ξ′0, the symbol

l1(x, ξ) = ξ1 + q(x1, x
′, ξ′)ψ0(ξ′)χ0(ξ) ∈ S1

1,0

coincides with p on some conic-neighborhood of (0, en) and we have

lw1 = D1+
(
q(x1, x

′, ξ′)ψ0(ξ′)︸ ︷︷ ︸
q1

)w−(q(x1, x
′, ξ′)ψ0(ξ′)(1− χ0(ξ))

)w
.

The symbol q1 does not belong to S1
1,0(R2n), but only to S1

1,0(R
2n−2
x′,ξ′ ), uniformly

with respect to x1. Let us assume that for v ∈ S (Rn), supp v ⊂ {|x1| ≤ T},

C‖D1v + qw1 v‖0 ≥ T−1‖v‖0. (1.2.50)
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We consider χ1 positively-homogeneous function of n variables supported in {ξ ∈
Rn, |ξ1| ≤ C0|ξ′|}, and we apply (1.2.50) to ρ(x1T

−1)χw1 u where u ∈ S (Rn),
supported in |x1| ≤ T/2 and ρ1 ∈ C∞[−2,2](R), equal to 1 on [−1, 1]: we get

2C‖lw1 ρ(x1T
−1)χw1 u+

(
(1− χ0)q1

)w
ρ(x1T

−1)χw1 u‖
≥ T−1‖ρ(x1T

−1)χw1 u‖0.

The term
(
(1 − χ0)q1

)w
ρ(x1T

−1)χw1 has a symbol in S−∞1,0 (R2n) (to be checked
directly by the composition formula whose expansion is 0, or see in the appendix
Lemma 4.9.17). The term

[lw1 , ρ(x1T
−1)]χw1 u = (2iπT )−1 ρ′(x1T

−1)︸ ︷︷ ︸
= 0 on [−T, T ]

χw1 ρ(2x1T
−1)︸ ︷︷ ︸

supported in
[−T,T ]

u = rwT u

rT ∈ S−∞1,0 (R2n). The term [lw1 , χ
w
1 ] is L2-bounded and we have thus

‖χw1 lw1 u‖0 + ‖u‖0 + α(T )‖u‖−1 ≥
c0
T
‖χw1 u‖

which gives (1.2.47) for m = 1, σ = 0, µ = 1. Staying with the case µ = 1 (loss
1), the argument is not different for other values of m,σ. We can of course replace
the assumption (1.2.49) by e(x, ξ)(ξ1 + q(x1, x

′, ξ′)) where e is elliptic on a conic-
neighborhood of (0; en).
Remark 1.2.37. On the other hand, when µ > 1, the rhs in the estimate (1.2.50)
has to be replaced by ‖v‖1−µ and the fact that this suffices to prove local solvability
requires some particular care. This point is discussed in details in Subsection 3.7.3
of Section 3.7 where an estimate with loss of 3/2 derivatives is established.

Operators of real principal type

Theorem 1.2.38. Let Ω be an open subset of Rn, m ∈ R and P ∈ Ψm
ps(Ω) a

pseudodifferential operator with symbol p such that (1.2.18) holds with pm real-
valued and positively-homogeneous of degree m. We assume that P is of principal
type, i.e.

∀(x, ξ) ∈ Ṫ ∗(Ω), pm(x, ξ) = 0 =⇒ ∂ξpm(x, ξ) 6= 0. (1.2.51)

Then the operator P is locally solvable at every point of Ω with loss of one deriva-
tive.

Proof. One could of course use the estimate (1.2.33), but the argument for solv-
ability alone is so simple in that case that it may be worthy to look at it. We
consider a point x0 ∈ Ω. If pm is elliptic at x0, the estimate

C‖v‖σ+m−1 + C‖P ∗v‖σ ≥ ‖v‖σ+m
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follows from Theorem 1.2.15 for v supported in B(x0, r0) with r0 > 0 small enough.
If there exists ξ0 6= 0 such that pm(x0, ξ0) = 0, we may choose the coordinates so
that x0 = 0, ξ0 = en and

pm(x, ξ) = (ξ1 + a(x1, x
′, ξ′))e(x, ξ)

with a homogeneous of degree 1 with respect to ξ′, e elliptic with degree m −
1 on a conic-neighborhood of (0, en). According to Remark 1.2.36 the question
reduces to proving an estimate for the operator L = Dx1 + a(x1, x

′, ξ′)w where
a ∈ C∞(R2n−1; R) such that, for all α, β,

sup
(x,ξ′)∈Rn×Rn−1

|(∂αξ′∂βxa)(x, ξ′)|〈ξ′〉−1+|α| <∞.

We find
2 Re〈Dx1u+ a(x1, x

′, ξ′)wu, ix1u〉L2 =
1
2π
‖u‖20, (1.2.52)

so that for u ∈ C∞c (Rn), u = 0 on |x1| ≥ T , we have 2‖Lu‖0T‖u‖0 ≥ 1
2π‖u‖

2
0 and

thus ‖Lu‖0 ≥ 1
4πT ‖u‖0. �

Operators of principal type, complex symbols with a nonnegative imaginary part

Theorem 1.2.39. Let Ω be an open subset of Rn, m ∈ R and P ∈ Ψm
ps(Ω) a pseudo-

differential operator with symbol p such that (1.2.18) holds with pm complex-valued
and positively-homogeneous of degree m. We assume that P is of principal type (see
(1.2.51)) such that the function Im pm is nonnegative (resp. nonpositive). Then the
operator P is locally solvable at every point of Ω with loss of one derivative.

Proof. To handle the complex-valued case, we see that the principal type condition
(1.2.51) implies that at a non-elliptic point,

pm(x0, ξ0) = 0, d(Im pm)(x0, ξ0) = 0, ∂ξ(Re pm)(x0, ξ0) 6= 0.

The first thing that we can do is to use the estimate (1.2.32): assuming m = 1, the
bicharacteristic curve γ̇ = HRe pm

(γ) starting at γ(0) = (x0, ξ0) we find A0, A1 ∈
Ψ0
ps(Ω), A0 elliptic at γ(0), essuppA1 ⊂ W1, W1 conic-neighborhood of γ(3ε0)

where ε0 > 0, γ(0) /∈W1, M ∈ Ψ0
ps(Ω),

‖A0v‖20 ≤ ‖A1v‖20 + ‖MPv‖20 + (C1 + C2)‖v‖2−1/2. (1.2.53)

Applying this to v ∈ C∞c (B(x0, r)) with r small enough, the principal-type as-
sumption ∂ξ Re pm(x0, ξ0) 6= 0 implies, with χ0 supported in the unit ball of Rn,
that A1v = A1χ0

(
(· − x0)/r

)
v with essuppA1χ0

(
(· − x0)/r

)
= ∅, so that (1.2.47)

holds with µ = 1,m = 1, σ = 0. The other cases are analogous.
On the other hand, it is also interesting to find directly a multiplier method,

as in the real-principal type case. We need only to handle

L± = Dx1u+ a(x1, x
′, ξ′)wu± ib(x, ξ)w + r0(x, ξ)w
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with b ∈ S1
1,0, b ≥ 0, a(x1, ·, ·) real-valued in S1

1,0(R
2n−2
x′,ξ′ ) uniformly in x1 and

r0 ∈ S0
1,0. With θ ∈ C∞(R; R), we calculate

2 Re〈Dx1u+a(x1, x
′, ξ′)wu+ib(x, ξ)wu, iθ(x1)2u〉L2 =

1
π
〈θθ′u, u〉+2 Re〈bwu, θ2u〉.

We have

θ2bw + bwθ2 = θθbw + bwθθ = θ[θ, bw] + 2θbwθ + [bw, θ]θ = 2θbwθ + [[bw, θ], θ]

and thus, from Gårding inequality (Theorem 1.1.26), we find

2 Re〈L+u, iθ
2u〉 ≥ 1

π
〈θθ′u, u〉+ 〈[[bw, θ], θ]u, u〉 − C0‖θu‖2 − ‖[r0, θ]u‖2

where C0 depends on semi-norms of b, r0; to handle the term r0, we have used

〈rw0 u, θ2u〉 = 〈[θ, rw0 ]u, θu〉+ 〈rw0 θu, θu〉.

We have with λ > 0, θ(x1) = eλx1 , for u ∈ C∞c (Rn) vanishing at |x1| ≥ 1/λ (so
that with χ0 ∈ C∞c (R) equal to 1 on [−1, 1], u = χ0(λx1)u)

2 Re〈L+u, ie
2λx1u〉 ≥ (π−1λ− C0)‖eλx1u‖2 − C(λ)‖u‖2−1/2

implying 2πλ−1‖χ0(λx1)eλx1L+u‖20 +C(λ)‖u‖2−1/2 ≥ ( λ2π −C0)‖eλx1u‖2, and as-
suming χ0 valued in [0, 1], vanishing on (−2, 2)c, and λ ≥ 4πC0,

2πλ−1e4‖L+u‖20 + C(λ)‖u‖2−1/2 ≥
λ

4πe2
‖u‖2.

Choosing λ = 1+4πC0, we find that there exists r0 > 0 such that, for u ∈ C∞c (Rn),
with diameter(suppu) ≤ r0

C1‖L+u‖0 + C1‖u‖−1/2 ≥ ‖u‖0,

proving the local solvability of L∗+; the case of L∗− is analogous. �

1.3 Pseudodifferential operators in harmonic analysis

1.3.1 Singular integrals, examples

The Hilbert transform

A basic object in the classical theory of harmonic analysis is the Hilbert transform,
given by the one-dimensional convolution with pv(1/πx) = d

πdx (ln |x|), where we
consider here the distribution derivative of the L1

loc(R) function ln |x|. We can also
compute the Fourier transform of pv(1/πx), which is given by −i sign ξ (see e.g.
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(4.1.21)). As a result the Hilbert transform H is a unitary operator on L2(R)
defined by

Ĥ u(ξ) = −i sign ξû(ξ). (1.3.1)

It is also given by the formula

(H u)(x) = lim
ε→0+

1
π

∫
|x−y|≥ε

u(y)
x− y

dy.

The Hilbert transform is certainly the first known example of a Fourier multiplier
(H u = F−1(aû) with a bounded a). Since the sign function is bounded, it is
obviously bounded on L2(R), but is is tempting to relate that result to Theorem
1.1.14 of L2-boundedness of the S0

1,0 class; naturally the singularity at 0 of the
sign function prevents it to be a symbol in that class.

The Riesz operators, the Leray-Hopf projection

The Riesz operators are the natural multidimensional generalization of the Hilbert
transform. We define for u ∈ L2(Rn),

R̂ju(ξ) =
ξj
|ξ|
û(ξ), so that Rj = Dj/|D| = (−∆)−1/2 ∂

i∂xj
. (1.3.2)

The Rj are selfadjoint bounded operators on L2(Rn) with norm 1.
We can also consider the n × n matrix of operators given by Q = R ⊗ R =

(RjRk)1≤j,k≤n sending the vector space of L2(Rn) vector fields into itself. The
operator Q is selfadjoint and is a projection since

∑
lR

2
l = Id so that Q2 =

(
∑
lRjRlRlRk)j,k = Q. As a result the operator

P = Id−R⊗R = Id−|D|−2(D ⊗D) = Id−∆−1(∇⊗∇) (1.3.3)

is also an orthogonal projection, the Leray-Hopf projector (a.k.a. the Helmholtz-
Weyl projector); the operator P is in fact the orthogonal projection onto the closed
subspace of L2 vector fields with null divergence. We have for a vector field u =∑
j uj∂j , the identities grad div u = ∇(∇·u), grad div = ∇⊗∇ = (−∆)(iR⊗ iR),

so that
Q = R⊗R = ∆−1 grad div, divR⊗R = div,

which implies div Pu = div u − div(R ⊗ R)u = 0, and if div u = 0, Pu = u.
The Leray-Hopf projector is in fact the (n × n)-matrix-valued Fourier multiplier
given by Id−|ξ|−2(ξ⊗ξ). This operator plays an important role in fluid mechanics
since the Navier-Stokes system for incompressible fluids can be written for a given
divergence-free v0, ∂tv + P

(
(v · ∇)v

)
− ν4v = 0

Pv = v,
v|t=0 = v0.
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As already said for the Riesz operators, P is not a classical pseudodifferential
operator, because of the singularity at the origin: however it is indeed a Fourier
multiplier with the same functional properties as those of R.

In three dimensions the curl operator is given by the matrix

curl =

 0 −∂3 ∂2

∂3 0 −∂1

−∂2 ∂1 0

 = curl∗, (1.3.4)

since we can note that the matrix

C(ξ) = 2π

 0 −iξ3 iξ2
iξ3 0 −iξ1
−iξ2 iξ1 0


is purely imaginary and anti-symmetric, a feature that could not happen for scalar
Fourier multiplier. We get also curl2 = −∆ Id+ grad div and (the Biot-Savard law)

Id = (−∆)−1 curl2 +∆−1 grad div, also equal to (−∆)−1 curl2 +Id−P,

which gives curl2 = −∆P, so that

[P, curl] = ∆−1
(
∆P curl−∆ curl P

)
= ∆−1

(
− curl3 +curl(−∆P)

)
= 0,

P curl = curl P = curl(−∆)−1 curl2 = curl
(
Id−∆−1 grad div

)
= curl

since curl grad = 0 (note also the adjoint equality div curl = 0).
These examples show that some interesting cases of Fourier multipliers are

quite close to pseudodifferential operators, with respect to the homogeneity and
behaviour for large frequencies, although the singularities at the origin in the mo-
mentum space make them slightly different. They belong to the family of singular
integrals that we shall review briefly.

Theorem 1.3.1. Let Ω be a function in L1(Sn−1) such that
∫

Sn−1 Ω(ω)dσ(ω) = 0.
Then the following formula defines a tempered distribution T :

〈T, ϕ〉 = lim
ε→0+

∫
|x|≥ε

Ω
( x
|x|
)
|x|−nϕ(x)dx = −

∫
(x · ∂xϕ(x))Ω

( x
|x|
)
|x|−n ln |x|dx.

The distribution T is homogeneous of degree −n on Rn and, if Ω is odd, the Fourier
transform of T is a bounded function.

N.B. We shall use the principal-value notation T = pv
(
|x|−nΩ

(
x
|x|
))

; when n = 1

and Ω = sign, we recover the principal value pv(1/x) = d
dx (ln |x|) which is odd,

homogeneous of degree -1, and whose Fourier transform is −iπ sign ξ (see e.g.
(4.1.21)).
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Proof. Let ϕ be in S (Rn) and ε > 0. Using polar coordinates, we check∫
Sn−1

Ω(ω)
∫ +∞

ε

ϕ(rω)
dr

r
dσ(ω)

=
∫

Sn−1
Ω(ω)

[
ϕ(εω) ln(ε−1)−

∫ +∞

ε

ω · dϕ(rω) ln rdr
]
dσ(ω).

Since the mean value of Ω is 0, we get the first statement of the theorem, noticing
that the function x 7→ Ω(x/|x|)|x|−n+1 ln(|x|)(1 + |x|)−2 is in L1(Rn). We have

〈x · ∂xT, ϕ〉 = −〈T, x · ∂xϕ〉 − n〈T, ϕ〉 (1.3.5)

and we see that

〈T, x · ∂xϕ〉 = lim
ε→0+

∫
Sn−1

Ω(ω)
∫ +∞

ε

rω · (dϕ)(rω)
dr

r
dσ(ω)

=
∫

Sn−1
Ω(ω)

∫ +∞

0

ω · (dϕ)(rω)drdσ(ω)

=
∫

Sn−1
Ω(ω)

∫ +∞

0

d

dr

(
ϕ(rω)

)
drdσ(ω) = −ϕ(0)

∫
Sn−1

Ω(ω)dσ(ω) = 0

so that (1.3.5) implies that x · ∂xT = −nT which is the homogeneity of degree −n
of T . As a result the Fourier transform of T is an homogeneous distribution with
degree 0.
N.B. Note that the formula −

∫
(x · ∂xϕ(x))Ω

(
x
|x|
)
|x|−n ln |x|dx makes sense for

Ω ∈ L1(Sn−1), ϕ ∈ S (Rn) and defines a tempered distribution. For instance, if
n = 1 and Ω = 1, we get the distribution derivative d

dx

(
signx ln |x|

)
. However,

the condition of mean value 0 for Ω on the sphere is necessary to obtain T as a
principal value, since in the discussion above, the term factored out by ln(1/ε)
is
∫

Sn−1 Ω(ω)ϕ(εω)dσ(ω) which has the limit ϕ(0)
∫

Sn−1 Ω(ω)dσ(ω). On the other
hand, from the defining formula of T , we get with Ωj(ω) = 1

2 (Ω(ω)+(−1)jΩ(−ω))
(Ω1(resp.Ω2) is the odd (resp. even) part of Ω)

〈T, ϕ〉 =
∫

Sn−1
Ω(ω)〈 d

dt

(
H(t) ln t

)
, ϕ(tω)〉S ′(Rt),S (Rt)dσ(ω)

=
∫

Sn−1
Ω1(ω)〈pv( 1

2t
), ϕ(tω)〉S ′(Rt),S (Rt)dσ(ω)

+
∫

Sn−1
Ω2(ω)〈 d

dt

(
H(t) ln t

)
, ϕ(tω)〉S ′(Rt),S (Rt)dσ(ω), (1.3.6)

since

A1 =
∫

Sn−1
Ω1(ω)〈pv( 1

2t
), ϕ(tω)〉dσ(ω) = −1

2

∫
Sn−1

Ω1(ω)〈ln |t|, ω · dϕ(tω)〉dσ(ω)
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and 〈ln |t|, ω · dϕ(tω)〉 =
∫ +∞
0

ω · dϕ(tω) ln tdt+
∫ +∞
0

ω · dϕ(−sω)(ln s)ds so that

A1 =
∫

Sn−1
Ω1(ω)〈H(t) ln t,−1

2
ω ·
(
dϕ(tω) + dϕ(−tω)

)
︸ ︷︷ ︸

− 1
2

d
dt (ϕ(tω)−ϕ(−tω))

〉dσ(ω)

and thus since Ω1 is odd,

A1 =
∫

Sn−1
Ω1(ω)〈 d

dt

(
H(t) ln t

)
,
1
2
(ϕ(tω)− ϕ(−tω))〉dσ(ω)

=
∫

Sn−1
Ω1(ω)〈 d

dt

(
H(t) ln t

)
, ϕ(tω)〉dσ(ω).

Let us show that, when Ω is odd, the Fourier transform of T is bounded.
Using (1.3.6) and (4.1.21) we get

〈T̂ , ψ〉 =
∫

Sn−1
Ω(ω)〈pv( 1

2t
), ψ̂(tω)〉dσ(ω)

= − iπ
2

∫
Rn

∫
Sn−1

Ω(ω) sign(ω · ξ)ϕ(ξ)dξdσ(ω)

proving that

T̂ (ξ) = − iπ
2

∫
Sn−1

Ω(ω) sign(ω · ξ)dσ(ω) (1.3.7)

which is indeed a bounded function since Ω ∈ L1(Sn−1). �

1.3.2 Remarks on the Calderón-Zygmund theory
and classical pseudodifferential operators

It is possible to generalize Theorem 1.3.1 in several directions. In particular the
Lp-boundedness (1 < p < ∞) of these homogeneous singular integrals can be es-
tablished, provided some regularity assumptions are made on T̂ (see e.g. Theorem
7.9.5 in [71], the reference books on harmonic analysis by E.M. Stein [132] and J.
Duoandikoetxea [40]).

Also a Calderón-Zygmund theory of singular integrals with “variable coeffi-
cients”, given by some kernel k(x, y) satisfying some conditions analogous to ho-
mogeneous functions of degree −n of x− y, has reached a high level of refinement
(see e.g. the book by R. Coifman & Y. Meyer [28] and the developments in [40]).
Although that theory is not independent of the theory of classical pseudodiffer-
ential operators, the fact that the symbols do have a singularity at ξ = 0 make
them quite different ; the constrast is even more conspicuous for the Lp theory
of Calderón-Zygmund operators, which is very well understood although its ana-
logue for general pseudodifferential operators (see e.g. [111]) has not reached the
same level of understanding. We have seen above that the classes S0

ρ,δ (see Remark
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1.1.28) give rise to L2-bounded operators provided 0 ≤ δ ≤ ρ ≤ 1, δ < 1, and it is
possible to prove that the operators with symbol in the class S0

1,0 are Lp-bounded,
1 < p < ∞. The method of proof of that result is not significantly different of
the proof of the Calderón-Zygmund theorem of Lp-boundedness for standard ho-
mogeneous singular integrals and is based on the weak (1, 1) regularity and the
Marcinkiewicz interpolation theorem. However, some operators with symbol in the
class S0

1,δ with 0 < δ < 1 are not Lp-bounded for p 6= 2.
The present book is almost entirely devoted to the developments of the L2

theory of pseudodifferential operators, but it is certainly useful to keep in mind
that some very natural and useful examples of singular integrals are not pseudodif-
ferential operators. For the very important topic of Lp-theory of pseudodifferential
operators, we refer the reader to [110].



Chapter 2

Metrics on the Phase Space

In this chapter, we describe a general version of the pseudodifferential calculus,
due to L. Hörmander ([69], chapter 18 in [73]). That version followed some earlier
generalizations due to R. Beals and C. Fefferman ([8]) and to R. Beals ([6]). It
was followed by some other generalizations due to A. Unterberger [145] and to a
joint work of J.-M. Bony and N. Lerner ([20]), whose we follow the presentation.
We also give a precised version of the Fefferman-Phong inequality, following [100]
where we provided an upper bound for the number of derivatives sufficient to
obtain that inequality. Finally, we study the Sobolev spaces naturally attached to
an admissible metric on the phase space, essentially following the paper by J.-M.
Bony and J.-Y. Chemin [19].

2.1 The structure of the phase space

2.1.1 Symplectic algebra

Let us consider a finite dimensional real vector space E (the configuration1 space
Rnx) and its dual space E∗ (the momentum space Rnξ ). The phase space is defined
as P = E⊕E∗ ; its running point will be denoted in general by a upper case letter
(X = (x, ξ), Y = (y, η)). The symplectic form on P is given by

[(x, ξ), (y, η)] = 〈ξ, y〉E∗,E − 〈η, x〉E∗,E (2.1.1)

where 〈·, ·〉E∗,E stands for the bracket of duality. The symplectic group Sp(2n)
is the subgroup of the linear group of P preserving (2.1.1). With

σ =
(

0 Id(E∗)
−Id(E) 0

)
, (2.1.2)

1We shall identify the configuration space E with Rn, but the reader may keep in mind that
all the theory can be developed without this identification.
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we have forX,Y ∈ P, [X,Y ] = 〈σX, Y 〉P∗,P , so that the equation of the symplectic
group is

A∗σA = σ.

One can describe (see the section 4.4.1 in the appendix) a set of generators for the
symplectic group Sp(2n), identifying P with Rnx ×Rnξ : the following mappings are
generating the symplectic group,

(x, ξ) 7→ (Tx,t T−1ξ), where T is an automorphism of E, (i)
(xk, ξk) 7→ (ξk ,−xk), and the other coordinates fixed, (ii)
(x, ξ) 7→ (x, ξ + Sx), where S is symmetric from E to E∗. (iii)

2.1.2 Wigner function

For u, v ∈ S (Rn), we define the Wigner function H(u, v) on the phase space by
the formula

H(u, v)(x, ξ) =
∫
u(x+

y

2
)v̄(x− y

2
)e−2iπy·ξdy. (2.1.3)

The mapping (u, v) 7→ H(u, v) is sesquilinear continuous from S (Rn) × S (Rn)
to S (R2n). Since H(u, v) is the partial Fourier transform of the function (x, y) 7→
u(x+ y/2)v̄(x− y/2), the Wigner function also satisfies,

‖H(u, v)‖L2(R2n) = ‖u‖L2(Rn)‖v‖L2(Rn), (2.1.4)
H(u, v)(x, ξ) = 2n〈σx,ξu, v〉L2(Rn), (2.1.5)

with (σx,ξu)(y) = u(2x− y) exp−4iπ(x− y) · ξ (2.1.6)

and the so-called “phase symmetries” σX are unitary and selfadjoint on L2(Rn).

2.1.3 Quantization formulas

Let a be temperate distribution on R2n. We have seen in the section 1.1.2 and in
the definition 1.1.9 that the Weyl quantization rule associates to this distribution
the operator aw defined formally on functions u ∈ S (Rn) by

(awu)(x)=
∫∫

e2iπ(x−y)·ξ a(
x+ y

2
, ξ) u(y)dydξ. (2.1.7)

Since the previous formula does not obviously make sense, we use the Wigner
function (2.1.3) to provide a weak definition,

〈awu, v〉S ∗(Rn),S (Rn) =≺ a,H(u, v) �S ′(R2n),S (R2n), (2.1.8)

where S ∗(Rn) is the antidual of S (Rn) and the second bracket is for real duality.
For instance we have

(x · ξ)w = (x ·Dx +Dx · x)/2,
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with Dx = 1
2iπ

∂
∂x whereas the classical quantization rule would map the Hamilto-

nian x · ξ to the operator x ·Dx. The formula (2.1.8) can be written as

(awu, v) =
∫∫

a(x, ξ)H(u, v)(x, ξ)dxdξ,

where the Wigner function H is defined by (2.1.3). We have indeed

〈awu, v〉 =
∫∫∫

a(
x+ y

2
, ξ)e2iπ(x−y)ξu(y)v̄(x)dydxdξ

=
∫∫∫

a(x′, ξ)e2iπx
′′ξu(x′ − x′′

2
)v̄(x′ +

x′′

2
)dx′dx′′dξ

=
∫∫

a(x, ξ)H(u, v)(x, ξ)dxdξ,

as claimed in (2.1.8). Now, we have also from that formula

H(u, v)(x, ξ) = 2n
∫
u(2x− z)v̄(z)e−4iπ(x−z)ξdz = 2n〈σx,ξu, v〉L2(Rn)

which can be written ([145], [150]), as

aw =
∫

R2n

a(X)2nσXdX =
∫

R2n

â(Ξ) exp(2iπΞ ·M)dΞ, (2.1.9)

where Ξ ·M = x̂ · x+ ξ̂ ·Dx (here Ξ = (x̂, ξ̂)). The last formula can be proven by
applying Plancherel’s formula to (2.1.8): for u, v ∈ S(Rn), we have

≺ a,H(u, v) �S ′(R2n),S (R2n)=≺ â,
ˇ̂H(u, v) �S ′(R2n),S (R2n)

and
ˇ̂H(u, v)(x̂, ξ̂) =

∫∫
e2iπ(x·x̂+ξ·ξ̂)

∈S (R2n)︷ ︸︸ ︷
H(u, v)(x, ξ) dxdξ is also, according to (2.1.8),

equal to 〈bwu, v〉 with b(x, ξ) = e2iπ(x·x̂+ξ·ξ̂), that is the exponential of a purely
imaginary linear form.

Lemma 2.1.1. If L is a linear form on the phase space R2n, a ∈ S ′(R2n), we have

LwLw = (L2)w, ∀k ∈ N, (Lw)k = (Lk)
w

(2.1.10)

Lwaw =
(
La+

1
4iπ

{L, a}
)w
, awLw =

(
La− 1

4iπ
{L, a}

)w
(2.1.11)

where the Poisson bracket {L, a} = HL(a) is given by (1.1.23). If L is real-
valued, Lw is an (unbounded) selfadjoint operator on L2(Rn) with domain {u ∈
L2(Rn), Lwu ∈ L2(Rn)} and we have exp(iLw) = (eiL)w.
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Proof. Using (2.1.7) for the linear forms ξj and xj , one gets at once (2.1.11) by
linearity and this implies readily (2.1.10). When the linear form L is real-valued,
the function eiL belongs to S ′(R2n) and for t ∈ R (using (2.1.11) for the second
equation),

d

dt
(eitL)w = (iLeitL)w = iLw(eitL)w = (eitL)wiLw

which gives (eitL)w = exp itLw and the last assertion of the lemma. �

Note also that for a linear form L given by L(X) = [X,T ], (2.1.1) and (2.1.11)
give

[Lw, aw] =
1

2iπ
(a′ · T )w. (2.1.12)

The operator with Weyl symbol eiL is an isomorphism of S (Rn) whose inverse
has Weyl symbol e−iL since

d

dt

(
(eitL)w(e−itL)w

)
=
(
(eitL)wiLw(e−itL)w − (eitL)wiLw(e−itL)w

)
= 0

so that (eitL)w(e−itL)w = Id. Moreover (eiL)w can be extended to a unitary op-
erator of L2(Rn) since, according to the remark 1.1.11, for u, v ∈ S(Rn)

〈(eiL)wu, (eiL)wv〉L2(Rn) = 〈(e−iL)w(eiL)wu, v〉L2(Rn) = 〈u, v〉L2(Rn),

and the rôle of L,−L can be exchanged so that (e−iL)w(eiL)w = (eiL)w(e−iL)w =
IdL2(Rn) . On the other hand, one may also consider the unbounded operator Lw
on L2(Rn) with domain D = {u ∈ L2(Rn), Lwu ∈ L2(Rn)} and show directly that,
for L real-valued linear form, Lw is a selfadjoint operator. (cf. e.g. the section 4.7
in the appendix). The formulas (2.1.9) give in particular

‖aw‖L(L2) ≤ min(2n‖a‖L1(R2n), ‖â‖L1(R2n)), (2.1.13)

where L(L2) stands for the space of bounded linear maps from L2(Rn) into itself.

2.1.4 The metaplectic group

The metaplectic group Mp(n) is the subgroup of the group of unitary transforma-
tions of L2(Rn) generated by the multiplication by complex numbers with modulus
1 and

(MTu)(x) = |detT |−1/2u(T−1x), where T is an automorphism of E, (j)
Partial Fourier transformation, with respect to xk for k = 1, . . . , n, (jj)

Multiplication by exp(iπ〈Sx, x〉), where S is symmetric from E to E∗. (jjj)

A detailed study of the symplectic and metaplectic groups is given in the appendix
4.4.1. In particular, one can define a surjective homomorphism of groups

Π : Mp(n) → Sp(2n),
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with kernel S1 IdL2(Rn) and such that, if χ = Π(M) and u, v are in L2(Rn), H(u, v)
is their Wigner function,

H(Mu,Mv) = H(u, v) ◦ χ−1.

This is Segal formula [128] which could be rephrased as follows.

Theorem 2.1.2. Let a ∈ S ′(R2n) and χ ∈ Sp(2n). There exists M in the fiber of
χ (M is a unitary transformation which is also an automorphism of S (Rn) and
S ′(Rn)) such that

(a ◦ χ)w = M∗awM. (2.1.14)

In particular, the images by Π of the transformations (j), (jj), (jjj) are respectively
(i), (ii), (iii) in page 58 of section 2.1. Moreover, if χ is the phase translation,
χ(x, ξ) = (x+x0, ξ+ξ0), (2.1.14) is fulfilled with M = τx0,ξ0 , the phase translation
given by

(τx0,ξ0u)(y) = u(y − x0) e2iπ〈y−
x0
2 ,ξ0〉. (2.1.15)

If χ(x, ξ) = (2x−x0, 2ξ−ξ0) is the symmetry with respect to (x0, ξ0), M in (2.1.14)
is, up to a unit factor, the phase symmetry σx0,ξ0 defined in (2.1.6).

Proof. The proof is a consequence of the remark 4.4.19 of the appendix. �

The following lemma is describing the natural link between the phase trans-
lations and the phase symmetries.

Lemma 2.1.3. The phase symmetry σX given in (2.1.6) is unitary and selfadjoint
on L2(Rn), the phase translation τX given in (2.1.15) is unitary and τ∗X = τ−X .
Moreover, we have for Y, Z ∈ R2n,

σY σZ = τ2Y−2Ze
4iπ[Z,Y ] =

∫
R2n

e−4iπ[X−Y,X−Z]2nσXdX, (2.1.16)

τ2ZσY = σY+Ze
4iπ[Z,Y ], σY τ2Z = σY−Ze

4iπ[Z,Y ], τY τZ = τY+Ze
iπ[Y,Z]. (2.1.17)

Proof. The first statements are already proven. Let us note that

T 7→ 2Z − T 7→ 2Y − (2Z − T )

is the composition of the symmetry w.r.t. Z followed by the symmetry w.r.t. Y ,
which gives the translation by 2Y −2Z, so that the first formula in (2.1.16) is nat-
ural; as well as (2.1.17), it can be checked directly by an elementary computation
left to the reader. Let us verify the second formula in (2.1.16). For u ∈ S (Rn),
we have, with Y = (y, η), Z = (z, ζ), both in Rn × Rn,

(σy,ησz,ζu)(x) = e4iπ(x−y)·η(σz,ζu)(2y − x)

= e4iπ(x−y)·ηe4iπ(2y−x−z)·ζu(2z − 2y + x).
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Since we have
[X − Y,X − Z] = [X,Y − Z] + [Y, Z],

the following integral can be considered as a Fourier transform of the tempered
distribution (depending on the parameter x) X ′ 7→ (σX′u)(x). We calculate∫

R2n

e−4iπ[X′−Y,X′−Z]2n(σX′u)(x)dX ′

=
∫∫

e−4iπ(ξ′−η)·(x′−z)+4iπ(x′−y)·(ξ′−ζ)2nu(2x′ − x)e4iπ(x−x′)·ξ′dx′dξ′

=
∫∫

e−4iπ(ξ′−η)·( x
2 + x′′

2 −z)+4iπ( x
2 + x′′

2 −y)·(ξ′−ζ)u(x′′)e4iπ( x
2−

x′′
2 )·ξ′dx′′dξ′

=
∫∫

e4iπξ
′·(z−y+ x−x′′

2 )e4iπη·(
x
2 + x′′

2 −z)+4iπ( x
2 + x′′

2 −y)·(−ζ)u(x′′)dx′′dξ′

=
∫
δ(2z − 2y + x− x′′)e4iπη·(

x
2 + x′′

2 −z)+4iπ( x
2 + x′′

2 −y)·(−ζ)u(x′′)dx′′

= u(2z − 2y + x)e4iπη·(x−y)+4iπ(x+z−2y)·(−ζ). �

2.1.5 Composition formula

According to the theorem 1.1.2 and to the lemma 4.1.2, the operator aw is contin-
uous from S (Rn) into itself whenever a ∈ C∞b (R2n) and thus in particular when
a ∈ S (R2n). Using for a, b ∈ S (R2n) the first formula in (2.1.9), we obtain

awbw =
∫∫

R2n×R2n

a(Y )b(Z)22nσY σZdY dZ.

Using the last formula of (2.1.16) we get awbw = (a]b)w with

(a]b)(X) = 22n

∫∫
R2n×R2n

e−4iπ[X−Y,X−Z]a(Y )b(Z)dY dZ. (2.1.18)

We can compare this with the classical composition formula, as studied in the
theorem 1.1.5, namely op(a)op(b) = op(a � b) with

(a � b)(x, ξ) =
∫∫

Rn×Rn

e−2iπy·ηa(x, ξ + η)b(y + x, ξ)dydη.

Another method to perform that calculation would be to use the kernels of the
operators aw, bw, in the spirit of the proof of the theorem 1.1.5. For future reference,
we note that the distribution kernel ka of the operator a(x,D) (for a ∈ S ′(R2n))
as defined by (1.1.1) is

ka(x, y) =
∫
e2iπ(x−y)·ξa(x, ξ)dξ = â2(x, y − x) (2.1.19)
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so that â2(x, y) = ka(x, y + x) and in the distribution sense

a(x, ξ) =
∫
e2iπy·ξka(x, y + x)dy. (2.1.20)

The distribution kernel κa of the operator aw (for a ∈ S ′(R2n)) as defined by
(2.1.8) is (in the distribution sense)

κa(x, y) =
∫
e2iπ(x−y)·ξa(

x+ y

2
, ξ)dξ (2.1.21)

so that κa(x− t
2 , x+ t

2 ) =
∫
e−2iπt·ξa(x, ξ)dξ = â2(x, t) and thus

a(x, ξ) =
∫
κa(x−

t

2
, x+

t

2
)e2iπtξdt. (2.1.22)

The formulas (2.1.19), (2.1.20), (2.1.21) and (2.1.22) are proved above for a general
distribution symbol a ∈ S ′(R2n) whereas the composition formula (2.1.18) (as
well as (1.1.4)) require some more hypotheses to make sense (even as “oscillatory”
integrals as in the section 7.8 of [71] or in a weak distribution sense), which is
quite natural since we need to compose the operators aw, bw; at this point, we have
proven the composition formula (2.1.18) for a, b both in S (R2n), a case in which
aw and bw send (continuously) S (Rn) into itself; note also that the theorem 1.1.20
has already provided a composition formula along with an asymptotic expansion
in the classical quantization framework for the class Sm1,0 of symbols studied in
the section 1.1.3. One of the goals of this chapter is to show that it is possible
to construct various algebras of pseudodifferential operators while considerably
relaxing the assumptions on the symbol classes.
Remark 2.1.4. The symplectic invariance of the Weyl quantization given by the
formula (2.1.14) is its most important property. The fact that the Weyl formula
quantizes real Hamiltonians into formally selfadjoint operators is shared with other
quantizations such as the Feynman quantization, given by aF = 1

2

(
op(a)+op(Ja)

)
(see the remark 1.1.11). The reader can check the section 4.4.3 of our appendix
to see that the Feynman quantization does not satisfy the symplectic invariance
property.

For a1, a2 ∈ S (R2n), the formula (2.1.18) can be written as well as (we use
the symplectic form σ given in (2.1.2))

(a1]a2)(X) =
∫∫

e−2iπ〈σY1,Y2〉a1(2−1/2Y1 +X)a2(2−1/2Y2 +X)dY1dY2

so that using (see proposition 4.1.1) that the Fourier transform of

R2n×R2n 3 (X1, X2) 7→ exp−2iπ〈σX1, X2〉 = exp−iπ
(
X1 X2

)(0 −σ
σ 0

)(
X1

X2

)
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is exp iπ
(
Ξ1 Ξ2

)( 0 σ−1

−σ−1 0

)(
Ξ1

Ξ2

)
= exp 2iπ〈Ξ1, σ

−1Ξ2〉 : in fact the 4n× 4n

matrix (
0 −σ
σ 0

)
=


0 0
0 0

0 −IE
IE∗ 0

0 IE
−IE∗ 0

0 0
0 0


is symmetric with determinant 1 and signature 0 and its inverse is

0 0
0 0

0 −IE∗
IE 0

0 IE∗
−IE 0

0 0
0 0

 .

We obtain, after applying Plancherel’s formula and performed a simple affine
change of variables,

(a1]a2)(X) =
∫∫

exp iπ〈Ξ1, σ
−1Ξ2〉(∫∫

exp 2iπ
(
(X − Y1) · Ξ1 + (X − Y2) · Ξ2

)
a1(Y1)a2(Y2)dY1dY2

)
dΞ1dΞ2

which is

(a1]a2)(X) = exp(iπ[DX1 , DX2 ])
(
a1(X1)a2(X2)

)
|X1=X2=X

, (2.1.23)

where the symplectic form on the dual of the phase space is naturally given by
[Ξ1,Ξ2] = 〈−σ−1Ξ1,Ξ2〉 so that

[DX1 , DX2 ] = [(Dx1 , Dξ1), (Dx2 , Dξ2)] = Dξ1 ·Dx2 −Dx1 ·Dξ2 . (2.1.24)

Remark 2.1.5. For future reference, it will be useful to notice that(
iπ[DX1 , DX2 ]

)j(a1 ⊗ a2)|X1=X2=X = 2−ja(j)
1 (X)((σ−1DX)ja2)(X).

In fact, the lhs is equal to∫∫ (
iπ〈−σ−1Ξ1,Ξ2〉

)j
â1(Ξ1)â2(Ξ2)e2iπ(X·(Ξ1+Ξ2))dΞ1dΞ2

=
∫∫ (

iπ〈Ξ1, σ
−1Ξ2〉

)j
â1(Ξ1)â2(Ξ2)e2iπ(X·(Ξ1+Ξ2))dΞ1dΞ2

=
∫∫ (

iπFourier
(
〈D,σ−1Ξ2〉

)j
a1

)
(Ξ1)â2(Ξ2)e2iπ(X·(Ξ1+Ξ2))dΞ1dΞ2

=
∫ (1

2
(
〈∂, σ−1Ξ2〉

)j
a1

)
(X)â2(Ξ2)e2iπX·Ξ2dΞ2

= 2−j
∫
a
(j)
1 (X)(σ−1Ξ)j â2(Ξ)e2iπX·ΞdΞ which is the rhs.
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Remark 2.1.6. We can observe that the expression

a1 � a2 = exp(iπ[DX1 , DX2 ])
(
a1 ⊗ a2

)
= exp

1
4iπ

[∂X1 , ∂X2 ]
(
a1 ⊗ a2

)
(2.1.25)

makes sense for all tempered distributions aj ∈ S ′(R2n) and provides a distribu-
tion in S ′(R4n) although the formula (2.1.23) requires a restriction to the diagonal
of R2n × R2n of the distribution a1 � a2, restriction which is naturally subjected
to some conditions on the symbols a1, a2.

It is convenient to give right now an “asymptotic” version of the composition
formulas (2.1.18) and (1.1.4), as it is already done with (1.1.18). We use

1
k!

(
1

4iπ
[∂X , ∂Y ]

)k
=

1
k!

( 1
4iπ

∑
1≤j≤n

(∂ξj∂yj − ∂xj∂ηj )
)k

=
1

2kk!

( ∑
1≤j≤n

(Dξj
∂yj

− ∂xj
Dηj

)
)k

=
1
2k

∑
γ1+···+γn=k

∏
1≤j≤n

1
γj !

(Dξj
∂yj

− ∂xj
Dηj

)γj

=
1
2k

∑
γ1+···+γn=k
γj=αj+βj

∏
1≤j≤n

1
αj !βj !

(Dξj
∂yj

)αj (−1)|βj |(∂xj
Dηj

)βj

=
1
2k

∑
|α|+|β|=k

1
α!β!

Dα
ξ ∂

α
y (−1)|β|∂βxD

β
η ,

and we get from (2.1.25)

(a]b)(x, ξ) =
∑

0≤k<ν

2−k
∑

|α|+|β|=k

(−1)|β|

α!β!
Dα
ξ ∂

β
xa D

β
ξ ∂

α
x b+ rν(a, b), (2.1.26)

with rν(a, b)(X) = Rν
(
a(X)⊗ b(Y )

)
|X=Y

, (2.1.27)

Rν =
∫ 1

0

(1− θ)ν−1

(ν − 1)!
exp

θ

4iπ
[∂X , ∂Y ]dθ

( 1
4iπ

[∂X , ∂Y ]
)ν
. (2.1.28)

Defining

ωk(a, b) = 2−k
∑

|α|+|β|=k

(−1)|β|

α!β!
Dα
ξ ∂

β
xa D

β
ξ ∂

α
x b, (2.1.29)

we get that

ω0 = ab, ω1 =
1

4iπ
{a, b} ,

so that the beginning of this expansion is thus

ab+
1

4iπ
{a, b},
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where the Poisson bracket {a, b} is given by (1.1.23). The ωk(a, b) with k even are
symmetric in a, b and skew-symmetric for k odd: this is obvious from the above
expression coming from [∂X , ∂Y ]k. Also, when a, b are real-valued the ωk(a, b)
with k even are real and purely imaginary for k odd. This can be compared to the
classical expansion formula (1.1.18), which is less symmetrical. We can prove as
well, using the Taylor expansion of the exponential function, another expression
of Rν in (2.1.33),

(a1]a2)(X) =
∑

0≤j<ν

ωj(a1,a2)︷ ︸︸ ︷
(iπ)j

j!
[DX1 , DX2 ]

j(a1 ⊗ a2)|X1=X2=X

+
∫ 1

0

(1− θ)ν−1

(ν − 1)!
22nθ−2n

∫∫
e−

4iπ
θ [X−Y1,X−Y2](iπ)ν [DY1 , DY2 ]

ν(a1 ⊗ a2)(Y1, Y2)

dY1dY2dθ. (2.1.30)

Remark 2.1.7. The expansion formula above are proven true at this point only
for a, b ∈ S (R2n), but we shall see later on that for rather general symbols, these
formulas can actually be used as true asymptotic expansions. To build-up this
from the previous sections, we give the result for the class of symbols (1.1.13)
introduced in the first section (a proof for very general classes of symbols will be
given later on, so we omit the proof). For aj ∈ S

mj

1,0 , j = 1, 2 we have

a1]a2 = a1a2 +
1

4iπ
{a1, a2} mod Sm1+m2−2

1,0 , (2.1.31)

a1]a2 + a2]a1 = 2a1a2 mod Sm1+m2−2
1,0 , (2.1.32)

a1]a2 − a2]a1 =
1

2iπ
{a1, a2} mod Sm1+m2−3

1,0 . (2.1.33)

Let us give a more explicit expression for the third term ω2 in the expansion
(2.1.26). We have

(4iπ)2ω2(a, b) =
∑
|α|=2

1
α!
(
∂αξ a∂

α
x b+ ∂αx a∂

α
ξ b
)
−

∑
|α|=|β|=1

∂αξ ∂
β
xa ∂

α
x ∂

β
ξ b.

Remark 2.1.8. We have implicitely considered that our symbols were scalar-valued,
but it is of course interesting, e.g. for the study of systems of PDE, to consider
the case where a is a tempered distribution on R2n valued in some Banach algebra
of operators. For instance a may be a smooth function, bounded as well as all its
derivatives, from R2n into B(H) where H is a Hilbert space and B(H) stands for
the bounded operators on H. Even the finite-dimensional case is of interest, but
one has to pay a careful attention to the composition formula, because B(H) is not
commutative. We see that part of the discussion above remains valid but that the
product a(Y )b(Z) in (2.1.18) cannot be replaced by b(Z)a(Y ). In particular, the
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formula (2.1.31) remains true in the non-commutative case, provided the Poisson
bracket is defined as in (1.1.23), respecting the order of the products; however,
the formulas following (2.1.31) must be modified in the non-commutative case: in
particular we have, say for finite dimensional square systems a1, a2 with entries in
S
mj

1,0 ,

a1]a2 − a2]a1 = a1a2 − a2a1 +
1

4iπ
{a1, a2} −

1
4iπ

{a2, a1} mod Sm1+m2−2
1,0

so that the symbol of the commutator [aw1 , a
w
2 ] is, modulo Sm1+m2−2

1,0 ,

@ a1(x, ξ), a2(x, ξ) A︸ ︷︷ ︸
commutator of the matrices

a1(x,ξ),a2(x,ξ)

+
1

4iπ

∑
1≤j≤n

∂a1

∂ξj

∂a2

∂xj
+
∂a2

∂xj

∂a1

∂ξj
− ∂a1

∂xj

∂a2

∂ξj
− ∂a2

∂ξj

∂a1

∂xj
.

2.2 Admissible metrics

2.2.1 A short review of examples of pseudodifferential calculi

We have already seen some examples of symbol classes, such as
· Smρ,δ: C∞ functions a defined on R2n satisfying (1.1.32). The conditions

δ < 1, 0 ≤ δ ≤ ρ ≤ 1

are required. The classes Sm1,0 provide a good framework for the analysis of PDE in
an open set and in particular are useful to construct parametrices of (micro)elliptic
operators and to prove some results of propagation of singularities for real principal
type operators (see e.g. our section 1.2.3). The classes Smρ,δ were introduced in [65]
as the natural space containing the parametrices of hypoelliptic operators with
constant coefficients.
· Smscl: C∞ functions a defined on R2n × (0, 1] satisfying (1.1.33). These classes
constitute the natural framework of semi-classical analysis, where the operators
depend on a small parameter h, likened to the Planck constant.
· The classes Σm: C∞ functions a defined on R2n satisfying (1.1.48). These classes
are extensively used in the book [129] to study the spectral properties of globally
defined pseudodifferential operators on Rn.

Further steps in the generalization, essentially motivated by the proof of solv-
ability of principal-type differential operators satisfying Nirenberg-Treves’ condi-
tion (P ) in [8], were taken by R. Beals and C. Fefferman in their 1973 paper [9],
in which the authors introduced symbols a which are C∞ functions on R2n such
that

|(∂αξ ∂βxa)(x, ξ)| ≤ CαβΦ(x, ξ)M−|α|ϕ(x, ξ)m−|β| (2.2.1)

where the positive functions Φ, ϕ should satisfy some conditions. The article [69]
by L. Hörmander in 1979 (see also the chapter 18 in [73]), introduced the more
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flexible notion of metric on the phase space, a notion also used in the paper [145]
of A. Unterberger and in a more general context by J.-M. Bony and N. Lerner in
[20]. It is easy to see that the conditions (2.2.1) provide a more general framework
than the three examples at the beginning of this section and one can consider the
following Riemannian structure on the phase space R2n:

gx,ξ =
|dx|2

ϕ(x, ξ)2
+

|dξ|2

Φ(x, ξ)2
: for (t, τ) ∈ Rn × Rn, gx,ξ(t, τ) =

|t|2

ϕ(x, ξ)2
+

|τ |2

Φ(x, ξ)2
.

The estimates (2.2.1) for |α| + |β| = 1 (when M = m = 0), can be written as
well as |(∇a)(X) · T | ≤ CgX(T )1/2 (X = (x, ξ), T = (t, τ)) and for higher order
derivatives as

|(∇ka)(X)(T1, . . . , Tk)| ≤ CgX(T1)1/2 . . . gX(Tk)1/2.

As a particular case, the class Smρ,δ defined above is related to the following metric
on the phase space,

gx,ξ =
|dx|2

〈ξ〉−2δ
+
|dξ|2

〈ξ〉2ρ
: for (t, τ) ∈ Rn × Rn, gx,ξ(t, τ) =

|t|2

〈ξ〉−2δ
+
|τ |2

〈ξ〉2ρ
, (2.2.2)

with 〈ξ〉 = (1 + |ξ|2)1/2. These examples will provide a guideline for the defini-
tions in the sequel. A pseudodifferential calculus will be essentially the datum of
a metric g that should satisfy some local and some global conditions. The sym-
plectic structure and the uncertainty principle will also play a natural rôle in the
constraints imposed to the metric g.

2.2.2 Slowly varying metrics on R2n

Definition 2.2.1. Let g be a (measurable) mapping from R2n into C, the cone of
positive definite quadratic forms on R2n: for eachX ∈ R2n, gX is a positive-definite
quadratic form on R2n. We shall say that g is a slowly varying metric on R2n if

∃C > 0,∃r > 0,∀X,Y, T ∈ R2n,

gX(Y −X) ≤ r2 =⇒ C−1gY (T ) ≤ gX(T ) ≤ CgY (T ). (2.2.3)

Remark 2.2.2. The previous property will be satisfied if we ask only

∃C > 0,∃r > 0,∀X,Y, T ∈ R2n, gX(Y−X) ≤ r2 =⇒ gY (T ) ≤ CgX(T ). (2.2.4)

In fact, assuming (2.2.4) gives that whenever gX(Y − X) ≤ C−1r2(which is ≤
r2 since C ≥ 1 from (2.2.4) with X = Y ) this implies gY (X − Y ) ≤ r2, and
thus gX(T ) ≤ CgY (T ), so that (2.2.3) is satisfied with C0, r0 such that r0 =
C−1/2r, C0 = C.
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Examples 2.2.3. If we consider for a positive Lipschitz continuous function ρ de-
fined on R2n, and an Euclidean norm ‖‖ on R2n, the metric defined by

gX(T ) =
‖T‖2

ρ(X)2
,

one can check easily that g is slowly varying: assuming gX(Y − X) ≤ r2 means
that ‖Y −X‖ ≤ rρ(X) so that, if L is the Lipschitz constant of ρ, we have

ρ(X) ≤ ρ(Y ) + L‖X − Y ‖ ≤ ρ(Y ) + Lrρ(X),

so that choosing 0 < r < 1
L gives the desired property (2.2.4) with C = (1−Lr)−2.

Let us verify that the metric (2.2.2) is slowly varying when ρ ≤ 1. We assume that
gx,ξ

(
(y, η)− (x, ξ)

)
≤ r2 so that |η − ξ|2 ≤ r2(1 + |ξ|2)ρ and we obtain

|ξ|2 ≤ 2r2(1 + |ξ|2) + 2|η|2

and thus (1 + |ξ|2)(1− 2r2) ≤ 2(1 + |η|2) which proves (2.2.4) if r < 2−1/2. Note
that the metric (2.2.2) with ρ > 1 is not slowly varying since

〈η〉ρ

〈ξ〉ρ
≤ sup

(t,τ)

gx,ξ(t, τ)1/2

gy,η(t, τ)1/2

and for k > 1 with |ξ| = k, |η| = kρ/ ln k, we have for k → +∞, |ξ−η| ∼ kρ/ ln k �
kρ ∼ 〈ξ〉ρ, so that

|ξ − η|〈ξ〉−ρ = gx,ξ(x− x, ξ − η)1/2 → 0, but 〈η〉〈ξ〉−1 ∼ kρ−1/ ln k → +∞.

Definition 2.2.4. Let g be a slowly varying metric on R2n. A function M : R2n →
]0,+∞) is a g-slowly varying weight if

∃C > 0,∃r > 0,∀X,Y ∈ R2n, gX(Y −X) ≤ r2 =⇒ C−1 ≤ M(X)
M(Y )

≤ C. (2.2.5)

Remark 2.2.5. It is easy to verify that 〈ξ〉 is a slowly varying weight for the metrics
(2.2.2) when ρ ≤ 1: we have

〈ξ〉2

〈η〉2
≤ 1 + 2|ξ − η|2

1 + |η|2
+ 2 ≤ 3 + 2

|ξ − η|2

〈ξ〉2ρ
〈ξ〉2ρ

〈η〉2
≤ 3 + 2gx,ξ

(
(y, η)− (x, ξ)

) 〈ξ〉2
〈η〉2

which gives the answer provided gX(Y − X) < 1/2. Note also that products
of slowly varying weights for g are still slowly varying weights for g, and more
generally that Mθ is a slowly varying weight if M is a slowly varying weight and
θ ∈ R.
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Definition 2.2.6. Let g be a slowly varying metric2 on R2n and let M be a g-slowly
varying weight. The space of symbols S(M, g) is defined as the set of C∞ functions
on R2n such that ∀k ∈ N,∃Ck,∀X,T1, . . . Tk ∈ R2n,

|a(k)(X)(T1, . . . , Tk)| ≤ CkM(X)
∏

1≤j≤k

gX(Tj)1/2. (2.2.6)

For a ∈ S(M, g), l ∈ N, we shall note

‖a‖(l)S(M,g) = max
0≤k≤l

sup
X,Tj

gX(Tj)=1

|a(k)(X)(T1, . . . , Tk)|M(X)−1. (2.2.7)

The space S(M, g), with the countable family of semi-norms (‖ · ‖(l)

S(M,g))l∈N is a
Fréchet space.

Looking back at the couple of examples above, we can check readily that

Smρ,δ = S
(
〈ξ〉m, |dx|

2

〈ξ〉−2δ
+
|dξ|2

〈ξ〉2ρ
)

(see (1.1.32)),

Smscl = S
(
h−m, |dx|2 + h2|dξ|2

)
(see (1.1.33)),

Σm = S
(
(1 + |x|2 + |ξ|2)m, |dx|

2 + |dξ|2

1 + |x|2 + |ξ|2
)

(see (1.1.48)),

and (2.2.1) defines S(ΦMϕm, |dx|
2

ϕ2 + |dξ|2
Φ2 ). It is not difficult to illustrate the mean-

ing of the localization via a slowly varying metric: around each point X, one may
draw the ball

UX,r = {Y, gX(Y −X) ≤ r2} (2.2.8)

and if r is chosen small enough, uniformly with respect to X, the shape and size
of UY,r will be equivalent to the shape and size of UX,r for Y ∈ UX,r. R. Beals
and C. Fefferman in [9] preferred to speak about “boxes”, since their metrics were
defined by (2.2.1) and they would consider instead of the Euclidean ball U the
following product of (Euclidean) balls

Bx,ξ,r =
{

(y, η) ∈ Rn × Rn,max
( |y − x|
ϕ(x, ξ)

,
|η − ξ|
Φ(x, ξ)

)
≤ r
}
.

The main feature of a slowly varying metric is that it is possible to introduce some
partitions of unity related to the metric in a way made precise in the following
theorem. The reader will find in the appendix 4.3.4 a construction of a partition
of unity for a metric defined only on some open subset of RN .

2The reader may notice that these slow variations properties are not needed for setting the
definition which makes sense for a metric g and a positive function M .
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Theorem 2.2.7. Let g be a slowly varying metric on R2n. Then there exists r0 > 0
such that, for all r ∈ (0, r0], there exists a family (ϕY )Y ∈R2n of functions uniformly
in S(1, g) (i.e. ∀k, supY ‖ϕY ‖

(k)
S(1,g) < ∞) supported in UY,r such that, for all

X ∈ R2n, ∫
R2n

ϕY (X)|gY |1/2dY = 1,

where |gY | is the determinant of gY (with respect to the standard Euclidean norm).

Proof. Let χ0 ∈ C∞(R; [0, 1]) non-increasing such that χ0(t) = 1 on t ≤ 1/2,
χ0(t) = 0 on t ≥ 1. Let us assume that the property (2.2.3) is satisfied with some
positive constants C0, r0 > 0. We define, for r ∈ (0, r0], the function

ω(X, r) =
∫

R2n

χ0

(
r−2gY (X − Y )

)
|gY |1/2dY.

Since χ0 is non-increasing and X 7→ χ0

(
r−2gY (X − Y )

)
is supported in UY,r, we

have

ω(X, r) ≥
∫

R2n

χ0

(
r−2C0gX(X − Y )

)
|gX |1/2C−n0 dY =

∫
R2n

χ0(|Z|2)dZC−2n
0 r2n︸ ︷︷ ︸

a positive constant

,

(2.2.9)
and an estimate from above of the same type. Also we see that, using the notation
‖T‖Y = gY (T )1/2 and 〈, 〉Y for the associated dot-product, we have

ω′(X, r)T =
∫

R2n

χ′0
(
r−2‖X − Y ‖2Y

)
r−22〈(X − Y ), T 〉Y |gY |1/2dY,

and by induction, for k ∈ N∗, T ∈ R2n, ω(k)(X, r)T k is a finite sum of terms of
type

cp,k

∫
R2n

χ
(p)
0

(
r−2‖X − Y ‖2Y

)
r−2p〈X − Y, T 〉2p−kY gY (T )k−p|gY |1/2dY, (2.2.10)

where cp,k is a constant depending only on p, k and p ∈ [k/2, k] ∩ N. The support
of χ(p)

0 , the condition 0 < r ≤ r0, show as above that (2.2.10) is bounded above
by

c(p, k, r, C0)‖χ(p)
0 ‖L∞

∫
|Z|≤1

|Z|2p−kdZgX(T )k/2,

so that for all k, |ω(k)(X, r)T k| ≤ CkgX(T )k/2. According to the section 4.2.2, this
implies that the multilinear forms ω(k)(X, r) have a bounded norm with respect
to gX . Thus we obtain that ω(·, r) belongs to S(1, g) and the estimate from below
(2.2.9) shows that 1/ω(·, r) belongs as well to S(1, g). As a consequence, we get
that

1 =
∫

R2n

χ0

(
r−2gY (X − Y )

)
ω(X, r)−1︸ ︷︷ ︸

=ϕY (X)

|gY |1/2dY,
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where the family (ϕY )Y ∈R2n satisfies the requirements of the theorem. �

N.B. A discrete version of the theorem 2.2.7 is given in the appendix with the
theorem 4.3.7.
Remark 2.2.8. The slow variation property does not require any local regularity,
not even continuity3. Once a slowly varying metric g is given, the partition of
unity allows us to find a smooth metric g̃ somewhat equivalent to g: we define

g̃X(T ) =
∫

R2n

ϕY (X)gY (T )|gY |1/2dY

which is a positive-definite quadratic form such that for T 6= 0,

g̃X(T )
gX(T )

=
∫

R2n

ϕY (X)
gY (T )
gX(T )

|gY |1/2dY ∈ [C−1, C]

since for all X ∈ suppϕY ,
gY (T )
gX(T ) ∈ [C−1, C]. The same can be done with a g-slowly

varying weight M (definition 2.2.4): we define

M̃(X) =
∫

R2n

ϕY (X)M(Y )|gY |1/2dY

and we see that the ratio M̃(X)/M(X) belongs to [C−1, C] where C is the fixed
constant given in (2.2.5). Moreover, using the notations of the proof of the theorem
2.2.7 and χ1 = 1 on the support of χ0, χ1 supported in (−∞, 2], we get that M̃ is
smooth with |M̃ (k)(X)T k| ≤M(X)gX(T )k/2Ck

∫
R2n χ1(r−2gY (X−Y ))|gY |1/2dY,

so that

M̃ ∈ S(M, g), ∀X ∈ R2n,
M̃(X)
M(X)

∈ [C−1, C]. (2.2.11)

An immediate consequence of the theorem 2.2.7 is the following

Proposition 2.2.9. Let g be a slowly varying metric on R2n, M be a g-slowly
varying weight. and a be a symbol in S(M, g). Then there exists r0 > 0 such that,
for all 0 < r ≤ r0,

a(X) =
∫

R2n

aY (X)|gY |1/2dY

where aY ∈ S(M(Y ), gY ) uniformly and supp aY ⊂ UY,r.

2.2.3 The uncertainty principle for metrics

The slow variation properties exposed in the previous section do not use the sym-
plectic structure of the phase space R2n. It is quite natural to expect to have
some contraints linking the metric g with the symplectic form (2.1.1). Let us first

3Note that the integral version of the partition requires some measurability assumption.
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consider a slightly more abstract framework with the configuration space E given
as an n-dimensional real vector space and the phase space P = E ⊕ E∗ equipped
with the symplectic form σ given by (4.4.1). We refer the reader to the appendix
4.4.1 for some basic facts on symplectic algebra.

Let us consider a metric on P, i.e. a mapping P 3 X 7→ gX ∈ C, where C is
the cone of positive-definite quadratic forms on P. We shall always assume that

∀X ∈ P, gX ≤ gσX , (2.2.12)

where gσX is given by (4.4.18). Moreover we define, for X ∈ P,

λg(X) = inf
T 6=0

(
gσX(T )
gX(T )

)1/2

(2.2.13)

and we note from the previous hypotheses that

gX ≤ λg(X)−2gσX , λg(X) ≥ 1. (2.2.14)

Examples 2.2.10. Let us review the couple of examples above; for the example
(2.2.2), that we write

gx,ξ = 〈ξ〉2δ|dx|2 + 〈ξ〉−2ρ|dξ|2,

the lemma 4.4.25 shows that gσx,ξ = 〈ξ〉2ρ|dx|2 + 〈ξ〉−2δ|dξ|2, λg(x, ξ) = 〈ξ〉ρ−δ,
so that the condition (2.2.12) is equivalent to ρ ≥ δ. The semi-classical metric
satisfies

gx,ξ = |dx|2 + h2|dξ|2, gσx,ξ = h−2|dx|2 + |dξ|2, λ = h−1,

and the condition h ∈ (0, 1] appears to be the expression of (2.2.12). For the global
metric defined for X ∈ R2n by

gX = 〈X〉−2g0, g0 = gσ0 , gσX = 〈X〉2g0, λg(X) = 〈X〉2.

For the metric related to the estimates (2.2.1) we have

gx,ξ = ϕ(x, ξ)−2|dx|2+Φ(x, ξ)−2|dξ|2, gσx,ξ = Φ(x, ξ)2|dx|2+ϕ(x, ξ)2|dξ|2, λ = Φϕ.

Looking now at the lemma 4.4.25, we see that for each (x, ξ) ∈ P, there exists
some symplectic coordinates (y, η) such that

gx,ξ(y, η) =
∑

1≤j≤n

λ−1
j (y2

j + η2
j ), gσx,ξ(y, η) =

∑
1≤j≤n

λj(y2
j + η2

j ), (2.2.15)

with λ(x, ξ) = min1≤j≤n λj , so that (2.2.12) can be expressed as

min
1≤j≤n

λj ≥ 1.
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Comment. Checking the ellipsoid {(y, η), gx,ξ(y, η) ≤ 1}, we see that the conjugate
axes have size λ1/2

j , and we can write symbolically that ∆yj∆ηj ∼ λj . Now the
Heisenberg uncertainty principle is requiring a lowerbound on these products, so
that it is natural to require as well a lower bound for the λj , that is to set a
rule which prevents the localization to be too sharp on conjugate axes. Although
the analogy with this physical principle is only heuristical at this point, the next
lemma is providing a mathematical reason to require (2.2.12).

Lemma 2.2.11. Let g be a metric on R2n, m1,m2 be two positive functions on R2n

and aj ∈ S(mj , g), j = 1, 2 (cf. definition 2.2.6). We have

ωk(a1, a2) ∈ S(m1m2λ
−k
g , g)

where ωk(a1, a2) is defined in (2.1.29).

Proof. Using the lemma 4.4.25, we may assume that for a given X ∈ R2n, the
metric gX has the form (2.2.15) and since the linear change of variables used
to achieve that form is symplectic, it leaves unchanged the brackets [∂X1 , ∂X2 ]
involved in the formula defining ωk. We check for X,T ∈ R2n,

1
l!
ωk(a1, a2)(l)(X)T l

=
1
k!

(
1

4iπ
)k

∑
l1+l2=l

1
l1!l2!

[∂X1 , ∂X2 ]
k
(
a
(l1)
1 (X1)T l1 ⊗ a

(l2)
2 (X2)T l2

)
X1=X2=X

,

and we see that we have a linear combination of terms

a
(l1+k)
1 (X)T l1S′1 . . . S

′
ka

(l2+k)
2 (X)T l2S′′1 . . . S

′′
k .

with Γ(S′j′) = Γ(S′′j′′) = 1,Γ =
∑

1≤j≤n |dyj |2 + |dηj |2. As a result, we get

|ωk(a1, a2)(l)(X)T l| ≤ CgX(T )l/2
(

sup
S

gX(S)
Γ(S)

)k
and since

sup
S

gX(S)
Γ(S)

= max(λ−1
j ) = (minλj)−1 = λg(X)−1,

this gives the result. �

Comment. Although we have not proven yet a composition formula, it is not
difficult to guess that we expect that (2.1.26) provides some asymptotic expansion
and for instance that the weight of the product a1a2 (say m1m2) should be larger
than the weight of the Poisson bracket {a1, a2} which is m1m2λ

−1
g , which requires

that λg ≥ 1. It will be important for our calculi to deal with large regions of the
phase space where λg = 1: at these places no asymptotic expansion is valid (e.g.
for the example (2.2.2) when ρ = δ), since all terms in (2.1.26) are potentially
of the same size but we should certainly avoid to have regions where λg is not
bounded from below since the divergence of (2.1.26) will get out of control.
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2.2.4 Temperate metrics

We begin with a remark, stressing the non-locality of the composition formulas of
pseudodifferential operators.

Remark 2.2.12. Looking at the composition formula (2.1.18), we see that, when-
ever a, b are compactly supported (and say in L1(R2n)), a]b is an entire function;
if in addition, the supports of a and b are disjoint with a, b smooth, all the terms
ωk(a, b) (given in (2.1.29)) are identically 0. Nevertheless, taking a ∈ C∞c (R2n)(not
identically 0), and b defined by

b(X) = â(−2σX)χ(X),

where χ is a non-negative C∞c function with suppχ ∩ supp a = ∅, suppχ 6= ∅ (so
that a, b ∈ C∞c (R2n) with disjoint supports), we get from (2.1.18)

(a]b)(0) = 22n

∫
â(−2σZ)b(Z)dZ = 22n

∫
|â(−2σZ)|2χ(Z)dZ > 0

since the function â(−2σ·) is analytic and cannot vanish on the non-empty open
set int(suppχ). As a consequence, the composition formula (2.1.18) is not local,
and the values of a]b at a given point may depend on the values of a, b far away
from that point. This indicates that, for a given metric g defined on R2n, some
assumption should be made to relate gX to gY for any X,Y ∈ R2n.

Definition 2.2.13. Let g be a metric on R2n. We shall say that g is temperate if

∃C > 0,∃N ≥ 0,∀X,Y, T ∈ R2n,
gX(T )
gY (T )

≤ C
(
1+(gσX∧gσY )(X−Y )

)N
, (2.2.16)

where gσ is given by (4.4.18) and ∧ in (4.4.23).

The definition in [73] looked less symmetrical and weaker, since the rhs of
the inequality in (2.2.16) was replaced by (1+gσX(X−Y ))N . The definition 2.2.13
was introduced in [20] to handle pseudodifferential calculus on an open set of R2n.
Let us show now that these conditions are equivalent when considering metrics
defined on the whole4 R2n.

Lemma 2.2.14. Let g be a metric on R2n such that

∃C > 0,∃N ≥ 0,∀X,Y, T ∈ R2n,
gX(T )
gY (T )

≤ C
(
1 + gσX(X − Y )

)N
. (2.2.17)

Then g is temperate, i.e. satisfies (2.2.16).

4This equivalence does not hold in general when the metric is defined only on a proper open
subset of R2n and that was the reason for introducing the formulation above.



76 Chapter 2. Metrics on the Phase Space

Proof. For X,Y ∈ R2n, according to (4.4.27) there exists Z ∈ R2n such that

(gσX ∧ gσY )(X − Y ) = 2gσX(X − Z) + 2gσY (Z − Y ).

Now from (2.2.17), we know that

gX ≤ C1gZ
(
1 + gσX(X − Z)

)N1
, gσZ ≤ C1g

σ
Y

(
1 + gσY (Y − Z)

)N1
.

Then we get gσZ(Z − Y ) ≤ C1

(
1 + gσY (Y − Z)

)N1+1 and thus

gZ ≤ C2gY
(
1 + gσY (Z − Y )

)N1(N1+1)
.

We obtain

gX(T )
gY (T )

≤ C1
gZ(T )
gY (T )

(
1 + gσX(X − Z)

)N1

≤ C1C2

(
1 + gσY (Z − Y )

)N1(N1+1)(1 + gσX(X − Z)
)N1

≤ C3

(
1 + 2gσX(X − Z) + 2gσY (Z − Y )

)N1(N1+1)

= C3

(
1 + (gσX ∧ gσY )(X − Y )

)N1(N1+1)
, qed.

�

2.2.5 Admissible metric and weights

Definition 2.2.15. Let g be a metric on R2n, which is slowly varying (see (2.2.3)),
satisfies the uncertainty principle (see (2.2.12)) and is temperate (see (2.2.16)). We
shall say then that g is an admissible metric. Let M be a slowly varying weight
for g (see (2.2.5)) such that

∃C,N,∀X,Y ∈ R2n,
M(X)
M(Y )

≤ C
(
1 + (gσX ∧ gσY )(X − Y )

)N
. (2.2.18)

then we shall say that M is an admissible weight for g.
Remark 2.2.16. The previous property is equivalent to the weaker

∃C,N,∀X,Y ∈ R2n,
M(X)
M(Y )

≤ C
(
1 + gσX(X − Y )

)N
. (2.2.19)

Let X,Y be given in R2n and Z such that (gσX ∧ gσY )(X − Y ) = 2gσX(X − Z) +
2gσY (Z − Y ). We have

M(X)
M(Y )

=
M(X)
M(Z)

M(Z)
M(Y )

≤ C2
(
1 + gσX(X − Z)

)N(1 + gσZ(Y − Z)
)N
,

and since g satisfies (2.2.16), we can estimate from above the
(
1 + gσZ(Y − Z)

)N
by
(
1 + gσY (Y − Z)

)N1 and this gives the property of the definition 2.2.15.
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Remark 2.2.17. Note that, for an admissible metric g, the function λg defined in
(2.2.13) is an admissible weight. First λg is a slowly varying weight for g, since for
r > 0 small enough, gX(Y −X) ≤ r2 implies5gX ∼ gY and thus gσX ∼ gσY , so that

gσX(T )
gX(T )

∼ gσY (T )
gY (T )

=⇒ λg(X) ∼ λg(Y ).

Moreover we have

gσX(T )
gX(T )

≤ C1

(
1 + (gσX ∧ gσY )(X − Y )

)N1 g
σ
Y (T )
gY (T )

=⇒ λg(X)2 ≤ λg(Y )2C1

(
1 + (gσX ∧ gσY )(X − Y )

)N1
.

Naturally, the powers of λg are also admissible weights. The weights are multi-
plicative whereas the “orders” of standard classes are additive ; although we shall
not use this terminology, it would be natural to say that the symbols of order µ
related to the metric g are those in S(λµg , g).

Lemma 2.2.18. The metric (2.2.2) is admissible when 0 ≤ δ ≤ ρ ≤ 1, δ < 1. The
metric (2.2.2) is not admissible when ρ = δ = 1. The metrics |dx|2 + h2|dξ|2, (see
(1.1.33), h ∈ (0, 1]), |dx|2+|dξ|2

1+|x|2+|ξ|2 (see (1.1.48)) are admissible.

Proof. We have already seen with the examples 2.2.3 that the slow variation of
(2.2.2) is equivalent to ρ ≤ 1. Also the study of the examples 2.2.10 shows that
the uncertainty principle for these metrics is equivalent to δ ≤ ρ. The metric of
the class S1,1 is not temperate since that would imply

∃C, ∃N, ∀ξ,∀η, 〈ξ〉 ≤ C〈η〉 (1 + |ξ − η|/〈ξ〉)N ,

which cannot hold for η = 0 and unbounded ξ. Let us show that the metric of the
class Sρ,δ is temperate whenever δ < 1, δ ≤ ρ ≤ 1: we check

gx,ξ(t, τ)
gy,η(t, τ)

=
〈ξ〉2δ|t|2 + 〈ξ〉−2ρ|τ |2

〈η〉2δ|t|2 + 〈η〉−2ρ|τ |2
≤ max

(
〈ξ〉2δ〈η〉−2δ, 〈ξ〉−2ρ〈η〉2ρ

)
and we also have gσx,ξ(x−y, ξ−η) = 〈ξ〉2ρ|x−y|2 + 〈ξ〉−2δ|ξ−η|2 ≥ 〈ξ〉−2δ|ξ−η|2.
According to the lemma 2.2.14, it is enough to check

1 + |ξ|
1 + |η|

+
1 + |η|
1 + |ξ|

≤ 2C
(
1 + (1 + |ξ|)−δ|ξ − η|

) 1
1−δ ,

which is a consequence of the symmetrical

1 + |η|
1 + |ξ|

≤ C
(
1 + (1 + |ξ|+ |η|)−δ|ξ − η|

) 1
1−δ , (2.2.20)

5Here and thereafter, for a, b positive quadratic forms, we shall use the abuse of language
a . b (resp. a & b, a ∼ b) to mean that the ratio a(T )/b(T ) is bounded above (resp. below, resp.
above and below) by “fixed” positive constants which depend only on the “structure” constants
occurring in (2.2.3), (2.2.16), (2.2.5).
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which we prove now. The estimate (2.2.20) is obvious for |η| ≤ 2|ξ| and for |η| ≤ 1.
If |η| ≥ 2|ξ|, |η| ≥ 1, the rhs of (2.2.20) is bounded below by C ′|η|, implying
(2.2.20). The metric |dx|2 + h2|dξ|2 is constant and the condition (2.2.12) means
h ≤ 1. The admissibility of the last metric of the lemma is an easy exercise left to
the reader. �

Definition 2.2.19. Let g be a metric on R2n. The metric g is said to be symplectic
whenever for all X ∈ R2n, gX = gσX , where gσX is defined in (4.4.18). We define
the symplectic intermediate metric g\ by

g\X =
√
gX · gσX . (2.2.21)

The metric g\ is symplectic, according to (4.4.28) and, if (2.2.12) holds, we have
gX ≤ g\X = (g\X)σ ≤ gσX .

Assuming (2.2.12) for g we get from the lemma 4.4.25 that

gX ≤ λg(X)−1g\X ≤ g\X = (g\X)
σ
≤ λg(X)g\X ≤ gσX . (2.2.22)

The following very useful observation is due to J. Toft [137].

Proposition 2.2.20. Let g be an admissible metric on R2n. Then the metric g\ is
admissible and there exists C,N such that, for all X,Y ∈ R2n,

gX ≤ CgY
(
1 + (g\X ∧ g

\
Y )(Y −X)

)N
. (2.2.23)

Moreover if M is an admissible weight for g, it is also an admissible weight for g\.

Proof. The properties (2.2.3) and (2.2.17) are satisfied for g: the constants occur-
ring there will be denoted by r0, C0, N0. Let X be given in R2n. According to the
lemma 4.4.25, there exists a basis (e1, . . . , en, ε1, . . . , εn) of R2n such that

the matrix of the symplectic form σ is
(

0 In
−In 0

)
,

the matrix of gX is
(
h 0
0 h

)
with h = diag(h1, . . . , hn), (hj ∈ (0, 1]),

so that the matrix of gσX is
(
h−1 0
0 h−1

)
and the matrix of g\X is I2n.

For T ∈ R2n, we shall write T =
∑

1≤j≤n(tjej + τjεj), Tj = tj for 1 ≤ j ≤ n and
Tj = τj−n for n+ 1 ≤ j ≤ 2n. For Y ∈ R2n, r > 0 we define

J = {j ∈ {1, . . . , 2n}, hj |Xj − Yj |2 ≤ r2}, Zj =

{
Yj , if j ∈ J ,
Xj , if j /∈ J.

We have gX(X−Z) =
∑
j∈J hj |Xj−Yj |2 ≤ 2nr2 and if 2nr2 ≤ r20, we obtain that

the ratios gX(S)/gZ(S) (and thus from the remark 4.4.24, gσX(S)/gσZ(S)) belong
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to [C−1
0 , C0]. Using the temperance of g, we get

gX ≤ C0gZ ≤ C2
0gY

(
1 + gσZ(Y − Z)

)N0

≤ C2
0gY

(
1 + C0g

σ
X(Y − Z)

)N0 = C2
0gY

(
1 + C0

∑
j /∈J

h−1
j |Yj −Xj |2

)N0

≤ C2
0gY

(
1 + C0

∑
j /∈J

r−2|Yj −Xj |4
)N0

≤ C2
0gY

(
1 + C0r

−2g\X(Y −X)2
)N0

,

that is
gX ≤ C1gY

(
1 + g\X(Y −X)

)2N0
. (2.2.24)

We can repeat the previous argument, replacing g by gσ (and also replacing g by
a weight M , admissible for g):

gσX ≤ C0g
σ
Z ≤ C2

0g
σ
Y

(
1 + gσZ(Y − Z)

)N0

≤ C2
0g
σ
Y

(
1 + C0g

σ
X(Y − Z)

)N0 = C2
0g
σ
Y

(
1 + C0

∑
j /∈J

h−1
j |Yj −Xj |2

)N0

≤ C2
0g
σ
Y

(
1 + C0

∑
j /∈J

r−2|Yj −Xj |4
)N0

≤ C2
0g
σ
Y

(
1 + C0r

−2g\X(Y −X)2
)N0

,

which implies
gY ≤ C1gX

(
1 + g\X(Y −X)

)2N0
. (2.2.25)

Let X,Y be given in R2n. There exists T ∈ R2n such that

(g\X ∧ g
\
Y )(X − Y ) = 2g\X(X − T ) + 2g\Y (T − Y )

and we have thus from (2.2.24), (2.2.25),

gX ≤ C1gT
(
1 + g\X(X − T )

)2N0
, gT ≤ C1gY

(
1 + g\Y (T − Y )

)2N0
.

providing gX ≤ C2gY
(
1 + g\X(X − T ) + g\Y (T − Y )

)4N0
, which is (2.2.23). On

the other hand, the metric g\ is slowly varying since it is larger than the slowly
varying g and g\ =

√
g · gσ; the latter formula and the now proven (2.2.23) give the

temperance of g\ which also satisfies trivially (2.2.12). The proof of the proposition
is complete. �

The following lemma will be useful in the sequel.

Lemma 2.2.21. Let g be an admissible metric on R2n and let G be a slowly varying
metric on R2n. We assume that G = µg is conformal to g, with µ ≤ λg. Then the
metric G is admissible.



80 Chapter 2. Metrics on the Phase Space

Proof. We have Gσ = µ−1gσ ≥ µ−1λ2
gg ≥ µg = G, so that G satisfies (2.2.12)

and we get also G\ = g\. Since we have assumed that G is slowly varying, we
may assume to prove (2.2.17), that for X,Y given in R2n, GY (Y −X) ≥ r20 with
some positive r0. Using now (2.2.22) for G (for which (2.2.12) holds), we get, since
G ≤ λ−1

G G\,

g\Y (Y −X) = G\Y (Y −X) ≥ λG(Y )r20 = r20λg(Y )µ(Y )−1.

Then for T ∈ R2n, using the temperance of g (which implies (2.2.23)), we get

GX(T )
GY (T )

=
µ(X)
µ(Y )

gX(T )
gY (T )

≤ λg(X)
r20λg(Y )

g\Y (Y −X)C
(
1 + (g\X ∧ g

\
Y )(Y −X)

)N
,

and the rhs of this inequality is bounded above by a power of 1 + g\X(X − Y ),
yielding (2.2.17) and the lemma. �

Lemma 2.2.22. Let g be an admissible metric on R2n and m be an admissible
weight for g. Let f ∈ C∞(R∗+; R∗+) such that

∀r ∈ N, sup
t>0

|f (r)(t)|f(t)−1tr <∞. (2.2.26)

Then there exists C > 0 and m̃ ∈ S(m, g) such that ∀X, C−1m(X) ≤ m̃(X) ≤
Cm(X), f(m̃) is an admissible weight for g and f(m̃) ∈ S(f(m̃), g).

N.B. The assumption on f is satisfied in particular for the function t 7→ tθ where
θ ∈ R.

Proof. Remark 2.2.8 gives the existence of m̃ and C > 0 satisfying m̃ ∈ S(m, g)
and (2.2.11), which gives also that m̃ is admissible for g. For T ∈ R2n, we check
with M = f(m̃), using the Faà di Bruno formula (see e.g. section 4.3.1),

M (k)(X)T k = k!
∑

k1+···+kr=k
1≤r≤k, kj≥1

1
r!
f (r)(m̃)

1
k1! . . . kr!

m̃(k1)T k1 . . .m(kr)T kr ,

which entails, thanks to (2.2.26),

|M (k)(X)T k| ≤ C
∑

1≤r≤k

f(m̃)m̃(X)−rm(X)rgX(T )k/2 ≤ kCgX(T )k/2M(X),

which is the sought result. �

2.2.6 The main distance function

Definition 2.2.23. Let g be an admissible metric on R2n (see the definition 2.2.15).
We define, for X,Y ∈ R2n and r > 0, using the notations (4.4.18), (4.4.23), (2.2.8),

δr(X,Y ) = 1 + (gσX ∧ gσY )(UX,r − UY,r). (2.2.27)
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Lemma 2.2.24. Let g and δr be as above, with (2.2.16) satisfied with N0. Then,
there exist some positive constants (Cj)1≤j≤5, (Nj)1≤j≤2 and r0 > 0 such that, for
0 < r ≤ r0, ∀X,Y, T ∈ R2n,

δr(X,Y ) ≤ C1

(
1 + min

(
gσX(UX,r − UY,r), gσY (UX,r − UY,r)

))
≤ C1

(
1 + max

(
gσX(UX,r − UY,r), gσY (UX,r − UY,r)

))
≤ C2δr(X,Y )N0+1, (2.2.28)

gX(T )
gY (T )

≤ C3δr(X,Y )N0 , sup
X∈R2n

∫
R2n

δr(X,Y )−N1 |gY |1/2dY <∞, (2.2.29)

and for gX(Y −X) ≥ C4r
2, λg(X) + λg(Y ) ≤ C5δr(X,Y )N2 . (2.2.30)

Proof. We note that from the second inequality in (4.4.26),

δr(X,Y ) ≤ 1 + 2 min
(
gσX(UX,r − UY,r), gσY (UX,r − UY,r)

)
,

and since g is temperate, for X ′ ∈ UX,r, Y ′ ∈ UY,r, we have, for r small enough,

gσX ∧ gσY ∼ gσX′ ∧ gσY ′ & gσX′

(
1 + (gσX′ ∧ gσY ′)(X ′ − Y ′)

)−N0

∼ gσX
(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)−N0

which implies gσX∧gσY & gσXδr(X,Y )−N0 and thus gσX(UX,r−UY,r) . δr(X,Y )N0+1,
yielding (2.2.28); moreover, with the same notations, we have

gX
gY

∼ gX′

gY ′
.
(
1 + (gσX′ ∧ gσY ′)(X ′ − Y ′)

)N0 ∼
(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)N0
,

which gives the first inequality in (2.2.29). Still with the same notations, we have

1 + gX(X − Y ) ≤ 1 + 3gX(X −X ′) + 3gX(X ′ − Y ′) + 3gX(Y ′ − Y )

. δr(X,Y )N0
(
1 + gX(X −X ′) + gX(X ′ − Y ′) + gY (Y ′ − Y )

)
. δr(X,Y )N0

(
1 + gσX(X ′ − Y ′)

)
. δr(X,Y )2N0

(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)
. δr(X,Y )2N0+1,

and since |gY |1/2

|gX |1/2 . δr(X,Y )nN0 we obtain the integrability property in (2.2.29).
We have also from (2.2.14)

λg(X)2gX(X ′ − Y ′) ≤ gσX(X ′ − Y ′) . δr(X,Y )N0(gσX ∧ gσY )(X ′ − Y ′)

≤ δr(X,Y )N0+1.

As a consequence, for C large enough, if gX(X−Y ) ≥ Cr2 we get gX(X ′−Y ′) ≥ r2

(otherwise gX(X ′−Y ′) < r2 and gX ∼ gY with gX(X−Y ) ≤ C0r
2). The previous

inequality gives λg(X) . δr(X,Y )N1 and (2.2.30). �
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Lemma 2.2.25. Let g be an admissible metric on R2n and M be an admissible
weight for g (cf. definition 2.2.15). There exist r0 > 0, C > 0, N0 ≥ 0, such that
for 0 < r ≤ r0, X,Y ∈ R2n,

M(X)
M(Y )

≤ Cδr(X,Y )N0 . (2.2.31)

Proof. Since M is admissible for g, it satisfies (2.2.18) and using that M is
slowly varying for g and g is slowly varying, for r small enough, we have for
X ′ ∈ UX,r, Y ′ ∈ UY,r,

M(X)
M(Y )

∼ M(X ′)
M(Y ′)

≤ C
(
1 + (gσX′ ∧ gσY ′)(X ′ − Y ′)

)N ∼ δr(X,Y )N ,

which completes the proof. �

The remaining part of that section is a small variation on the definition 2.2.23,
and the lemmas 2.2.24, 2.2.25, based upon the property given by the proposition
2.2.20: that result allows us to replace δr(X,Y ) by a smaller quantity ∆r(X,Y )
defined below while keeping the same properties (2.2.29).

Definition 2.2.26. Let g be an admissible metric on R2n (see the definition 2.2.15).
We define, for X,Y ∈ R2n and r > 0, using the notations (2.2.21), (4.4.18),
(4.4.23), (2.2.8),

∆r(X,Y ) = 1 + (g\X ∧ g
\
Y )(UX,r − UY,r). (2.2.32)

Lemma 2.2.27. Let g and ∆r be as above, with (2.2.23) satisfied with N0. Then,
there exist some positive constants (Cj)1≤j≤5, (Nj)1≤j≤2 and r0 > 0 such that, for
0 < r ≤ r0, ∀X,Y, T ∈ R2n,

∆r(X,Y ) ≤ C1

(
1 + min

(
g\X(UX,r − UY,r), g

\
Y (UX,r − UY,r)

))
≤ C1

(
1 + max

(
g\X(UX,r − UY,r), g

\
Y (UX,r − UY,r)

))
≤ C2∆r(X,Y )N0+1, (2.2.33)

gX(T )
gY (T )

≤ C3∆r(X,Y )N0 , sup
X∈R2n

∫
R2n

∆r(X,Y )−N1 |gY |1/2dY <∞, (2.2.34)

and for gX(Y −X) ≥ C4r
2, λg(X) + λg(Y ) ≤ C5∆r(X,Y )N2 . (2.2.35)

Proof. We note that from the second inequality in (4.4.26),

∆r(X,Y ) ≤ 1 + 2 min
(
g\X(UX,r − UY,r), g

\
Y (UX,r − UY,r)

)
,
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and since g is slowly varying and satisfies (2.2.23), for X ′ ∈ UX,r, Y
′ ∈ UY,r, we

have, for r small enough,

g\X ∧ g
\
Y ∼ g\X′ ∧ g\Y ′ & g\X′

(
1 + (g\X′ ∧ g\Y ′)(X

′ − Y ′)
)−N0

∼ g\X
(
1 + (g\X ∧ g

\
Y )(X ′ − Y ′)

)−N0

which implies g\X ∧ g
\
Y & g\X∆r(X,Y )−N0 and thus

g\X(UX,r − UY,r) . ∆r(X,Y )N0+1,

yielding (2.2.33); moreover, with the same notations, we have
gX
gY

∼ gX′

gY ′
.
(
1 + (g\X′ ∧ g\Y ′)(X

′ − Y ′)
)N0 ∼

(
1 + (g\X ∧ g

\
Y )(X ′ − Y ′)

)N0
,

which gives the first inequality in (2.2.34). Still with the same notations, we have

1 + gX(X − Y ) ≤ 1 + 3gX(X −X ′) + 3gX(X ′ − Y ′) + 3gX(Y ′ − Y )

. ∆r(X,Y )N0
(
1 + gX(X −X ′) + gX(X ′ − Y ′) + gY (Y ′ − Y )

)
. ∆r(X,Y )N0

(
1 + g\X(X ′ − Y ′)

)
. ∆r(X,Y )2N0

(
1 + (g\X ∧ g

\
Y )(X ′ − Y ′)

)
. ∆r(X,Y )2N0+1,

and since |gY |1/2

|gX |1/2 . ∆r(X,Y )nN0 we obtain the integrability property in (2.2.34).
We have also from (2.2.22)

λg(X)gX(X ′ − Y ′) ≤ g\X(X ′ − Y ′) . ∆r(X,Y )N0(g\X ∧ g
\
Y )(X ′ − Y ′)

≤ ∆r(X,Y )N0+1.

As a consequence, for C large enough, if gX(X−Y ) ≥ Cr2 we get gX(X ′−Y ′) ≥ r2

(otherwise gX(X ′−Y ′) < r2 and gX ∼ gY with gX(X−Y ) ≤ C0r
2). The previous

inequality gives λg(X) . ∆r(X,Y )N1 and (2.2.35). �

Lemma 2.2.28. Let g be an admissible metric on R2n and M be an admissible
weight for g (cf. definition 2.2.15). There exist r0 > 0, C > 0, N0 ≥ 0, such that
for 0 < r ≤ r0, X,Y ∈ R2n,

M(X)
M(Y )

≤ C∆r(X,Y )N0 . (2.2.36)

Proof. Since M is admissible for g, it is an admissible weight for g\, thanks to
the proposition 2.2.20, and using that M is slowly varying for g and g is slowly
varying, for r small enough, we have for X ′ ∈ UX,r, Y ′ ∈ UY,r,

M(X)
M(Y )

∼ M(X ′)
M(Y ′)

≤ C
(
1 + (g\X′ ∧ g\Y ′)(X

′ − Y ′)
)N ∼ ∆r(X,Y )N ,

which completes the proof. �
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2.3 General principles of pseudodifferential calculus

We need now to attack the hardest part of our task, namely, we should pro-
vide an argument to prove that the composition formula (2.1.23) holds for a ∈
S(m1, g), b ∈ S(m2, g) and that a]b ∈ S(m1m2, g). Our idea is to use the partition
of unity of the proposition 2.2.9 above so that the problem is reduced to handle∫∫

R2n×R2n

(aY ]bZ)|gY |1/2|gZ |1/2dY dZ.

In fact, to show a convergence result for that integral, it will be enough to study
carefully the compositions aY ]bZ . The first thing that we realize is that aY ]bZ is
not compactly supported, since it is an entire function on C2n (see the remark
2.2.12). Nevertheless, we should expect some localization properties of some sort
for that symbol. In particular, if Y = Z, that symbol should be “small” far away
from Y . In the next section, we give a precise quantitative version of these asser-
tions.

2.3.1 Confinement estimates

Definition 2.3.1 (Confined symbols). Let g be a positive definite quadratic form
on R2n such that g ≤ gσ. Let a be a smooth function in R2n and U ⊂ R2n. We
shall say that a is g-confined in U if ∀k ∈ N,∀N ≥ 0,∃Ck,N such that, for all
X,T ∈ R2n

|a(k)(X)T k| ≤ Ck,Ng(T )k/2
(
1 + gσ(X − U)

)−N/2
. (2.3.1)

We shall set

‖a‖(k,N)
g,U = sup

X,T∈R2n

g(T )=1

|a(k)(X)T k|
(
1 + gσ(X − U)

)N/2 (2.3.2)

and |||a|||(l)g,U = max
k≤l

‖a‖(k,l)g,U . (2.3.3)

When U is compact, any smooth function supported in U is confined in U . The
set of the g-confined symbols in U will be denoted by Conf(g, U).

N.B. Let us note that it is an easy point of commutative algebra to check that
T1⊗· · ·⊗Tk is a linear combination of powers S⊗· · ·⊗S with k factors (see 4.2.4
in the appendix); this means in particular that the estimates above are equivalent
to estimates controlling a(k)(X)T1⊗· · ·⊗Tk. We see also that, as a set, Conf(g, U)
coincides with the Schwartz class on R2n. Naturally, the set of semi-norms (2.3.3)
will be most important for our purpose as well as uniform estimates with respect
to g.
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2.3.2 Biconfinement estimates

Our most important technical result is the following.

Theorem 2.3.2. Let g1, g2 be two positive definite quadratic forms on R2n such that
gj ≤ gσj and let aj , j = 1, 2 be gj-confined in Uj, a gj-ball of radius ≤ 1. Then, for
all k, l, for all X,T ∈ R2n,

|(a1]a2)(l)T l| ≤ Ak,l(g1+g2)(T )l/2
(
1+(gσ1 ∧gσ2 )(X−U1)+(gσ1 ∧gσ2 )(X−U2)

)−k/2
,

(2.3.4)
with Ak,l = γ(n, k, l)|||a1|||(m)

g1,U1
|||a2|||(m)

g2,U2
, m = 2n+ 1 + k + l.

Corollary 2.3.3. Under the assumptions of the previous theorem, for all nonnega-
tive integers (p,N), there exists q = q(p,N) and C = C(p,N), such that

|||a1]a2|||(p)g1+g2,U1
+ |||a1]a2|||(p)g1+g2,U2

≤ C|||a1|||(q)g1,U1
|||a2|||(q)g2,U2

(
1 + (gσ1 ∧ gσ2 )(U1 − U2)

)−N
, (2.3.5)

|||a1]a2|||(p)g1,U1
+ |||a1]a2|||(p)g2,U2

≤ C|||a1|||(q)g1,U1
|||a2|||(q)g2,U2

×
(
1 + sup

g1(T )=1

g2(T ) + sup
g2(T )=1

g1(T )
)p(1 + (gσ1 ∧ gσ2 )(U1 − U2)

)−N
. (2.3.6)

Proof that the theorem implies the corollary. The first inequality follows from the
previous theorem by applying the triangle inequality to the quadratic form gσ1 ∧gσ2 .
We note that (2.3.4) implies

|(a1]a2)(l)T l| ≤ g1(T )l/2Ak,l
(
1 + sup

g1(T )=1

g2(T )
)l/2

×
(
1 + (gσ1 ∧ gσ2 )(X − U1) + (gσ1 ∧ gσ2 )(X − U2)

)−k/2
,

and thus, using the inequality (4.4.37), we get

|(a1]a2)(l)T l| ≤ g1(T )l/2Ak1+k2,l
(
1 + sup

g1(T )=1

g2(T )
)l/2

×
(
1+(gσ1∧gσ2 )(U1−U2)

)−k1/2(
1+gσ1 (X−U1)

)−k2/22k2/2(1+ sup
gσ
1 (T )=1

gσ2 (T )
)k2/2

,

and6

|(a1]a2)(l)T l|g1(T )−l/2
(
1 + gσ1 (X − U1)

)k2/2 ≤ Ak1+k2,l2
k2/2

×
(
1 + sup

g1(T )=1

g2(T )
)l/2(1 + (gσ1 ∧ gσ2 )(U1 − U2)

)−k1/2(
1 + sup

g2(T )=1

g1(T )
)k2/2

,

6We use here the implication (with α12 > 0) g1 ≤ α12g2 =⇒ gσ
2 ≤ α12gσ

1 , which follows from
the remark 4.4.24.
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yielding

‖a1]a2‖(p)g1,U1
≤ max

l≤p
Ak1+p,l2

p/2

×
(
1 + (gσ1 ∧ gσ2 )(U1 − U2)

)−k1/2(
1 + sup

g1(T )=1

g2(T ) + sup
g2(T )=1

g1(T )
)p

which gives the second inequality of the corollary, completing its proof. �

Comment. If for instance each aj is supported in the ball Uj , the composition
a1]a2 is “confined” in both balls U1, U2 in the precise quantitative sense given by
the decay estimates (2.3.4). In particular, when a1 = a2 = a is supported in the
g-ball U , the composition a]a is no longer supported in U but is “confined” in
U . Obviously the class of functions supported in U is not stable by composition
(the operation ]), but the class of confined functions (in fact the Schwartz class)
is indeed stable by composition.

Proof of the theorem 2.3.2. We start from the formula (2.1.18)

(a1]a2)(X) =
∫∫

a1(Y1)a2(Y2)e−4iπ[Y1−X,Y2−X]dY1dY222n

and for Y1, X given in R2n we define θ = θY1,X ∈ R2n such that

g2(θ) = 1, [θ, Y1 −X] = gσ2 (Y1 −X)1/2 (see (4.4.21)).

Then for k ∈ N, since θ does not depend on Y2,(1
2
〈θ,DY2〉+ 1

)k
(exp−4iπ[Y1 −X,Y2 −X])

=
(
1 + gσ2 (Y1 −X)1/2

)k exp−4iπ[Y1 −X,Y2 −X].

Consequently, we have

(a1]a2)(X)

=
∫∫

a1(Y1)
∑

0≤l≤k

a
[l]
2 (Y2)e−4iπ[Y1−X,Y2−X]

(
1 + gσ2 (Y1 −X)1/2

)−k
dY1dY222n

with a[l]
2 = (−4iπ)−l

(
k
l

)
a
(l)
2 θl. As a consequence, for all k, k1, N , we get

|(a1]a2)(X)| ≤
∫∫

‖a1‖(0,k1)g1,U1

(
1 + gσ1 (Y1 − U1)

)−k1/2(1 + gσ2 (Y1 −X)
)−k/2

‖a2‖(k,N)
g2,U2

(
1 + gσ2 (Y2 − U2)

)−N/2
dY1dY222n+k. (2.3.7)
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We notice then that(
1+gσ1 (Y1−U1)

)k1/2(1+gσ2 (Y1−X)
)k1/2 ≥ (1+gσ1 (Y1−U1)+gσ2 (Y1−X)

)k1/2
≥ 2−k1/2

(
1 + (gσ1 ∧ gσ2 )(X − U1)

)k1/2
,

so that for k = k1 + k2, the estimate (2.3.7) gives

|(a1]a2)(X)| ≤ ‖a1‖(0,k1)g1,U1
‖a2‖(k,N)

g2,U2

(
1 + (gσ1 ∧ gσ2 )(X − U1)

)−k1/2∫∫ (
1 + gσ2 (Y1 −X)

)−k2/2(1 + gσ2 (Y2 − U2)
)−N/2

dY1dY222n+k+
k1
2 .

Since U2 is a g2-ball of radius ≤ 1 with center X2, we have for Z ∈ U2,

1 + g2(Y2 −X2) ≤ 1 + 2g2(Y2 − Z) + 2g2(Z −X2) ≤ 3
(
1 + g2(Y2 − Z)

)
≤ 3
(
1 + gσ2 (Y2 − Z)

)
which implies 1 + g2(Y2 −X2) ≤ 3

(
1 + gσ2 (Y2 − U2)

)
. As a consequence, we get

|(a1]a2)(X)| ≤ ‖a1‖(0,k1)g1,U1
‖a2‖(k,N)

g2,U2

(
1 + (gσ1 ∧ gσ2 )(X − U1)

)−k1/2∫∫ (
1 + gσ2 (Y1 −X)

)−k2/2(1 + g2(Y2 −X2)
)−N/2

dY1dY222n+k+
k1
2 3N/2.

Since the product of the determinants of g2 and gσ2 is 1, choosing k2 = N = 2n+1,
we obtain

|(a1]a2)(X)| ≤ ‖a1‖(0,k1)g1,U1
‖a2‖(2n+1+k1,2n+1)

g2,U2

(
1 + (gσ1 ∧ gσ2 )(X −U1)

)−k1/2
C(k1, n).

Analogously, we get

|(a1]a2)(X)| ≤ ‖a2‖(0,k1)g1,U1
‖a1‖(2n+1+k1,2n+1)

g2,U2

(
1 + (gσ1 ∧ gσ2 )(X −U2)

)−k1/2
C(k1, n).

Taking the minimum of the rhs in the two previous inequalities, we obtain with
k1 = k,

|(a1]a2)(X)| ≤ C(k, n)2k/2|||a1|||(2n+1+k)
g1,U1

|||a2|||(2n+1+k)
g2,U2

×
(
1 + (gσ1 ∧ gσ2 )(X − U1) + (gσ1 ∧ gσ2 )(X − U2)

)−k/2
, (2.3.8)

which is indeed (2.3.4) for l = 0. Writing (2.1.18) as

(a1]a2)(X) = 22n

∫∫
e−4iπ[Y1,Y2]a1(Y1 +X)a2(Y2 +X)dY1dY2,

we realize that if D = ∂Xj , we have

D(a1]a2) = Da1]a2 + a1]Da2, (2.3.9)

so that applying (2.3.8) to the previous formula gives (2.3.4) for l ≥ 1. The proof
of the theorem 2.3.2 is complete. �
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We need now to get the analogous result for the expansion of a1]a2.

Theorem 2.3.4. Let g1, g2, a1, a2 as in Theorem 2.3.2. For ν ∈ N, we recall from
the definitions (2.1.26), (2.1.29),

rν(a1, a2)(X) = a1]a2 −
∑

0≤j<ν

1
j!
(
iπ[DX1 , DX2 ]

)j(a1 ⊗ a2)|diagonal .

Then, for all k, l, ν, for all X,T ∈ R2n, we have

|
(
rν(a1, a2)

)(l)
T l| ≤ Ak,l,ν(g1 + g2)(T )l/2Λ−ν1,2

×
(
1 + (gσ1 ∧ gσ2 )(X − U1) + (gσ1 ∧ gσ2 )(X − U2)

)−k/2
, (2.3.10)

with Ak,l,ν = C(k, n, l, ν)|||a1|||(2n+1+k+l+ν)
g1,U1

|||a2|||(2n+1+k+l+ν)
g2,U2

and

Λ1,2 = inf
T

(
gσ1 (T )
g2(T )

)1/2

= inf
T

(
gσ2 (T )
g1(T )

)1/2

. (2.3.11)

Remark 2.3.5. First of all, note that we can get a result similar to the corollary
2.3.3: for all (p,N, ν), there exists q = q(p,N, ν) and C = C(p,N, ν), such that

|||Rν(a1, a2)|||(p)g1+g2,U1
+ |||Rν(a1, a2)|||(p)g1+g2,U2

≤ C|||a1|||(q)g1,U1
|||a2|||(q)g2,U2

Λ−ν1,2

(
1 + (gσ1 ∧ gσ2 )(U1 − U2)

)−N
. (2.3.12)

Next, let us give a proof of the identity (2.3.11). We have, using (4.4.22),

gσ1 (T )
g2(T )

=
[T,UT ]2

g1(UT )g2(T )
≤ g2(T )gσ2 (UT )
g1(UT )g2(T )

=
gσ2 (UT )
g1(UT )

, with UT = g−1
1 σT ,

so that infT
gσ
1 (T )
g2(T ) ≤ infT

gσ
2 (UT )
g1(UT ) and since the mapping T 7→ UT is an isomorphism,

we get (2.3.11).

Proof of the theorem. We have from (2.1.18),

(a1]a2)(X) =
∫∫

a1(X + Y1)a2(Y2)e−4iπ〈σY1,Y2−X〉dY1dY222n

=
∫∫

a1(X +
1
2
σ−1Ξ)a2(Y2)e−2iπ〈Ξ,Y2−X〉dΞdY2

=
∫
a1(X +

1
2
σ−1Ξ)â2(Ξ)e2iπ〈Ξ,X〉dΞ, (2.3.13)
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and7 consequently,

(a1]a2)(X) =
∑

0≤j<ν

a
(j)
1 (X)

1
j!2j

∫
(σ−1Ξ)j â2(Ξ)e2iπ〈Ξ,X〉dΞ

+
∫ 1

0

(1− θ)ν−1

(ν − 1)!2ν

∫
a
(ν)
1 (X +

θ

2
σ−1Ξ)(σ−1Ξ)ν â2(Ξ)e2iπ〈Ξ,X〉dΞdθ

=
∑

0≤j<ν

a
(j)
1 (X)

1
j!2j

(σ−1DX)ja2(X) + rν(a1, a2)(X),

which corresponds to the expansion of the theorem according to the remark 2.1.5
with

rν(a1, a2)(X) =
∫ 1

0

(1− θ)ν−1

(ν − 1)!2ν

∫
a
(ν)
1 (X +

θ

2
σ−1Ξ)(σ−1Ξ)ν â2(Ξ)e2iπ〈Ξ,X〉dΞdθ,

so that

rν(a1, a2)(X)

=
∫ 1

0

(1− θ)ν−1

(ν − 1)!

∫
a
(ν)
1 (X + θZ)Zν â2(2σZ)e2iπ〈2σZ,X〉dZdθ22n

=
∫ 1

0

(1− θ)ν−1

(ν − 1)!

∫∫
a
(ν)
1 (X + θZ)Zνa2(Y2)e2iπ〈2σZ,X〉−2iπ〈Y2,2σZ〉dZdY2dθ22n

=
∫ 1

0

(1− θ)ν−1

(ν − 1)!

∫∫
a
(ν)
1 (X + θ(Y1 −X))(Y1 −X)νa2(Y2)

e−4iπ[Y1−X,Y2−X]dY1dY222ndθ.

We consider now (using 4.4.22) T = TY1,X such that g2(T ) = 1 and [T, Y1 −X] =
gσ2 (Y1 −X)1/2. Then for k ∈ N,(

1
2
〈T,DY2〉+ 1

)k
e−4iπ[Y1−X,Y2−X] = e−4iπ[Y1−X,Y2−X](1 + gσ2 (Y1 −X)1/2)k.

As a consequence we get

|rν(a1, a2)(X)|

≤
∫∫∫ 1

0

(1− θ)ν−1

(ν − 1)!
22n+k‖a(ν)

1 ‖(0,k1)g1,U1

(
1 + gσ1

(
X + θ(Y1 −X)− U1

))−k1/2
g1(Y1 −X)ν/2(1 + gσ2 (Y1 −X))−k/2

‖a2‖(k,N)
g2,U2

(
1 + gσ2 (Y2 − U2

)−N/2
dY1dY2dθ.

7The expression (2.3.13) is interesting of its own and can be written as

(a1]a2)(X) = (a1(X +
1

2
σ−1DX)a2)(X). (2.3.14)
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Since θ ∈ [0, 1], we have gσ2 (Y1 −X) ≥ gσ2 (θ(Y1 −X)) and for k = k1 + k2 + ν and
N = 2n+ 1 = k2,

|rν(a1, a2)(X)|

≤
∫∫∫ 1

0

(1− θ)ν−1

(ν − 1)!
22n+k ‖a1‖(ν,k1)g1,U1

(
1 + gσ1

(
X + θ(Y1 −X)− U1

))−k1/2
Λ−ν12 g

σ
2 (Y1 −X)ν/2

(
1 + gσ2

(
θ(Y1 −X)

))− k1
2 (1 + gσ2 (Y1 −X))−

k2+ν
2

‖a2‖(k,N)
g2,U2

(
1 + gσ2 (Y2 − U2)

)−(2n+1)/2
dY1dY2dθ.

We use now that

2gσ1 (X + θ(Y1 −X)− U1) + 2gσ2 (θ(X − Y1)) ≥ (gσ1 ∧ gσ2 )(X − U1)

and we obtain

|rν(a1, a2)(X)|

≤ C(k, n, ν) ‖a1‖(ν,k1)g1,U1
‖a2‖(k,2n+1)

g2,U2
Λ−ν12

(
1 + (gσ1 ∧ gσ2 )(X − U1)

)−k1/2∫∫
(1 + gσ2 (Y1 −X))−

k2
2
(
1 + gσ2 (Y2 − U2

)−(2n+1)/2
dY1dY2. (2.3.15)

Reasoning as in the proof of the theorem 2.3.2, we get (2.3.10) for l = 0, which is
easy to generalize to l ≥ 1. The proof of the theorem 2.3.4 is complete. �

The next lemma is an important remark which will be useful in the sequel.

Lemma 2.3.6. Let g be a positive-definite quadratic form on R2n such that g ≤ gσ,
let c ∈ S(1, g) and ψ ∈ Conf(g, Ur) where Ur is a g-ball with radius r ≤ 1. Then
ψ]c belongs to Conf(g, Ur), and the mapping Conf(g, Ur) × S(1, g) 3 (ψ, c) 7→
ψ]c ∈ Conf(g, Ur) is continuous.

Proof. Using a partition of unity 1 =
∫
φT |g|1/2dT for the constant metric g, with

φT ∈ S(1, g) supported in a g-ball with center T and radius r, we get, assuming
that Ur has center 0, ψ]c =

∫
R2n ψ](cφT )|g|1/2dT, and the biconfinement estimates

of the theorem 2.3.2 give

|(ψ]c)(l)(X)Sl| ≤ Ck,lg(S)l/2
∫

R2n

(
1+gσ(X−Ur)+gσ(X−Ur−T )

)−k/2|g|1/2dT,
with Ck,l seminorms of ψ, c, the inequalities

sup
g(S)≤1

|(ψ]c)(l)(X)Sl|
(
1 + gσ(X − Ur)

)N/2
≤ Ck+N,l

∫
R2n

(
1 + gσ(X − Ur − T )

)−k/2|g|1/2dT.
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For g(T ′) ≤ r2 ≤ 1, we have

g(X − T ) ≤ 2g(X − T − T ′) + 2g(T ′) ≤ 2gσ(X − T − T ′) + 2r2

and thus 1 + g(X − T ) ≤ 3 + 2gσ(X − T − Ur) so that for k = 2n+ 1,

sup
g(S)≤1

|(ψ]c)(l)(X)Sl|
(
1 + gσ(X − Ur)

)N/2
≤ C2n+1+N,l3n+1/2

∫
R2n

(
1 + g(X − T )

)−n− 1
2 |g|1/2dT = C2n+1+N,l3n+1/2α(n),

completing the proof of the lemma. �

2.3.3 Symbolic calculus

The previous section dealt with the study of the composition formula (2.1.18) for
two symbols in the Schwartz class attached to two constant metrics. That will be
essentially enough to tackle the more interesting case where each symbol belongs
to a symbol class attached to a general admissible metric.

Theorem 2.3.7. Let g be an admissible metric on R2n (see the definition 2.2.15),
m1,m2 two admissible weights for g, aj ∈ S(mj , g), j = 1, 2. Then, for all ν ∈ N,

a1]a2 −
∑

0≤j<ν

1
j!
(
iπ[DX1 , DX2 ]

)j(a1 ⊗ a2)|diagonal ∈ S(m1m2λ
−ν
g , g). (2.3.16)

In particular, we have a1]a2 = a1a2 + 1
4iπ {a1, a2} + r2, r2 ∈ S(m1m2λ

−2
g , g).

The mappings S(m1, g) × S(m2, g) 3 (a1, a2) 7→ a1]a2 ∈ S(m1m2, g) as well as
(2.3.16) are continuous for the Fréchet space structure given by the seminorms
(2.2.7).

Proof. We shall first use the partition of unity of the proposition 2.2.9 and consider∫∫
(a1,Y1]a2,Y2)(X)|gY1 |1/2|gY2 |1/2dY1dY2

and notice that, from Theorem 2.3.2, we get

|(a1,Y1]a2,Y2)(X)|

≤ CN,Mδr(Y1, Y2)−N
(
1 + (gσY1

∧ gσY2
)(X − UY1,r)

)−M
m1(Y1)m2(Y2).

On the other hand, the lemmas 2.2.25–2.2.24 give

m2(Y2)
m2(Y1)

≤ C0δr(Y1, Y2)N0 ,
gσY1

gσY2

≤ C0δr(Y1, Y2)N0 ,
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so that

|(a1,Y1]a2,Y2)(X)|

. δr(Y1, Y2)−N+N0
(
1 + (gσY1

∧ gσY2
)(X − UY1,r)

)−M (m1m2)(Y1)

. (m1m2)(Y1)
(
1 + gσY1

(X − UY1,r)
)−M

δr(Y1, Y2)−N+N0+N0M

. (m1m2)(Y1)δr(Y1, X)−Mδr(Y1, Y2)−N+N0+N0M

. (m1m2)(X)δr(Y1, X)−M+N0δr(Y1, Y2)−N+N0+N0M .

Choosing now M so that M −N0 is large enough, then choosing N so that N −
N0 − N0M is large enough, we can use the integrability condition in (2.2.29) to
secure |a1]a2| ≤ m1m2. To obtain the estimate for the derivatives is analogous
(using (2.3.9)) as well as the estimate for the expansion, using Theorem 2.3.4. �

In fact the previous theorem can be extended to the following statement,
quite useful in the third chapter. The reader may wait to hit that chapter to pay
more attention to these results, which look more technical than the previous one.

Theorem 2.3.8. Let g1, g2 be two admissible metrics on R2n, mj an admissible
weight for gj, aj ∈ S(mj , gj), j = 1, 2. According to the identity (2.3.11), we
define

Λ12(X) = inf
T

(
gσ1,X(T )
g2,X(T )

)1/2

= inf
T

(
gσ2,X(T )
g1,X(T )

)1/2

,

and we assume that infX∈R2n Λ1,2(X) ≥ 1. We also assume that there exist C >
0, N ≥ 0 such that for all X,Y, T ∈ R2n,

g1,X(T ) + g2,X(T )
g1,Y (T ) + g2,Y (T )

≤ C
(
1 + (gσ1,X ∧ gσ2,X)(X − Y )

)N
, (2.3.17)

mj(X)
mj(Y )

≤ C
(
1 + (gσ1,X ∧ gσ2,X)(X − Y )

)N
, j = 1, 2. (2.3.18)

Then the metric g1 ∨ g2 = 1
2 (g1 + g2) is admissible, the product m1m2 is an

admissible weight for g1 ∨ g2 and, for all ν ∈ N,

a1]a2 −
∑

0≤j<ν

1
j!
(
iπ[DX1 , DX2 ]

)j(a1 ⊗ a2)|diagonal ∈ S(m1m2Λ−ν12 , g1 ∨ g2).

Moreover, the term ωj = 1
j!

(
iπ[DX1 , DX2 ]

)j(a1⊗a2)|diagonal ∈ S(m1m2Λ
−j
12 , g1∨g2).

Proof. The metric g1 ∨ g2 is obviously slowly varying since the condition

(g1,X ∨ g2,X)(Y −X) ≤ r2

implies that for both j = 1, 2 we have gj,X(Y −X) ≤ 2r2, so that the slow variation
of the gj implies gj,Y ≤ Cgj,X and g1,Y ∨ g2,Y ≤ C(g1,X ∨ g2,X) which gives the
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slow variation of g1∨g2, according to the remark 2.2.2. We have also with λj = λgj ,
the inequalities

gσj ≥ λ2
jgj , gσ1 ≥ Λ2

12g2, gσ2 ≥ Λ2
12g1,

so that

gσ1 ∧ gσ2 ≥
1
2

min(Λ2
12, λ

2
1)g1 +

1
2

min(Λ2
12, λ

2
2)g2 ≥ min(Λ2

12, λ
2
1, λ

2
2)(g1 ∨ g2),

and the metric g1∨g2 satisfies the uncertainty principle (2.2.12) since (g1∨g2)σ =
gσ1 ∧ gσ2 and min(Λ2

12, λ
2
1, λ

2
2) ≥ 1. The temperance of g1 ∨ g2 follows from the

lemma 2.2.14 since our hypothesis (2.3.17) is precisely (2.2.17) for g1 ∨ g2, which
is now proven admissible. The weight mj is slowly varying for gj and a fortiori
for g1 ∨ g2 ≥ gj/2; it is also admissible for g1 ∨ g2 since our hypothesis (2.3.18)
is (2.2.19). Since aj ∈ S(mj , gj) ⊂ S(mj , g1 ∨ g2), g1 ∨ g2 is admissible, mj is an
admissible weight for g1 ∨ g2, we can apply the theorem 2.3.7 to obtain a1]a2 ∈
S(m1m2, g1 ∨ g2). To obtain the last statements, we have to consider the integral
formula issued of the proposition 2.2.9

(a1]a2)(X) =
∫∫

(a1,Y1]a2,Y2)(X)|gY1 |1/2|gY2 |1/2dY1dY2

and to apply the theorem 2.3.4 to a1,Y1]a2,Y2 with the same proof as Theorem
2.3.7. The very last assertion of the theorem follows from the previous one since
we have

ων +

S(m1m2Λ
−ν−1
12 ,g1∨g2)︷ ︸︸ ︷

a1]a2 −
∑

0≤j≤ν

ων = a1]a2 −
∑

0≤j<ν

ωj ∈ S(m1m2Λ−ν12 , g1 ∨ g2),

which completes the proof. �

Remark 2.3.9. One important point of this theorem is that the quantity Λ12 can
be much larger than min(λ1, λ2), as it is the case when g1 = gσ1 so that λ1 = 1
and g2 = λ−1

2 g1. In this situation, min(λ1, λ2) = 1 whereas Λ12 = λ
1/2
2 . The next

corollary says a little bit more.

Corollary 2.3.10. Let g1, g2 be two admissible metrics on R2n such that g\1 = g\2
(note that this is the case when g2 and g1 are conformal, cf. the remark 4.4.30).
Let mj be an admissible weight for gj, aj ∈ S(mj , gj), j = 1, 2. With the notation
of the previous theorem, we have

Λ12 ≥
√
λ1λ2, (with equality when g2 and g1 are conformal).

The metric g1 ∨ g2 = 1
2 (g1 + g2) is admissible, the product m1m2 is an admissible

weight for g1 ∨ g2 and, for all ν ∈ N, the last statement of the previous theorem
holds.
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Proof. We have, according to the lemma 4.4.25,

λj(X)gj,X ≤ g\j,X = ΓX = ΓσX ≤ λj(X)−1gσj,X

so8 that Λ12 ≥
√
λ1λ2. Using now the proposition 2.2.20, we check

g1,X(T ) + g2,X(T )
g1,Y (T ) + g2,Y (T )

≤ C
(
1 + (ΓX ∧ ΓY )(X − Y )

)N
and we have a similar estimate for the ratios mj(X)/mj(Y ). All the assumptions
of the theorem 2.3.8 are satisfied and we obtain the corollary. �

2.3.4 Additional remarks

In that section, we prove some technical results on confined symbols which shall
be useful in the study of Sobolev spaces.

Lemma 2.3.11. Let g be a positive-definite quadratic form on R2n such that g ≤ gσ,
U be a closed g-ball of radius r, and χ be a linear symplectic mapping of R2n. Then
if a ∈ Conf(g, U) (cf. definition 2.3.1), the function a ◦ χ belongs to Conf(g̃, Ũ)
with

g̃ = χ∗gχ, Ũ = χ−1U, ‖a‖(k,N)
g,U = ‖a ◦ χ‖(k,N)

g̃,Ũ
.

Note that g̃ is the positive-definite quadratic form given by the pull-back by χ of g
and that Ũ is the g̃-ball of radius r.

Proof. We define b(Y ) = a(χY ) and we get

|b(k)(Y )Sk| = |a(k)(χY )(χS)k| ≤ ‖a‖k,Ng,U g(χS)k/2
(
1 + gσ

(
χ(Y − Ũ)

))−N/2
,

so that using (4.4.18) and χ∗σχ = σ (cf. (4.4.2)), we infer

(g̃)σ = σ∗(g̃)−1σ = σ∗χ−1g−1(χ∗)−1σ = χ∗σ∗g−1σχ = χ∗gσχ,

so that gσ
(
χ(Y − Ũ)

)
= (g̃)σ(Y − Ũ), implying that b ∈ Conf(g̃, Ũ) and the

inequality ‖a ◦χ‖k,N
g̃,Ũ

≤ ‖a‖k,Ng,U ; the reverse inequality follows from the same proof
with a replaced by b and χ by χ−1. �

Lemma 2.3.12. Let g be a positive-definite quadratic form on Rnx × Rnξ such that
g ≤ gσ and g(x, ξ) = g(x,−ξ). Let Ur be a g-ball with radius r ≤ 1. Then for all
t ∈ R, the operator J t = exp 2iπtDx ·Dξ (see the lemma 4.1.2) is continuous from
Conf(g, Ur) into itself and more precisely, for all l, ν ∈ N, there exists l′(l, ν) ∈
N, C(l, ν) > 0, µ(l, ν) ≥ 0, such that for all t ∈ R,

|||J ta−
∑

0≤j<ν

(2iπtDx ·Dξ)ja|||(l)g,Ur
≤ C(l, ν)|||a|||(l

′)
g,Ur

λ−ν(1 + |t|)µ(l,ν). (2.3.19)

8When the gj are conformal, g2 = µg1, we have Λ2
12 = µ−1λ2

1 = µλ2
2 =⇒ Λ12 =

√
λ1λ2.
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Proof. Since g(x, ξ) = g(x,−ξ), we have g(x, ξ) = γ1(x) + γ2(ξ) where the γj are
positive-definite quadratic forms on Rn, identified with n× n symmetric matrices
with positive eigenvalues. Then there exists V ∈ O(n), i.e. such that V ∗V = Id,
with

g(V y, V ∗−1η) = g(V y, V η) = 〈γ1V y, V y〉+〈γ2V η, V η〉 =
∑

1≤j≤n

µjy
2
j+〈γ2V η, V η〉.

With M = diag(µ−1/2
j ), we get g(VMy, VM−1η) = ‖y‖2 + 〈γη, η〉 where γ is a

positive symmetric matrix and ‖ · ‖ is the standard Euclidean norm on Rn. Let
U ∈ O(n) such that U∗γU = diag(νj): we obtain

g(VMUy, V M−1Uη) = ‖Uy‖2 +
∑

1≤j≤n

νjη
2
j =

∑
1≤j≤n

(y2
j + νjη

2
j ).

We note also that
(
(VMU)∗

)−1 =
(
U∗M V ∗

)−1 = VM−1U so that the mapping
(y, η) 7→ (VMUy, V M−1Uη) is symplectic (cf. Theorem 4.4.3). Furthermore, we
can use the symplectic mapping (yj , ηj) 7→ (ν1/4

j yj , ν
−1/4
j ηj) to reach the identity∑

1≤j≤n hj(y
2
j + η2

j ) = g(B−1y,B∗η) with some B ∈ Gl(n,R) (and positive hj);
the condition g ≤ gσ is expressed by max1≤j≤n hj ≤ 1. Moreover that type of
symplectic mapping is leaving invariant9 the quadratic form x · ξ, so that, with
b(x, ξ) = a(B−1x,B∗ξ), we have

(J tb)(x, ξ) = (J ta)(B−1x,B∗ξ).

Using the lemma 2.3.11, we may indeed assume that

g =
∑

1≤j≤n

hj(|dxj |2 + |dξj |2), λ−1 = max
1≤j≤n

hj ≤ 1.

It is also enough to check the result only for J t1 = exp itDx1Dξ1 since h1 ≤ λ−1

and J t is the commutative product of exp itDxjDξj . We have then with s ∈ R,
h1 = λ−1

1 , using the formula of Lemma 4.1.2,

(Js
2

1 a)(x, ξ) =
∫

R2
e−2iπy1η1a(sy1 + x1, x

′, sη1 + ξ1, ξ
′)dy1dη1.

We use the identity (i+ λ
1/2
1 y1)−1(i− λ1/2

1 Dη1)e
−2iπy1η1 = e−2iπy1η1 , which gives

for k ∈ N,

(Js
2

1 a)(x, ξ) =∫
R2
e−2iπy1η1(i+ λ

1/2
1 y1)−k

(
(i+ sλ

1/2
1 Dξ1)

ka
)
(sy1 + x1, x

′, sη1 + ξ1, ξ
′)dy1dη1.

9This is not the case of all symplectic mappings: the mappings (iii), (jjj) in the proposition
4.4.4 do not leave invariant x · ξ.
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Similarly, the identity (i+ λ
1/2
1 η1)−1(i− λ

1/2
1 Dy1)e

−2iπy1η1 = e−2iπy1η1 , gives for
l ∈ N,

(Js
2

1 a)(x, ξ) =
∫

R2
e−2iπy1η1(i+ λ

1/2
1 η1)−l

×(i+λ1/2
1 Dy1)

l
[
(i+λ1/2

1 y1)−k
(
(i+sλ1/2

1 Dξ1)
ka
)
(sy1+x1, x

′, sη1+ξ1, ξ′)
]
dy1dη1.

As a consequence, (Js
2

1 a)(x, ξ) is a finite sum10 of terms of type

αl′,l′′(x, ξ) =
∫

R2
e−2iπy1η1(i+ λ

1/2
1 η1)−l(i+ λ

1/2
1 y1)−k−l

′′
λl
′′

1

×
(
(i+ sλ

1/2
1 Dx1)

l′(i+ sλ
1/2
1 Dξ1)

ka
)
(sy1 + x1, x

′, sη1 + ξ1, ξ
′)dy1dη1.

with l′, l′′ ∈ N with l′ + l′′ ≤ l. This implies that, assuming that 0 is the center of
the ball Ur, for q ∈ N,

|(Js
2

1 a)(x, ξ)| ≤ Ck,lλ
N(k,l)
1 ‖a‖(k+l,q)g,Ur

〈s〉k+l×∫
R2

[
1 + inf

g(z,ζ)≤r2

(
λ

1/2
1 |sy1 + x1 − z1|+ λ

1/2
1 |sη1 + ξ1 − ζ1|

+
∑

2≤j≤n

λ
1/2
j (|xj − zj |+ |ξj − ζj |)

)]−q
× (1 + λ

1/2
1 |η1|)−l(1 + λ

1/2
1 |y1|)−kdy1dη1.

As a result, for k, l ≥ max(2, q), if |s| ≤ 1, we get with X = (x, ξ),

|(Js
2

1 a)(x, ξ)| ≤ C ′k,lλ
N(k,l)
1 ‖a‖(k+l,q)g,Ur

(
1 + gσ(X − Ur)

)−q/2
. (2.3.20)

If |s| > 1 (and k, l ≥ max(2, q)), we have

(1 + λ
1/2
1 |η1|)−l(1 + λ

1/2
1 |y1|)−k

≤ (1 + λ
1/2
1 |η1|)−2(1 + λ

1/2
1 |y1|)−2(1 + λ

1/2
1 |η1|)−l+2(1 + λ

1/2
1 |y1|)−k+2

≤ (1 + λ
1/2
1 |η1|)−2(1 + λ

1/2
1 |y1|)−2

(
1 + λ

1/2
1 |η1|+ λ

1/2
1 |y1|

)−min(k−2,l−2)

≤ (1 + λ
1/2
1 |η1|)−2(1 + λ

1/2
1 |y1|)−2

(
1 + |s|λ1/2

1 |η1|+ |s|λ1/2
1 |y1|

)−min(k−2,l−2)

× |s|min(k−2,l−2)
,

entailing for k, l ≥ max(2, q) + 2, |s| > 1,

|(Js
2

1 a)(x, ξ)| ≤ C ′′k,lλ
N(k,l)
1 ‖a‖(k+l,q)g,Ur

(
1 + gσ(X − Ur)

)−q/2〈s〉2k+2l. (2.3.21)

10The number of terms depends only on l and the coefficient of each term is bounded above
by a constant depending only on k, l.
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Moreover we have

J t1a =
∑

0≤j<ν

(2iπtDx1 ·Dξ1)
ja+

∫ 1

0

(1− θ)ν−1

(ν − 1)!
Jθt1 dθ(2iπtDx1 ·Dξ1)

νa, (2.3.22)

and applying (2.3.20) or (2.3.21), we get for k = l = max(2, q) + 2,

|(J t1a)(X)| ≤
(
1 + gσ(X − Ur)

)−q/2
×
( ∑

0≤j<ν

‖a‖(2j,q)g,Ur
(2π|t|)j +

(2π|t|)ν

ν!
‖(∂x1 · ∂ξ1)νa‖

(k+l,q)
g,Ur

〈t〉k+lC ′′′k,lλ
N(k,l)
1

)
.

Since ‖(∂x1 ·∂ξ1)νa‖
(p,q)
g,Ur

≤ λ−ν1 ‖a‖(2ν+p,q)g,Ur
, for a given q, with k = l = max(2, q)+

2,we may choose ν ≥ N(k, l) and obtain

|(J t1a)(X)| ≤
(
1 + gσ(X − Ur)

)−q/2
Cq〈t〉µq‖a‖(mq,q)

g,Ur
. (2.3.23)

Since J t1 commutes with the derivations, we get from (2.3.23), for k ∈ N, T ∈ R2n,

|(J t1a)(k)(X)T k| = |(J t1a(k)T k)(X)|

≤
(
1 + gσ(X − Ur)

)−q/2
Cq〈t〉µq‖a‖(mq+k,q)

g,Ur
g(T )k/2, (2.3.24)

and using J t = J t1 . . . J
t
n we get (2.3.19) for ν = 0. To obtain the result for ν > 0,

we use the formula (2.3.22) for J t instead of J t1 and the estimate

‖(∂x · ∂ξ)νa‖(p,q)g,Ur
≤ λ−νCν‖a‖(2ν+p,q)g,Ur

.

The proof of the lemma is complete. �

Lemma 2.3.13. Let g be a positive quadratic form on R2n such that g ≤ gσ, Ur
be a closed g-ball with radius r ≤ 1 and a ∈ Conf(g, Ur). Then for all R > r,
there exist b, c ∈ Conf(g, UR) such that a = b]c, where UR is the g-ball with radius
R and same center as Ur. The semi-norms of b, c depend only on R, r and the
semi-norms of a.

Proof. Using Lemma 4.4.25 and Lemma 2.3.11, we see that it is enough to prove
the lemma assuming

g =
∑

1≤j≤n

hj(|dxj |2 + |dξj |2), max
1≤j≤n

hj ≤ 1,

where {(xj , ξj)} is a set of linear symplectic coordinates. From Lemma 2.3.12, we
see that is is enough to prove the result for the ordinary quantization op0(a) =
a(x,D) as given by Proposition 1.1.10. Also we may assume that the center of Ur
is 0. We can now apply Lemma 4.3.20 to get that

a(x, ξ) = a1(x)a2(x, ξ), with a2 ∈ Conf(g, Ur)
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and with γ =
∑

1≤j≤n hj |dxj |2, bR the γ-ball with radius R and center 0

∀k,N ∈ N, sup
t,γ(t)≤1

|a(k)
1 (x)tk|

(
1 + γ−1(x− bR)

)N
< +∞. (2.3.25)

Defining a3 = Ja2, we get that a3 ∈ Conf(g, Ur) and applying again Lemma
4.3.20, we obtain a3(x, ξ) = a4(x, ξ)a5(ξ) with a5 satisfying (2.3.25). As a result
we have

a(x,D) = a1(x)a2(x,D), a2(x,D)∗ = a3(x,D) = a4(x,D)a5(D),
and thus a(x,D) = a1(x)a5(D)(Ja4)(x,D).

The symbol Ja4 belongs to Conf(g, Ur) whereas the classical symbol of the oper-
ator a1(x)a5(D) is a1(x)a5(ξ), which is g-confined in the “box” bR × bR, which
gives only the g-confinement in UR

√
2. However, we can replace a by J−1/2a and

get

aw = (J−1/2(b1(x)b2(ξ)))wcw, b1, b2 satisfying (2.3.25), c ∈ Conf(g, Ur).

We may consider the symplectic rotation χθ, for a real parameter θ, (xj , ξj) 7→
(xj cos θ − ξj sin θ, xj sin θ + ξj cos θ), which leaves invariant g, and we may prove
a factorization

(c ◦ χθ)w = b3(x)b4(D)dw, b3, b4 satisfying (2.3.25), d ∈ Conf(g, Ur),

so that aw =
(
J−1/2(b1 ⊗ b2)

)w(J−1/2(b3 ⊗ b4))wdw. Now the symbol

J−1/2(b1 ⊗ b2))]J−1/2(b3 ⊗ b4)

is g-confined in bR × bR ∩ χθ(bR × bR). Factorizing again dw, and varying θ, we
can get the result of the lemma with R replaced by any R′ > R, which gives the
same result. �

Definition 2.3.14 (Uniformly confined family of symbols). Let g be an admissible
metric on R2n (see the definition 2.2.15), r0 be the positive constant given by the
theorem 2.2.7, and let (ψY )Y ∈R2n be a family of functions on R2n. We shall say
that this family is a uniformly confined family of symbols if there exists r ∈]0, r0[
such that ∀k,N ∈ N,

sup
Y ∈R2n,T 6=0

|ψ(k)
Y (X)T k|gY (T )−k/2

(
1 + gσY (X − UY,r)

)N/2
< +∞, (2.3.26)

where UY,r is the closed gY -ball with radius r. In other words, each ψY is gY -
confined in UY,r (according to the definition 2.3.1) and

∀l ∈ N, ωl = sup
Y ∈R2n

|||ψY |||(l)gY ,UY,r
< +∞. (2.3.27)

The constants (ωl)l∈N are the seminorms of the family (ψY )Y ∈R2n .
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The next theorem is an immediate consequence of Lemma 2.3.13 and of
Definition 2.3.14.

Theorem 2.3.15. Let g be an admissible metric on R2n (see Definition 2.2.15),
and let (φY )Y ∈R2n be a uniformly confined family of symbols. Then there exists
(ψY )Y ∈R2n , (θY )Y ∈R2n two uniformly confined family of symbols such that

φY = ψY ]θY .

The seminorms of the families (ψY )Y ∈R2n , (θY )Y ∈R2n are bounded above by func-
tions of the seminorms of (φY )Y ∈R2n .

Proposition 2.3.16. Let g be an admissible metric on R2n, m be a g-admissible
weight, and (φY )Y ∈R2n be a uniformly confined family of symbols. Then the func-
tion a defined by

a(X) =
∫

R2n

m(Y )φY (X)|gY |1/2dY

belongs to S(m, g); if b ∈ S(m, g), the family (m(Y )−1φY ]b)Y ∈R2n is a uniformly
confined family of symbols. Moreover, using the notation (2.1.29), defining

ρY = m(Y )−1λg(Y )ν
(
φY ]b−

∑
0≤j<ν

ωj(φY , b)
)
,

the family (ρY )Y ∈R2n is a uniformly confined family of symbols.

Remark 2.3.17. For b as above, the family
(
m(Y )−1λg(Y )jωj(ϕY , b)

)
Y ∈R2n is triv-

ially a uniformly confined family of symbols.

Proof. We have for all k,N ,

|a(k)(X)T k| =∣∣∣∣∫
R2n

m(Y )φ(k)
Y (X)T k

(
1 + gσY (X − UY,r)

)N/2(1 + gσY (X − UY,r)
)−N/2|gY |1/2dY ∣∣∣∣

≤ gX(T )k/2m(X)
∫

R2n

m(Y )
m(X)

|||φY |||(max(k,N))
gY ,UY,r

gY (T )k/2

gX(T )k/2
δr(X,Y )−N/2|gY |1/2dY,

so that using (2.2.29) and (2.2.31), choosing N large enough, we get a ∈ S(m, g).
On the other hand, if b ∈ S(m, g), the family (m(Y )−1φY ]b)Y ∈R2n is a uniformly
confined family of symbols since

m(Y )−1(φY ]b)(k)(X)Sk =
∫
m(Y )−1

(
φY ](bϕT )

)(k)(X)Sk|gT |1/2dT
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which is bounded above by (see Theorem 2.3.2, Lemmas 2.2.24, 2.2.25)

(1 + gσY (X − UY,r))−NgY (S)k/2
∫
m(Y )−1m(T )

(gY + gT )(S)k/2

gY (S)k/2
δr(Y, T )NN0

× CM
(
1 + (gσY ∧ gσT )(X − UY,r) + (gσY ∧ gσT )(X − UT,r)

)−M+N |gT |1/2dT

≤ C ′
∫
δr(Y, T )−M/2|gT |1/2dT <∞

for M large enough (N, k are given, N0 is a constant given by (2.2.29), M can be
chosen as large as we wish). To get the very last statement, we repeat the previous
proof, using Theorem 2.3.4 instead of Theorem 2.3.2. �

2.3.5 Changing the quantization

Theorem 2.3.18. Let g be an admissible metric on R2n (see the definition 2.2.15)
such that

∀(x, ξ) ∈ R2n,∀(y, η) ∈ R2n, gx,ξ(y, η) = gx,ξ(y,−η). (2.3.28)

Let m be an admissible weight for g and a ∈ S(m, g). Then for all t ∈ R, the
symbol J ta = exp 2iπDx · Dξa belongs to S(m, g) and the mapping a 7→ J ta is
an isomorphism of the Fréchet space S(m, g), with polynomial bounds in the real
variable t. Moreover, with the weight λg defined in (2.2.13), we have

J ta−
∑

0≤j<ν

1
j!

(2iπtDx ·Dξ)ja ∈ S(mλ−νg , g). (2.3.29)

Proof. Using a partition of unity, as given by Proposition 2.2.9, Lemma 2.3.12
gives the result. �

Theorem 2.3.19. Let g be an admissible metric on R2n (see the definition 2.2.15)
such that (2.3.28) is satisfied, let m1,m2 be two admissible weights for g, aj ∈
S(mj , g), j = 1, 2. With a(x,D) = (J−1/2a)w (see also (1.1.1)), we have

a1(x,D)a2(x,D) = (a1 � a2)(x,D), a1 � a2 ∈ S(m1m2, g), (2.3.30)

∀ν ∈ N, a1 � a2 =
∑
|α|<ν

1
α!
Dα
ξ a1∂

α
x a2 + rν(a1, a2), (2.3.31)

with rν(a1, a2) ∈ S(m1m2λ
−ν
g , g). In particular, we have

a1 � a2 = a1a2 +
1

2iπ
∂ξa1 · ∂xa2 + r2, r2 ∈ S(m1m2λ

−2
g , g).

Proof. We have a1 � a2 = (J−1/2a1)](J−1/2a2) so that the result follows from the
theorem 2.3.7 and the theorem 2.3.18. �
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2.4 The Wick calculus of pseudodifferential operators

2.4.1 Wick quantization

We recall here some facts on the so-called Wick quantization, as used in [93], [94],
[95].

Definition 2.4.1. Let Y = (y, η) be a point in Rn×Rn. The operator ΣY is defined
as
[
2ne−2π|·−Y |2]w. Let a be in L∞(R2n). The Wick quantization of a is defined

as
aWick =

∫
R2n

a(Y )ΣY dY. (2.4.1)

Remark 2.4.2. The operator ΣY is a rank-one orthogonal projection: we have

ΣY u = (Wu)(Y )τY ϕ0 with (Wu)(Y ) = 〈u, τY ϕ0〉L2(Rn), (2.4.2)

where ϕ0(x) = 2n/4e−π|x|
2

and (τy,ηϕ0)(x) = ϕ0(x− y)e2iπ〈x−
y
2 ,η〉. (2.4.3)

In fact we get from the definition of ΣY that, for u ∈ S (Rn)

(Σy,ηu)(x) =
∫∫

u(z)e2iπ(x−z)·ξ2ne−2π| x+z
2 −y|2e−2π|ξ−η|2dzdξ

=
∫
u(z)e2iπ(x−z)·η2n/2e−2π| x+z

2 −y|2e−
π
2 |x−z|

2
dz

=
∫
u(z)e−2iπ(z− y

2 )·η2n/4e−π|z−y|
2
dz 2n/4e−π|x−y|

2
e2iπ(x− y

2 )·η

= 〈u, τy,ηϕ0〉τy,ηϕ0.

Proposition 2.4.3.
(1) Let a be in L∞(R2n). Then aWick = W ∗aµW and 1Wick = IdL2(Rn) where W is
the isometric mapping from L2(Rn) to L2(R2n) given above, and aµ the operator
of multiplication by a in L2(R2n). The operator πH = WW ∗ is the orthogonal
projection on a closed proper subspace H of L2(R2n) and has the kernel

Π(X,Y ) = e−
π
2 |X−Y |

2
e−iπ[X,Y ], (2.4.4)

where [, ] is the symplectic form (2.1.1). Moreover, we have

‖aWick‖L(L2(Rn)) ≤ ‖a‖L∞(R2n), (2.4.5)

a(X) ≥ 0 for all X implies aWick ≥ 0. (2.4.6)

(2) Let m be a real number, and p ∈ S(Λm,Λ−1Γ), where Γ is the Euclidean norm
on R2n. Then pWick = pw+r(p)w, with r(p) ∈ S(Λm−1,Λ−1Γ) so that the mapping
p 7→ r(p) is continuous. More precisely, one has

r(p)(X) =
∫ 1

0

∫
R2n

(1− θ)p′′(X + θY )Y 2e−2πΓ(Y )2ndY dθ.
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Note that r(p) = 0 if p is affine and r(p) = 1
8π trace p′′ if p is a polynomial with

degree ≤ 2.
(3) For a ∈ L∞(R2n), the Weyl symbol of aWick is

a ∗ 2n exp−2πΓ,which belongs to S(1,Γ) with kth-seminorm c(k)‖a‖L∞ . (2.4.7)

(4) Let R 3 t 7→ a(t,X) ∈ R such that, for t ≤ s, a(t,X) ≤ a(s,X). Then, for
u ∈ C1

c

(
Rt, L2(Rn)

)
, assuming a(t, ·) ∈ L∞(R2n),∫

R
Re〈Dtu(t), ia(t)Wicku(t)〉L2(Rn)dt ≥ 0. (2.4.8)

(5) With the operator ΣY given in Definition 2.4.1, we have the estimate

‖ΣY ΣZ‖L(L2(Rn)) ≤ 2ne−
π
2 Γ(Y−Z). (2.4.9)

(6) More precisely, the Weyl symbol of ΣY ΣZ is, as a function of the variable
X ∈ R2n, setting Γ(T ) = |T |2

e−
π
2 |Y−Z|

2
e−2iπ[X−Y,X−Z]2ne−2π|X−Y +Z

2 |2 . (2.4.10)

Comment. Part of this proposition is well summarized by the following diagram:

L2(R2n) a−−−−−−−−−−−−−−→
(multiplication by a)

L2(R2n)

W

x yW∗

L2(Rn) −−−−→
aWick

L2(Rn)

Proof. For u, v ∈ S (Rn), we have

〈aWicku, v〉 =
∫

R2n

a(Y )〈ΣY u, v〉L2(Rn)dY =
∫

R2n

a(Y )(Wu)(Y )(Wv)(Y )dY,

which gives
aWick = W ∗aµW. (2.4.11)

Also we have from (2.4.1) that 1Wick = Id, since

1Wick =
∫

R2n

ΣY dY has Weyl symbol
∫

R2n

2ne−2π|X−Y |2dY = 1.

This implies that
W ∗W = Id,

i.e. W is isometric from L2(Rn) into L2(R2n). The operator WW ∗ is bounded
selfadjoint and is a projection since WW ∗WW ∗ = WW ∗. Defining H as ranW ,
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we get that WW ∗ is the orthogonal projection onto H, since the range of WW ∗

is included in the range of W , and for Φ ∈ H, we have

Φ = Wu = WW ∗Wu ∈ ran(WW ∗).

Moreover ranW is closed since W is isometric, that latter property implying also,
using (2.4.11), the property (2.4.5), whereas (2.4.6) follows from (2.4.1) and ΣY ≥
0 as an orthogonal projection. The kernel of the operator WW ∗ is, from (2.4.2),
(2.4.3), with X = (x, ξ), Y = (y, η),

Π(X,Y ) = 〈τY ϕ0, τXϕ0〉L2(Rn)

= 2n/2
∫

Rn

e−π|t−x|
2
e−π|t−y|

2
e2iπ(t− y

2 )·ηe−2iπ(t− x
2 )·ξdt

= e−
π
2 |x−y|

2
2n/2

∫
Rn

e−
π
2 |2t−x−y|

2
e2iπt·(η−ξ)dteiπ(x·ξ−y·η)

= e−
π
2 |x−y|

2
2n/2

∫
Rn

e−2π|t|2e2iπ(t+ x+y
2 )·(η−ξ)dteiπ(x·ξ−y·η)

= e−
π
2 |x−y|

2
e−

π
2 |ξ−η|

2
eiπ(x+y)·(η−ξ)eiπ(x·ξ−y·η)

= e−
π
2 |x−y|

2
e−

π
2 |ξ−η|

2
eiπ(xη−yξ) = e−

π
2 |X−Y |

2
e−iπ[X,Y ],

which is (2.4.4). Postponing the proof of H 6= L2(R2n) until after the proof of (2),
we have proven (1). To obtain (2), we note that (2.4.1) gives directly that

aWick = (a ∗ 2n exp−2πΓ)w

and the second order Taylor expansion gives (2) while (3) is obvious from the
convolution formula. Note also that u ∈ S (Rn) implies Wu ∈ S (R2n) since
e−iπy·η(Wu)(y, η) is the partial Fourier transform with respect to x of Rn ×Rn 3
(x, y) 7→ u(x)2n/4e−π|x−y|

2
: this gives also another proof of W isometric since∫∫

|u(x)|22n/2e−2π|x−y|2dxdy = ‖u‖2L2(Rn).

We calculate now, for u ∈ S (Rn) with L2 norm 1, using the already proven (2)
on the Wick quantization of linear forms,

2 Re〈πHξ1Wu, ix1Wu〉L2(R2n) = 2Re〈W ∗ξ1Wu, iW ∗x1Wu〉L2(Rn)

= 2Re〈ξWick
1 u, ixWick

1 u〉L2(Rn) = 2Re〈D1u, ix1u〉L2(Rn) = 1/2π.

If H were the whole L2(R2n), the projection πH would be the identity and we
would have

0 = 2 Re〈ξ1Wu, ix1Wu〉L2(R2n) = 2Re〈πHξ1Wu, ix1Wu〉L2(R2n) = 1/2π.
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Let us prove (4). We have from the Lebesgue dominated convergence theorem,

α =
∫

R
Re〈Dtu(t), ia(t)Wicku(t)〉L2(Rn)dt

= − lim
h→0+

∫
R

1
2πh

Re〈u(t+ h)− u(t), a(t)Wicku(t+ h)〉L2(Rn)dt

= lim
h→0+

1
2πh

(
−
∫

R
Re〈u(t), a(t− h)Wicku(t)〉L2(Rn)dt

+
∫

R
Re〈u(t), a(t)Wicku(t+ h)〉L2(Rn)dt

)
= lim
h→0+

{ 1
2πh

∫
R

Re〈
(
a(t)− a(t− h)

)Wick
u(t), u(t)〉L2(Rn)dt︸ ︷︷ ︸

=β(h)

+
∫

R
Re〈 −1

2πhi
(
u(t+ h)− u(t)

)
, ia(t)Wicku(t)〉L2(Rn)dt︸ ︷︷ ︸

with limit −α

}
.

The previous calculation shows that β(h) has a limit when h → 0+ and 2α =
limh→0+ β(h). Since the function a(t)−a(t−h) is non-negative, the already proven
(2.4.6) implies that the operator (a(t)− a(t− h))Wick is also non-negative, imply-
ing β(h) ≥ 0 which gives α ≥ 0, i.e. (2.4.8)11. Since for the Weyl quantization, one
has from (2.1.13), ‖aw‖L(L2(Rn)) ≤ 2n‖a‖L1(R2n), we get the result (2.4.9) from
(2.4.10). Let us finally prove the latter formula. From the composition formula
(2.1.18), we obtain that the Weyl symbol ω of ΣY ΣZ is

ω(X) = 22n

∫∫
e−4iπ[X−X1,X−X2]22ne−2π|X1−Y |2e−2π|X2−Z|2dX1dX2

= 24n

∫∫
e−4iπ[X−Y,X−X2]e−2iπ〈X1,2σ(X−X2)〉e−2π|X1|2e−2π|X2−Z|2dX1dX2

= 23n

∫
e−4iπ[X−Y,X−X2]e−2π|X−X2|2e−2π|X2−Z|2dX2

= 23ne−π|X−Z|
2
∫
e−4iπ[X−Y,X−X2]e−π|X+Z−2X2|2dX2

= 23ne−π|X−Z|
2
e−2iπ[X−Y,X−Z]

∫
e−4iπ[X−Y,−X2]e−4π|X2|2dX2

= 2ne−π|X−Z|
2
e−2iπ[X−Y,X−Z]e−π|X−Y |

2

= 2ne−2iπ[X−Y,X−Z]e−2π|X−Y +Z
2 |2e−

π
2 |Y−Z|

2
.

�

11Note that (2.4.8) is simply a way of writing that d
dt

`
a(t)Wick´

≥ 0, which is a consequence
of (2.4.6) and of the non-decreasing assumption made on t 7→ a(t, X).
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2.4.2 Fock-Bargmann spaces

There are also several links with the so-called Fock-Bargmann spaces (the space
H above), that we can summarize with the following definitions and properties.

Proposition 2.4.4. With H defined in Proposition 2.4.3 we have

H ={Φ ∈ L2(R2n
y,η), Φ = f(z) exp−π

2
|z|2, z = η + iy , f entire}, (2.4.12)

i.e. H = ranW = L2(R2n) ∩ ker(∂̄ + π
2 z).

Proof. For v ∈ L2(Rn), we have, with the notation z2 =
∑

1≤j≤n z
2
j for z ∈ Cn,

(Wv)(y, η) =
∫

Rn

v(x)2n/4e−π(x−y)2e−2iπ(x− y
2 )ηdx

=
∫

Rn

v(x)2n/4e−π(x−y+iη)2dxe−
π
2 (y2+η2)e−

π
2 (η+iy)2 (2.4.13)

and we see that Wv ∈ L2(R2n)∩ker(∂̄+ π
2 z). Conversely, if Φ ∈ L2(R2n)∩ker(∂̄+

π
2 z), we have Φ(x, ξ) = e−

π
2 (x2+ξ2)f(ξ + ix) with Φ ∈ L2(R2n) and f entire. This

gives

(WW ∗Φ)(x, ξ) =
∫∫

e−
π
2

(
(ξ−η)2+(x−y)2+2iξy−2iηx

)
Φ(y, η)dydη

= e−
π
2 (ξ2+x2)

∫∫
e−

π
2 (η2−2ξη+y2−2xy+2iξy−2iηx)Φ(y, η)dydη

= e−
π
2 (ξ2+x2)

∫∫
e−

π
2

(
η2+y2+2iy(ξ+ix)−2η(ξ+ix)

)
Φ(y, η)dydη

= e−
π
2 (ξ2+x2)

∫∫
e−π(y2+η2)eπ(η−iy)(ξ+ix)f(η + iy)dydη

= e−
π
2 |z|

2
∫∫

e−π|ζ|
2
eπζ̄zf(ζ)dydη (ζ = η + iy, z = ξ + ix)

= e−
π
2 |z|

2
∫∫

f(ζ)
∏

1≤j≤n

1
π(zj − ζj)

∂

∂ζ̄j

(
e−π|ζ|

2
eπζ̄z

)
dydη

= e−
π
2 |z|

2
〈f(ζ)

∏
1≤j≤n

∂

∂ζ̄j

( 1
π(ζj − zj)

)
, e−π|ζ|

2
eπζ̄z〉S ′(R2n),S (R2n)

= e−
π
2 |z|

2
f(z),

since f is entire. This implies WW ∗Φ = Φ and Φ ∈ ranW , completing the proof
of the proposition. �

Proposition 2.4.5. Defining

H = ker(∂̄ +
π

2
z) ∩S ′(R2n), (2.4.14)
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the operator W given by (2.4.2) can be extended as a continuous mapping from
S ′(Rn) onto H (the L2(Rn) dot-product is replaced by a bracket of (anti)duality).
The operator Π̃ with kernel Π given by (2.4.4) defines a continuous mapping from
S (R2n) into itself and can be extended as a continuous mapping from S ′(R2n)
onto H . It verifies

Π̃2 = Π̃, Π̃|H = IdH . (2.4.15)

Proof. As above we use that e−iπyη(Wv)(y, η) is the partial Fourier transform
w.r.t. x of the tempered distribution on R2n

x,y

v(x)2n/4e−π(x−y)2 .

Since e±iπyη are in the space OM (R2n) of multipliers of S (R2n), that transforma-
tion is continuous and injective from S ′(Rn) into S ′(R2n). Replacing in (2.4.13)
the integrals by brackets of duality, we see that W (S ′(Rn)) ⊂ H . Conversely, if
Φ ∈ H , the same calculations as above give (2.4.15) and (2.4.14). �

2.4.3 On the composition formula for the Wick quantization

In this section, we prove some formulas of composition for operators with very
irregular Wick symbols.

Lemma 2.4.6. For p, q ∈ L∞(R2n) real-valued with p′′ ∈ L∞(R2n), we have

Re
(
pWickqWick) =

(
pq − 1

4π
∇p · ∇q

)Wick
+R, (2.4.16)

‖R‖L(L2(Rn)) ≤ C(n)‖p′′‖L∞‖q‖L∞ . (2.4.17)

The product ∇p · ∇q above makes sense (see our appendix section 4.3.2) as a
tempered distribution since ∇p is a Lipschitz continuous function and ∇q is the
derivative of an L∞ function: in fact, we shall use as a definition (see section
4.3.2) ∇p · ∇q = ∇ · ( q︸︷︷︸

L∞

∇p︸︷︷︸
Lip.

)− q︸︷︷︸
L∞

∆p︸︷︷︸
L∞

.

Proof. Using the definition (2.4.1) , we see that

pWickqWick =
∫∫

R2n×R2n

p(Y )q(Z)ΣY ΣZdY dZ

=
∫∫ (

p(Z) + p′(Z)(Y − Z) + p2(Z, Y )(Y − Z)2
)
q(Z)ΣY ΣZdY dZ

=
∫

(pq)(Z)ΣZdZ +
∫∫

p′(Z)(Y − Z)ΣY dY q(Z)ΣZdZ +R0,

with R0 =
∫∫∫ 1

0
(1− θ)p′′(Z + θ(Y − Z))(Y − Z)2q(Z)ΣY ΣZdY dZdθ.
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Remark 2.4.7. Let ω be a measurable function defined on R2n × R2n such that

|ω(Y,Z)| ≤ γ0

(
1 + |Y − Z|

)N0
.

Then the operator
∫∫

ω(Y,Z)ΣY ΣZdY dZ is bounded on L2(Rn) with L(L2(Rn))
norm bounded above by a constant depending on γ0, N0. This is an immediate
consequence of Cotlar’s lemma 4.7.1 and of the estimate (2.4.9).

Using that remark, we obtain that

‖R0‖L(L2(Rn)) ≤ C1(n)‖p′′‖L∞(R2n)‖q‖L∞(R2n). (2.4.18)

We check now
∫

(Y − Z)ΣY dY whose Weyl symbol is, as a function of X,∫
(Y − Z)2ne−2π|X−Y |2dY =

∫
(X − Z)2ne−2π|X−Y |2dY = X − Z.

So with LZ(X) = X − Z, we have
∫

(Y − Z)ΣY dY ΣZ = (X − Z)wΣZ = LwZΣZ
and thus

Re
∫

(Y − Z)ΣY dY ΣZ = Re(LwZΣZ) =
(
(X − Z)2ne−2π|X−Z|2)w

=
1
4π
∂Z(2ne−2π|X−Z|2)w, (2.4.19)

so that
Re
∫

(Y − Z)ΣY dY ΣZ =
1
4π
∂Z(ΣZ). (2.4.20)

Using that p and q are real-valued, the formula for Re(pWickqWick) becomes

Re
(
pWickqWick) =

∫
(pq)(Z)ΣZdZ +

∫
p′(Z)q(Z)

1
4π
∂ZΣZdZ + ReR0

=
∫ (

(pq)(Z)− 1
4π
p′(Z) · q′(Z)

)
ΣZdZ −

∫
1
4π

trace p′′(Z)q(Z)ΣZdZ + ReR0,

that is the result of the lemma, using (2.4.18) and (2.4.5) for the penultimate term
on the line above. �

The next lemma is more involved.

Lemma 2.4.8. For p measurable real-valued function such that p′′, (p′p′′)′, (pp′′)′′ ∈
L∞, we have

pWickpWick =
∫ [

p(Z)2 − 1
4π
|∇p(Z)|2

]
ΣZdZ + S, (2.4.21)

‖S‖L(L2(Rn)) ≤ C(n)
(
‖p′′‖2L∞ + ‖(p′′p′)′‖L∞ + ‖(pp′′)′′‖L∞

)
. (2.4.22)
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Here p′′ stands for the vector (tensor) with components (∂αXp)|α|=2, whereas the
components of (p′′p′)′ are ∂αX

(
∂βX∂

γ
Xp
)
|α|=1,|β|=2

|γ|=1

, and those of (pp′′)′′ are

∂αX
(
p∂βXp

)
|α|=|β|=2

.

Proof. We have

pWickpWick =
∫∫

p(Y )p(Z)ΣY ΣZdY dZ

=
∫∫

p(Y )
(
p(Y ) + p′(Y )(Z − Y )

)
ΣY ΣZdY dZ

+
∫∫∫ 1

0

p(Y )(1− θ)p′′(Y + θ(Z − Y ))dθ(Z − Y )2ΣY ΣZdY dZdθ

so that, using (2.4.20) for the terms pp′ in the double integral above, we get, noting
trace(p′′) = ∆p,

pWickpWick =
(
p2 − 1

4π
|∇p|2 − 1

4π
p∆p

)Wick + Re(Ω0 + Ω1 + Ω2), (2.4.23)

with

Ω0 =
∫∫∫ 1

0

p
(
Y + θ(Z − Y )

)
p′′
(
Y + θ(Z − Y )

)
(Z − Y )2ΣY ΣZdY dZ(1− θ)dθ,

(2.4.24)

Ω1 =
∫∫∫ 1

0

p′
(
Y + θ(Z − Y )

)
θ(Y − Z)

× p′′
(
Y + θ(Z − Y )

)
(Z − Y )2ΣY ΣZdY dZ(1− θ)dθ (2.4.25)

and from Remark 2.4.7,

‖Ω2‖L(L2(Rn)) ≤ C1(n)‖p′′‖2L∞ . (2.4.26)

We write now Ω0 = Ω00 + Ω01, Ω1 = Ω10 + Ω11 with

Ω00 =
1
2

∫∫
p(Y )p′′(Y )(Z − Y )2ΣY ΣZdY dZ,

Ω01 =
∫∫∫ 1

0

(
(pp′′)

(
Y + θ(Z − Y )

)
− (pp′′)(Y )

)
(Z − Y )2ΣY ΣZdY dZ(1− θ)dθ

Ω10 = −1
6

∫∫∫ 1

0

p′(Y )(Z − Y )p′′(Y )(Z − Y )2ΣY ΣZdY dZ,

‖Ω11‖L(L2(Rn)) ≤ C2(n)‖(p′p′′)′‖L∞ . (2.4.27)
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We have also Ω01 = Ω010 + Ω011 with

Ω010 =
1
6

∫∫
(pp′′)′(Y )(Z − Y )(Z − Y )2ΣY ΣZdY dZ,

‖Ω011‖L(L2(Rn)) ≤ C3(n)‖(pp′′)′′‖L∞ . (2.4.28)

From (2.4.23)—(2.4.28), it suffices to check that the following term is a remainder
satisfying the estimate (2.4.22) to get the result of Lemma 2.4.8:

Ω̃ = − 1
4π

∫
p(Y ) trace p′′(Y )ΣY dY +

1
2

Re
∫∫

(pp′′)(Y )(Z − Y )2ΣY ΣZdY dZ

+
1
6

Re
∫∫

(pp′′)′(Y )(Z − Y )(Z − Y )2ΣY ΣZdY dZ

− 1
6

Re
∫∫∫ 1

0

p′(Y )(Z − Y )p′′(Y )(Z − Y )2ΣY ΣZdY dZ. (2.4.29)

The real part of the Weyl symbol of
∫

(Zj −Yj)(Zk −Yk)(Zl−Yl)ΣY ΣZdZ is (see
(2.4.10))∫

(Zj − Yj)(Zk − Yk)(Zl − Yl)e−
π
2 |Y−Z|

2

× cos(2π[X − Y,X − Z])2ne−2π|X−Y +Z
2 |2dZ

=
∫
TjTkTle

−2π|T/2|2 cos(2π[X − Y, T ])2ne−2π|X−Y−T
2 |

2
dT

=
∫
TjTkTl cos(2π[X − Y, T ])e−π|X−Y−T |

2
dT2ne−π|X−Y |

2
= νjkl(X − Y )

with

νjkl(S) =
∫
TjTkTl cos (2π[S, T ])e−π|S−T |

2
dT2ne−π|S|

2
(2.4.30)

= 2ne−π|S|
2
∫

(Tj + Sj)(Tk + Sk)(Tl + Sl) cos (2π[S, T ])e−π|T |
2
dT (2.4.31)

= 2ne−π|S|
2
∫

(TjTkSl + TkTlSj + TlTjSk + SjSkSl) cos (2π[S, T ])e−π|T |
2
dT.

(2.4.32)

We notice that the function S 7→
∫

R2n TjTk exp (2iπ[S, T ])e−π|T |
2
dT is a second-

order derivative of S 7→
∫

R2n exp (2iπ[S, T ])e−π|T |
2
dT = e−π|S|

2
so that

2ne−π|S|
2
Sl

∫
R2n

TjTk cos (2π[S, T ])e−π|T |
2
dT = e−2π|S|2SlPjk(S),

with Pjk even, second-order and real polynomial. The function Sl1Sl2Sl3e
−2π|S|2

is always a linear combination of derivatives of Schwartz functions on R2n, since



110 Chapter 2. Metrics on the Phase Space

if l1 < l2 ≤ l3 it is the derivative with respect to Sl1 of Sl2Sl3e−2π|S|2(−4π)−1,

if l1 = l2 < l3 it is the derivative with respect to Sl3 of Sl1Sl2e−2π|S|2(−4π)−1,

if l1 = l2 = l3 = l it is a linear combination of the third and first derivative
with respect to Sl of e−2π|S|2 , since

(et
2
)′′′ = (12t+ 8t3)et

2
, t3et

2
=

1
8
(et

2
)′′′ − 3

4
(et

2
)′.

As a result the function νjkl defined by (2.4.32) is a linear combination of deriva-
tives with respect to Sj , Sk or Sl of Schwartz functions on R2n. Integrating by
parts in the last two terms of (2.4.29), we see that their L(L2) norm is bounded
from above by C4(n)(‖(pp′′)′′‖L∞ +‖(p′p′′)′‖L∞). Looking at (2.4.29), we see that
we are left with

Ω̃0 = − 1
4π

∫
p(Y ) trace p′′(Y )ΣY dY +

1
2

Re
∫∫

(pp′′)(Y )(Z − Y )2ΣY ΣZdY dZ.

(2.4.33)
The real part of the operator

∫
(Zj − Yj)(Zk − Yk)ΣY ΣZdZ has the Weyl symbol

(function of X)∫
TjTke

−π|X−Y−T |2 cos(2π[X − Y, T ])dT2ne−π|X−Y |
2

(2.4.34)

=
∫ (

(Xj − Yj)(Xk − Yk) + TjTk

)
e−π|T |

2
cos(2π[X − Y, T ])dT2ne−π|X−Y |

2

(2.4.35)

=
∫ (

SjSk + TjTk
)
e−π|T |

2
cos(2π[S, T ])dT2ne−π|S|

2
, S = X − Y. (2.4.36)

• If j 6= k, both terms in (2.4.36) are second order derivatives with respect to Y
of a Schwartz function in R2n. In fact the first term is

SjSk2ne−2π|S|2 = ∂Sj
∂Sk

(
2ne−2π|S|2/16π2

)
= ∂Yj

∂Yk

(
2ne−2π|S|2/16π2

)
and the second term is equal to −Sj′Sk′2ne−2π|S|2 , with j′ 6= k′, also a second-
order derivative. The contribution of these terms in (2.4.33) is then, after integra-
tion by parts, an L2 bounded operator with norm ≤ C5(n)‖(pp′′)′′‖L∞ .
• If j = k, with j′ = j ± n (in fact j′ = j + n if 1 ≤ j ≤ n and j′ = j − n if
1 + n ≤ j ≤ 2n), we note that (2.4.36) is equal to

S2
j 2
ne−2π|S|2 − 1

4π2
e−π|S|

2
∂2
Sj′

(
2ne−π|S|

2)
= 2ne−2π|S|2

(
S2
j −

1
4π2

(4π2S2
j′ − 2π)

)
.

Taking into account the contribution of all these terms in (2.4.33), we see that we
are left with

− 1
4π

∫
p(Y ) trace p′′(Y )ΣY dY +

1
2

∫∫
1
2π

trace(pp′′)(Y )ΣY dY = 0.

The proof of Lemma 2.4.8 is complete. �
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2.5 Basic estimates for pseudodifferential operators

2.5.1 L2 estimates

Theorem 2.5.1. Let g be an admissible metric on R2n(see Definition 2.2.15), a ∈
S(1, g) (cf. Definition 2.2.6). Then aw is bounded on L2(Rn) and ‖aw‖L(L2) can
be estimated by a seminorm of the symbol a.

Before proving this theorem, we need a lemma.

Lemma 2.5.2. Let g be a positive-definite quadratic form on R2n such that g ≤ gσ.
Let a be a smooth function in R2n and U be a g-ball with radius ≤ 1 such that a
is g-confined in U (see Definition 2.3.1). Then

‖aw‖L(L2(Rn)) ≤ C(n)|||a|||(2n+1)
g,U . (2.5.1)

Proof of the lemma. For k ∈ N, we have

â(−Ξ) =
∫ ((

1− 〈g−1DX ,Ξ〉
)k
a
)
(X)e2iπX·ΞdX

(
1 + 〈g−1Ξ,Ξ〉

)−k
,

so that, with k = 2n+ 1,

|â(−Ξ)| ≤
(
1 + 〈g−1Ξ,Ξ〉

)−2n−1
∫ ∑

0≤l≤2n+1

Cl2n+1|a(l)(X)(g−1Ξ)l|dX,

entailing

|â(−Ξ)| ≤
(
1 + 〈g−1Ξ,Ξ〉

)−2n−1

×
∫ ∑

0≤l≤2n+1

Cl2n+1‖a‖
(2n+1,2n+1)
g,U 〈gg−1Ξ, g−1Ξ〉l/2

(
1 + gσ(X − U)

)−n− 1
2 dX.

This gives

|â(−Ξ)| ≤
(
1 + 〈g−1Ξ,Ξ〉

)−2n−1(1 + 〈g−1Ξ,Ξ〉1/2
)2n+1‖a‖(2n+1,2n+1)

g,U

×
∫ (

1 + gσ(X − U)
)−n− 1

2 dX.

With X0 standing for the center of U , we have, with X ′ ∈ U ,

1 + g(X −X0) ≤ 1 + 2g(X −X ′) + 2g(X ′ −X0) ≤ 3 + 2gσ(X −X ′)

and consequently 1 + g(X −X0) ≤ 3
(
1 + gσ(X − U)

)
, so that

|â(−Ξ)|

≤
(
1 + 〈g−1Ξ,Ξ〉

)−n− 1
2 2n+ 1

2 ‖a‖(2n+1,2n+1)
g,U

∫ (
1 + g(X −X0)

)−n− 1
2 dX3n+ 1

2

≤
(
1 + 〈g−1Ξ,Ξ〉

)−n− 1
2 ‖a‖(2n+1,2n+1)

g,U |g|−1/2c(n).
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As a consequence, the L1-norm of â is bounded above by the rhs of (2.5.1), and
using the estimate (2.1.13) we get the result of the lemma. �

Proof of the theorem 2.5.1. It is now a simple matter to obtain the L2-boundedness
of Theorem 2.5.1. We write, using the partition of unity given by Theorem 2.2.7,

aw =
∫
awY |gY |1/2dY

and we note that from the previous lemma, supY ‖awY ‖L(L2) < ∞. Moreover, the
estimates (2.3.4), (2.2.29) imply that, for all l, k = k1 + k2,

|(āY ]aZ)(l)T l|

≤ Ak,l(gY + gZ)(T )l/2
(
1 + (gσY ∧ gσZ)(X − UY ) + (gσY ∧ gσZ)(X − UZ)

)−k/2
≤ Ak,lgY (T )l/2δr(Y,Z)N0lδr(Y, Z)−k1

(
1 + gσY (X − UY )

)−k2/2
δr(Y,Z)N0k2

≤ Ak,lgY (T )l/2
(
1 + gσY (X − UY )

)−k2/2
δr(Y, Z)N0k2+N0l−k1 ,

so that, for l, N,M given, one can choose

k2 = N, k1 −N0N −N0l ≥M

and get that āY ]aZ is gY -confined in UY , so that with the previous lemma, we
obtain

max(‖āwY awZ‖
1/2
L(L2), ‖a

w
Y ā

w
Z‖

1/2
L(L2)) ≤ CMδ(Y,Z)−M (2.5.2)

for all M . To conclude, we note that (2.5.2) implies that the assumptions of (Cot-
lar’s) Lemma 4.7.1 are fulfilled. The proof of the theorem 2.5.1 is complete. �

The following lemma will be useful later on.

Lemma 2.5.3. Let g be an admissible metric on R2n and
∫
ϕY |gY |1/2dY = 1 be a

partition of unity related to g (cf. Theorem 2.2.7). There exists a positive constant
C such that for all u ∈ L2(Rn)

C−1‖u‖2L2(Rn) ≤
∫
‖ϕwY u‖2L2(Rn)|gY |

1/2dY ≤ C‖u‖2L2(Rn). (2.5.3)

Proof of the lemma. The right inequality is indeed a direct consequence of Cotlar’s
lemma 4.7.1 so we leave it to the reader and provide a proof of the more involved
left inequality. The confinement estimates of Theorem 2.3.3 imply that for all
N ≥ 1, there exists CN such that

‖ϕwY ϕwZ‖L(L2) ≤ CNδr(Y,Z)−N .
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Now since the ϕY are real-valued and a partition of unity, we obtain with L2(Rn)
norms and dot products

‖u‖2 =
∫∫

〈ϕwY u, ϕwZu〉|gY |1/2|gZ |1/2dY dZ

≤
∫∫

δr(Y,Z)≤α

( α

δr(Y, Z)

)N0

‖ϕwY u‖‖ϕwZu‖|gY |1/2|gZ |1/2dY dZ

+
∫∫

δr(Y,Z)>α

〈ϕwY ϕwZu, u〉|gY |1/2|gZ |1/2dY dZ︸ ︷︷ ︸
〈Ru, u〉

, (2.5.4)

where α is a positive parameter to be chosen later. We check now the self-adjoint
operator R defined above: from Cotlar’s lemma, we have

‖R‖L(L2) ≤ sup
Y0,Z0

with δr(Y0,Z0)>α

[∫∫
δr(Y,Z)>α

‖ϕwYo
ϕwZo

ϕwY ϕ
w
Z‖

1/2
L(L2)|gY |

1/2|gZ |1/2dY dZ

]
,

and since

‖ϕwYo
ϕwZo

ϕwY ϕ
w
Z‖2L(L2) ≤ ‖ϕ

w
Yo
ϕwZo

‖ ‖ϕwY ϕwZ‖ ‖ϕwYo
‖ ‖ϕwZo

ϕwY ‖ ‖ϕwZ‖

≤ CNδr(Zo, Yo)−NCNδr(Z, Y )−NCNδr(Zo, Y )−N sup
Z
‖ϕwZ‖2,

we get that for N/4 = N1, with N1 such that (2.2.29) holds,

‖R‖L(L2) ≤ C
3/4
N sup

Y
‖ϕwY ‖1/2

sup
Yo,Zo

with δr(Yo,Zo)>α

δr(Yo, Zo)−N/4
∫∫

δr(Y, Z)−N/4δr(Zo, Y )−N/4|gY |1/2|gZ |1/2dY dZ

≤ C
3/4
N sup

Y
‖ϕwY ‖1/2α−N/4

∫
δr(Zo, Y )−N/4

∫
δr(Z, Y )−N/4|gZ |1/2dZ|gY |1/2dY

≤ C
3/4
4N1

sup
Y
‖ϕwY ‖1/2 α−N1C2

0 . (2.5.5)

We choose now the parameter α so that C3/4
4N1

supY ‖ϕwY ‖1/2 α−N1C2
0 = 1/2 and

we get from (2.5.4) and (2.5.5) that

‖u‖2 ≤
∫∫

δr(Y,Z)≤α

( α

δr(Y, Z)

)N1

‖ϕwY u‖‖ϕwZu‖|gY |1/2|gZ |1/2dZdY +
1
2
‖u‖2.

The kernel δr(Y, Z)−N1 is of Schur type (Remark 4.7.3) on L2(R2n, |gZ |1/2dZ)
from (2.2.29) and thus we obtain

‖u‖2 ≤ 2αN1C0

∫
‖ϕwY u‖2|gY |1/2dY,
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which is the statement of the lemma whose proof is now complete. �

2.5.2 The Gårding inequality with gain of one derivative

We want to prove in this section a generalization of Theorems 1.1.26, 1.1.39; it says
that a non-negative symbol of order 1, related to an admissible metric, is quantized
by an operator which is semi-bounded from below. According to the remark 2.2.17,
to be of order 1 for a symbol a means that a ∈ S(λg, g). The main point in this
generalization is that the non-negativity for the operator as a consequence of the
non-negativity of its symbol holds true as well for any admissible metric g.

However, we want also to deal with systems, including infinite-dimensional
systems and prove our inequality in that framework. So far we have dealt only
with scalar-valued (complex-valued) symbols ; let us first consider a symbol a
defined on R2n but valued in the algebra of N ×N matrices. It means simply that
a = (ajk)1≤j,k≤N where each ajk belongs to S(m, g) for some g-admissible weight
m. In the remark 2.1.8, we have already considered that case, including the infinite-
dimensional case where the N ×N matrices are replaced by the algebra B(H) of
bounded operator on some Hilbert space. Although many results can be extended
without much change to this “matrix-valued” case, it is very important to keep in
mind that B(H) is not commutative as soon as dim H > 1 and that the composition
formula and the Poisson bracket should be given the proper definition, taking into
account the position of the various terms. Anyhow, we shall skip checking all
the details of that calculus for systems of pseudodifferential operators and take
advantage of the very simple proof using the Wick calculus to extend the result
to that case.

Theorem 2.5.4. Let g be an admissible metric on R2n, H be a Hilbert space, a be a
symbol in S(λg, g) valued in the non-negative symmetric bounded operators on H.
Then the operator aw is semi-bounded from below, and more precisely, there exists
l ∈ N and C depending only on n such that

∀u ∈ S (Rn; H), 〈awu, u〉+ C‖a‖(l)S(λg,g)
‖u‖2L2(Rn;H) ≥ 0. (2.5.6)

Under the same hypothesis, the same result is true with 〈awu, u〉 replaced by
Re〈a(x,D)u, u〉.

Proof. Using Theorem 2.2.7, one can find a family (ϕY )Y ∈R2n of functions uni-
formly in S(1, g) supported in UY,r, nonnegative, such that

∫
ϕY |gY |1/2dY = 1.

With (ψY )Y ∈R2n uniformly in S(1, g) and real-valued, supported in UY,2r, equal
to 1 on UY,r, we have

ψY ]ϕY a]ψY = ϕY a+ rY , (2.5.7)

and Proposition 2.3.16 implies that (rY )Y ∈R2n is a uniformly confined family of
symbols, so that

aw ≡
∫

R2n

ψwY (ϕY a)wψwY |gY |1/2dY, mod L (L2(Rn)). (2.5.8)
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The symbol ϕY a belongs uniformly to S(λg(Y ), gY ) ⊂ S(λg(Y ), λg(Y )−1g\Y ),
thanks to (2.2.22) and g\Y = (g\Y )σ. Using a linear symplectic mapping and Segal’s
formula of Theorem 2.1.2, we get that (ϕY a)w is unitary equivalent to some αw
with 0 ≤ α ∈ S(µ, µ−1|dX|2) with seminorms bounded above independently of
Y and µ = λg(Y ). Proposition 2.4.3(1)(2) imply that αw + C ≥ 0, where C is a
seminorm of α and thus of a, so that (aϕY )w + C ≥ 0. Plugging this in (2.5.8),
we get the result since ∫

ψwY ψ
w
Y |gY |1/2dY ∈ L (L2(Rn)), (2.5.9)

thanks to Cotlar’s lemma. �

Comment. The reader may think that we did not pay much attention to the fact
that the symbol was valued in B(H); in fact, since the ψY , χY are scalar-valued,
the formulas (2.5.7), (2.5.8) hold without change (except that L2(Rn) becomes
L2(Rn; H)) and it is a simple matter to check that the B(H)-valued version of
Proposition 2.4.3 holds true, with the non-negativity condition a(X) ≥ 0 meaning
a(X) nonnegative symmetric bounded operator in H.

2.5.3 The Fefferman-Phong inequality

First versions

Let us consider a classical second-order symbol a(x, ξ), i.e. a smooth function
defined on Rn × Rn such that, for all multi-indices α, β

|(∂αξ ∂βxa)(x, ξ)| ≤ Cαβ(1 + |ξ|)2−|α|. (2.5.10)

The Fefferman-Phong inequality states that, if a satisfies (2.5.10) and is a non-
negative function, there exists C such that, for all u ∈ S(Rn),

Re〈a(x,D)u, u〉L2(Rn) + C‖u‖2L2(Rn) ≥ 0, (2.5.11)

or equivalently (with an a priori different constant C)

aw + C ≥ 0. (2.5.12)

The constant C in (2.5.11), (2.5.12) depends only a finite number of Cαβ in
(2.5.10). More generally, we shall prove the following extension of Theorem 2.5.4,
extension which works only in the scalar case (i.e. for scalar-valued symbols).

Theorem 2.5.5. Let g be an admissible metric on R2n, a be a nonnegative symbol
in S(λ2

g, g). Then the operator aw is semi-bounded from below, and more precisely,
there exists l ∈ N and C depending only on n such that

∀u ∈ S (Rn), 〈awu, u〉+ C‖a‖(l)S(λ2
g,g)

‖u‖2L2(Rn) ≥ 0. (2.5.13)

Under the same hypothesis, the same result is true with 〈awu, u〉 replaced by
Re〈a(x,D)u, u〉.
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Reduction to the constant-metric case. This theorem is a consequence of the same
statement where g is replaced by a constant metric, i.e. a positive-definite quadratic
form on R2n such that g ≤ gσ. Using the partition of unity (ϕY )Y ∈R2n given by
Theorem 2.2.7, of functions uniformly in S(1, g) supported in UY,r, nonnegative,
such that

∫
ϕY |gY |1/2dY = 1. With (ψY )Y ∈R2n uniformly in S(1, g), supported in

UY,2r, equal to 1 on UY,r, we have

ψY ]ϕY a]ψY = ϕY a+ rY , (2.5.14)

with (rY )Y ∈R2n a uniformly confined family of symbols (see Proposition 2.3.16),
implying that aw is equal modulo L (L2(Rn)) to

∫
ψwY (ϕY a)wψwY |gY |1/2dY . Now

the symbol ϕY a is nonnegative and uniformly in S(λg(Y )2, gY ) and the result for
a constant metric gY will give the result, applying (2.5.9). We are left with the
proof of Theorem 2.5.5 in the case g constant metric. �

The papers [25], [118] contain some counterexamples to the generalization of
the above statement to systems, and we shall see that the proof is heavily relying
on a Calderón-Zygmund decomposition for a nonnegative function. We are also
concerned with the number of derivatives necessary to handle (2.5.13), i.e. to give
an explicit bound from above for the number l occurring there. We have chosen
to prove a more precise result involving an algebra of pseudodifferential operators
introduced by J.Sjöstrand in [130] and [131]. To formulate our result, we need first
to introduce that algebra.

Sjöstrand algebra of pseudodifferential operators

In [130] and [131], J. Sjöstrand introduced a Wiener-type algebra of pseudod-
ifferential operators as follows. Let Z2n be the standard lattice in R2n

X and let
1 =

∑
j∈Z2n χ0(X − j), χ0 ∈ C∞c (R2n), be a partition of unity. We note χj(X) =

χ0(X − j).

Proposition 2.5.6. Let a be a tempered distribution on R2n. We shall say that a
belongs to the class A if ωa ∈ L1(R2n), with ωa(Ξ) = supj∈Z2n |F(χja)(Ξ)|, where
F is the Fourier transform. Moreover, we have

S0
0,0 ⊂ S0

0,0;2n+1 ⊂ A ⊂ C0(R2n) ∩ L∞(R2n), (2.5.15)

where S0,0;2n+1 is the set of functions defined on R2n such that |(∂αξ ∂βxa)(x, ξ)| ≤
Cαβ for |α|+ |β| ≤ 2n+ 1. A is a Banach algebra for the multiplication with the
norm ‖a‖A = ‖ωa‖L1(R2n).

Proof. In fact, we have the implications a ∈ A =⇒ F(χja) ∈ L1(R2n) =⇒ χja ∈
C0 ∩ L∞, and, since the sum is locally finite with a fixed overlap12, we get a ∈
C0 ∩ L∞. Moreover, if a ∈ S0

0,0;2n+1, i.e. is bounded as well as all its derivatives

12If ∩j∈J supp χj 6= ∅ then cardJ ≤ N0, where N0 depends only on the compact set supp χ0.
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of order ≤ 2n + 1, we have, with P (Ξ) = (1 + ‖Ξ‖2)n the formula F(χja)(Ξ) =
P (Ξ)−1F

(
P (DX)(χja)

)
. We get the identity

F(χja)(Ξ) = P (Ξ)−1(Ξ1 + i)−1F
(
(DX1 + i)P (DX)(χja)

)
.

This entails, in the cone {Ξ ∈ R2n, 2n|Ξ1| ≥ ‖Ξ‖} and thus everywhere13

|F(χja)(Ξ)| ≤ P (Ξ)−1(1 + ‖Ξ‖)−1︸ ︷︷ ︸
∈L1(R2n)

mes(suppχ0) sup
0≤k≤2n+1

‖a(l)‖L∞Cn,

yielding the result. � �

Remark 2.5.7. Since 1 ∈ A, A is not included in F(L1(R2n)). Moreover A contains
F(L1): let a be a function in F(L1). With the above notations, we have

|F(χja)(Ξ)| =
∣∣∣∣∫ χ̂0(Ξ−N)â(N)e2iπj(N−Ξ)dN

∣∣∣∣ ≤ ∫ |χ̂0(Ξ−N)||â(N)|dN,

and thus
∫
|ωa(Ξ)|dΞ ≤ ‖â‖L1‖χ̂0‖L1 , which gives the inclusion. Moreover, A is a

Banach commutative algebra for the multiplication.

Proposition 2.5.8. The algebra A is stable by change of quantization, i.e. for all t
real, a ∈ A ⇐⇒ J ta = exp(2iπtDx ·Dξ)a ∈ A. The bilinear map a1, a2 7→ a1]a2 is
defined on A×A and continuous valued in A, which is a (noncommutative) Banach
algebra for ]. The maps a 7→ aw, a(x,D) are continuous from A to L(L2(Rn)).

Proof. The proof is given in [130]. A. Boulkhemair established a lot more results
on this algebra in his paper [21]. �

Remark 2.5.9. The standard Wiener’s Lemma states that if a ∈ `1(Zd) is such that
u 7→ a ∗ u = Cau is invertible as an operator on `2(Zd), then the inverse operator
is of the form Cb for some b ∈ `1(Zd). In [131] the author is proving several types
of Wiener lemma for A. First a commutative version, saying that if a ∈ A and
1/a is a bounded function, then 1/a belongs to A. Next, the theorem 4.1 of [131]
provides a noncommutative version of the Wiener lemma for the algebra A: if an
operator aw with a ∈ A is invertible as a continuous operator on L2, then the
inverse operator is bw with b ∈ A. In the paper [51], K. Gröchenig and M. Leinert
prove several versions of the noncommutative Wiener lemma, and their definition
of the twisted convolution ((1.1) in [51]) is indeed very close to (a discrete version
of) the composition formula (1.2.2) above.

Also J. Sjöstrand proved in the proposition 5.1 of [131] the standard Gårding
inequality with gain of one derivative for his class, in the semi-classical setting,
where h is a small parameter in (0, 1]:

a ≥ 0, a′′ ∈ A =⇒ a(x, hξ)w + Ch ≥ 0. (2.5.16)
13 R2n = ∪1≤k≤2n{Ξ ∈ R2n, 2n|Ξk| ≥ ‖Ξ‖} since the complement of that union is empty: it

is not possible to find Ξ so that max1≤k≤2n 2n|Ξk| < ‖Ξ‖ ≤ 2n max1≤k≤2n |Ξk|.



118 Chapter 2. Metrics on the Phase Space

A consequence of the result of [21] is that14

a ≥ 0, a(4) ∈ S0
0,0 =⇒ a(x, hξ)w + Ch2 ≥ 0. (2.5.17)

We shall improve that statement, keeping the conclusion and weakening the hy-
pothesis:

a ≥ 0, a(4) ∈ A =⇒ a(x, hξ)w + Ch2 ≥ 0. (2.5.18)

From the first two inclusions in (2.5.15), we see that (2.5.18) implies (2.5.17).
Moreover the constant C in (2.5.18) will depend only on the dimension and on
the norm of a(4) in A, which is much more precise than the dependence of C in
(2.5.17), which depends on a finite number of semi-norms of a in S0

0,0. Although
(2.5.18) looks stronger than (2.5.16) since h2 � h, it is not obvious to actually
deduce (2.5.16) from (2.5.18). Anyhow we shall see that they are both true and
that the proof of (2.5.16) is an immediate consequence of the most elementary
properties of the so-called Wick quantization exposed in our section 2.4.1. Note also
that a version of the Hörmander-Melin inequality with gain of 6/5 of derivatives
was given, in the semi-classical setting, by F. Hérau ([61]): this author used the
assumption (6.4) of the theorem 6.2 of [73], but with a limited regularity on the
symbol a, which is only such that a(3) ∈ A.

Fefferman-Phong inequalities

Theorem 2.5.10. Let n be a positive integer. There exists a constant Cn such that,
for all nonnegative functions a defined on R2n satisfying a(4) ∈ A, the operator
aw is semi-bounded from below and, more precisely, satisfies

aw + Cn‖a(4)‖A ≥ 0. (2.5.19)

The Banach algebra A is defined in Proposition 2.5.6. Note that the constant Cn
depends only on the dimension n.

Proof. The proof is given in the subsection starting on page 122. �

Corollary 2.5.11. Let n be a positive integer.

(i) Let a(x, ξ) be a nonnegative function defined on Rn × Rn such that (2.5.10)
is satisfied for |α| + |β| ≤ 2n + 5. Then (2.5.11) and (2.5.12) hold with a
constant C depending only on n and on max|α|+|β|≤2n+5 Cαβ.

(ii) Let a(x, ξ, h) be a nonnegative function defined on Rn×Rn× (0, 1] such that

|(∂αξ ∂βxa)(x, ξ, h)| ≤ h|α|Cαβ , for 4 ≤ |α|+ |β| ≤ 2n+ 5.

Then aw + Ch2 ≥ 0 and Re a(x,D) + Ch2 ≥ 0 hold with a constant C
depending only on n and on max4≤|α|+|β|≤2n+5 Cαβ.

14In fact the operator h−2a(x, hξ)w is unitarily equivalent to h−2a(h1/2x, h1/2ξ)w and the
function b(x, ξ) = h−2a(h1/2x, h1/2ξ) is nonnegative and satisfies b(4)(x, ξ) = a(4)(h1/2x, h1/2ξ)
which is uniformly in S0

0,0 whenever h is bounded and a(4) ∈ S0
0,0.
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(iii) Let a(x, ξ) be a nonnegative function defined on Rn×Rn such that a(4) belongs
to A. Then a(x, hξ)w+C

∥∥a(4)
∥∥
A h

2 ≥ 0 and Re a(x, hD)+C
∥∥a(4)

∥∥
A h

2 ≥ 0
hold with a constant C depending only on n.

(iv) Let a(x, ξ, h) be a nonnegative function defined on Rn×Rn× (0, 1] such that,
for |α|+|β| = 4, the functions (x, ξ) 7→ (∂β1 ∂

α
2 a)(xh

1/2, ξh−1/2, h)h−|α| belong
to A with a norm bounded above by ν0 for all h ∈ (0, 1]. Then aw+Cν0h2 ≥ 0
and Re a(x,D) + Cν0h

2 ≥ 0 hold with a constant C depending only on n.

Proof. That corollary is proven in the subsection starting on page 129. �

Remark 2.5.12. The recent paper [23] by A. Boulkhemair cuts significantly the
requirement on the number of derivatives down to n+ 4 + ε.
Remark 2.5.13. Theorem 2.5.10 implies Theorem 2.5.5 since it implies the con-
stant metric particular case of the latter statement. In fact repeating the argument
before (2.5.9), we see that for a nonnegative in S(λ2

g, g) where g is a constant admis-
sible metric, i.e. a positive-definite quadratic form such that g ≤ gσ, the operator
aw is unitarily equivalent to αw where α is nonnegative in S(µ2, µ−1|dX|2) with
the same seminorms and µ ≥ 1; in particular we have that α(4) belongs to S0

0,0

which is a subset of A. Applying Theorem 2.5.10 gives readily the constant-metric
case.
Remark 2.5.14. We have paid attention to counting precisely the number of deriva-
tives only for the standard metric |dx|2 + 〈ξ〉−2|dξ|2 and not for any admissible
metric. However, we do not have any necessary condition supporting the sharpness
of the requirements of the best results of [23]. It is certainly possible to obtain a
rather explicit estimate of l in Theorem 2.5.5, but the reader will see in the proof
that to obtain that the operator

∫
rwY |gY |1/2dY is a bounded operator in L2(Rn)

with rY defined by (2.5.14), requires some effort, even in the standard case. In the
case of a general admissible metric, it is quite likely that the Corollary 2.5.11(i)
can be generalized, and maybe improved as in [23], but we have not pursued these
improvements. The number of derivatives required to have the Fefferman-Phong
inequality for a general admissible metric will be of course larger than for the
constant metric (say 4+n+ε as in [23]), but that number seems also to depend
on the temperance properties of the metric, namely on the number N1 occurring
in (2.2.29). The notions introduced in our definition 4.9.10 may play a rôle in
formulating a statement on this topic.

The following improvement of the Gårding inequality with gain of one deriva-
tive is due to J. Sjöstrand in [131].

Theorem 2.5.15. Let a be a nonnegative function defined on R2n such that the
second derivatives a′′ belongs to A. Then we have

aw + Cn‖a′′‖A ≥ 0. (2.5.20)

Proof. Although a proof of this result is given in [131](proposition 5.1), it is a nice
and simple introduction to our more complicated argument of the sequel. From
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the proposition 2.4.3, we have

aw = aWick − r(a)w ≥ −r(a)w,

with r(a)(X) =
∫ 1

0

∫
R2n(1− θ)a′′(X+ θY )Y 2e−2π|Y |22ndY dθ. Since A is stable by

translation (see Lemma 4.8.1), we see that r(a) ∈ A and thus r(a)w is bounded
on L2(Rn) from the proposition 2.5.8. �

Remark 2.5.16. This theorem implies as well the following semi-classical version;
let a be function satisfying the assumption of Theorem 2.5.15. For h ∈ (0, 1],
we define Ah(x, ξ) = h−1a(xh1/2, ξh1/2). The function Ah is nonnegative with a
second derivative bounded in A by cst×‖a′′‖A (see Lemma 4.8.1), so that the
previous theorem implies, with C depending only on the dimension, that Awh +
C‖a′′‖A ≥ 0. Since Awh is unitarily equivalent to h−1a(x, hξ)w, this gives

a(x, hξ)w + hC‖a′′‖A ≥ 0. (2.5.21)

Proof of Theorem 2.5.10, Step 1: Sharp estimates for the remainders

Property (2.4.6) falls short of providing a proof for the Fefferman-Phong inequality,
which gains two derivatives. However, we shall be able to use some of the prop-
erties of that quantization to handle an improved version of the Fefferman-Phong
inequality.

Lemma 2.5.17. Let a be a function defined on R2n such that the fourth derivatives
a(4) belong to A. Then we have

aw =
(
a− 1

8π
trace a′′

)Wick
+ ρ0(a(4))w,

with ρ0(a(4)) ∈ A and more precisely ‖ρ0(a(4))‖A ≤ Cn‖a(4)‖A.

Proof. The Weyl symbol σa of aWick is

σa(X) =
∫
a(X + Y )2ne−2π|Y |2dY

= a(X) +
∫

1
2
a′′(X)Y 22ne−2π|Y |2dY

+
1
3!

∫∫ 1

0

(1− θ)3a(4)(X + θY )Y 42ne−2π|Y |2dY dθ

= a(X) +
1
8π

trace a′′(X)

+
1
3!

∫∫ 1

0

(1− θ)3a(4)(X + θY )Y 42ne−2π|Y |2dY dθ.
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Moreover the Weyl symbol θa of (trace a′′)Wick is, from Proposition 2.4.3,

θa(X) = trace a′′(X) +
∫ 1

0

∫
R2n

(1− θ)(trace a′′)′′(X + θY )Y 2e−2π|Y |22ndY dθ.

As a result, the Weyl symbol of the operator
(
a− 1

8π trace a′′
)Wick

is

a+
1
3!

∫∫ 1

0

(1− θ)3a(4)(X + θY )Y 42ne−2π|Y |2dY dθ

− 1
8π

∫ 1

0

∫
R2n

(1− θ)(trace a′′)′′(X + θY )Y 2e−2π|Y |22ndY dθ.

We get the equality in the lemma with

ρ0(a(4))(X) =
1
8π

∫ 1

0

∫
R2n

(1− θ)(trace a′′)′′(X + θY )Y 2e−2π|Y |22ndY dθ

− 1
3!

∫∫ 1

0

(1− θ)3a(4)(X + θY )Y 42ne−2π|Y |2dY dθ. (2.5.22)

We note now that ρ0 depends linearly on a(4) and that

ρ0(a(4))(X) =
∫∫ 1

0

a(4)(X + θY ) M(θ, Y )︸ ︷︷ ︸
polynomial

in Y, θ.

e−2π|Y |2dY dθ. (2.5.23)

Looking now at the formula (2.5.23) and applying the lemma 4.8.1, we get

‖ρ0(a(4))‖A ≤
∫∫ 1

0

M(θ, Y )e−2π|Y |2dY dθC0‖a(4)‖A = C1‖a(4)‖A.

The proof of Lemma 2.5.17 is complete. �

Remark 2.5.18. We note that, from the lemma 2.5.17 and the L2-boundedness of
operators with symbols in A, Theorem 2.5.19 is reduced to proving

a ≥ 0, a(4) ∈ A =⇒
(
a− 1

8π
trace a′′

)Wick
is semi-bounded from below. (2.5.24)

Naturally, one should not expect the quantity a − 1
8π trace a′′ to be nonnegative:

this quantity will take negative values even in the simplest case a(x, ξ) = x2 + ξ2,
so that the positivity of the quantization expressed by (2.4.6) is far from enough
to get our result. We shall prove below a stronger version of (2.5.24). In particular,
one may certainly weaken the assumption down to require only the implicit-looking
(a(4))w ∈ L (L2(Rn)).
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The proof, Step 2: nonnegative C3,1 functions are sum of squares of C1,1 functions

The key element in the proof is the following result on the decomposition of a
C3,1 nonnegative function as a sum of squares of functions in C1,1 with controlled
bounds .

Theorem 2.5.19. Let m be a nonnegative integer. There exists an integer N and a
positive constant C such that the following property holds. Let a be a nonnegative
C3,1 function15 defined on Rm such that a(4) ∈ L∞; then we can write

a =
∑

1≤j≤N

b2j , (2.5.25)

where the bj are C1,1 functions such that b′′j , (b′jb′′j )′, (bjb′′j )′′ ∈ L∞. More precisely,
we have

‖b′′j ‖2L∞ + ‖(b′jb′′j )′‖L∞ + ‖(bjb′′j )′′‖L∞ ≤ C‖a(4)‖L∞ . (2.5.26)

Note that this implies that each function bj is such that b2j is C3,1 and that N and
C depend only on the dimension m.

Comment. Part of this theorem is a consequence of the classical proof of the
Fefferman-Phong inequality ([44]) and of the more refined analysis of J.-M. Bony in
[16] (see also [53] and [133]). However the control of the L∞ norm of the quantities
(b′jb

′′
j )
′, (bjb′′j )

′′ is more difficult to achieve. Naturally the inequality (2.5.26) is a
key element of our proof, since it is connected with the estimates (2.4.22).

Proof of the theorem. We define

ρ(x) =
(
|a(x)|+ |a′′(x)|2

)1/4
, Ω = {x, ρ(x) > 0}, (2.5.27)

assuming as we may ‖a(4)‖L∞ ≤ 1. Note that, since ρ is continuous, the set Ω
is open. The metric |dx|2/ρ(x)2 is slowly varying in Ω (see the lemma 4.3.13):
∃r0 > 0, C0 ≥ 1 such that

x ∈ Ω, |y − x| ≤ r0ρ(x) =⇒ y ∈ Ω, C−1
0 ≤ ρ(x)

ρ(y)
≤ C0. (2.5.28)

The constants r0, C0 can be chosen as “universal” constants, thanks to the nor-
malization on a(4) above. Moreover, using Lemma 4.3.11, the nonnegativity of a
implies with γj = 1 for j = 0, 2, 4, γ1 = 3, γ3 = 4,

|a(j)(x)| ≤ γjρ(x)4−j , 1 ≤ j ≤ 4. (2.5.29)

Applying Theorem 4.3.7, we get the following lemma.

15A C3,1 function is a C3 function whose third-order derivatives are Lipschitz continuous.
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Lemma 2.5.20. Let a, ρ,Ω, r0 be as above. There exists a positive number r′0 ≤ r0,
such that for all r ∈]0, r′0], there exists a sequence (xν)ν∈N of points in Ω and
a positive number Mr, such that the following properties are satisfied. We define
Uν , U

∗
ν , U

∗∗
ν as the closed Euclidean balls with center xν and radius rρν , 2rρν , 4rρν

with ρν = ρ(xν). There exist two families of nonnegative smooth functions on Rm,
(ϕν)ν∈N, (ψν)ν∈N such that∑

ν

ϕ2
ν(x) = 1Ω(x), suppϕν ⊂ Uν , ψν ≡ 1 on U∗ν , suppψν ⊂ U∗∗ν ⊂ Ω.

Moreover, for all l ∈ N, we have

sup
x∈Ω,ν∈N

‖ϕ(l)
ν (x)‖ρlν + sup

x∈Ω,ν∈N
‖ψ(l)

ν (x)‖ρlν <∞.

The overlap of the balls U∗∗ν is bounded, i.e.⋂
ν∈N

U∗∗ν 6= ∅ =⇒ #N ≤Mr.

Moreover, ρ(x) ∼ ρν all over U∗∗ν (i.e. the ratios ρ(x)/ρν are bounded above and
below by a fixed constant, provided that x ∈ U∗∗ν ).

Since a is vanishing on Ωc, we obtain

a(x) =
∑
ν∈N

a(x)ϕ2
ν(x). (2.5.30)

Definition 2.5.21. Let a, ρ,Ω be as above. Let θ be a positive number ≤ θ0, where
θ0 is a fixed constant satisfying the requirements of Lemma 4.3.17. A point x ∈ Ω
is said to be

(i) θ-elliptic whenever a(x) ≥ θρ(x)4,
(ii) θ-nondegenerate whenever a(x) < θρ(x)4 : we have then ‖a′′(x)‖2 ≥

ρ(x)4/2.

We go on now with the proof of Theorem 2.5.19. We choose a positive number
θ satisfying the condition in Definition 2.5.21. We choose a positive number r ≤ r′0
as defined in Lemma 2.5.20 and we consider a sequence (xν) as in that lemma. We
assume also that 4r ≤ θ/8, so that Lemma 2.5.20 can be applied on the ball U∗∗ν .

Let us first consider the “elliptic” indices ν such that xν is θ-elliptic. Accord-
ing to the lemma 4.3.15, for x ∈ U∗∗ν , we have a(x) ∼ ρ4

ν , so that with

bν(x) = a(x)1/2ψν(x), b2ν = aψ2
ν , ϕ2

νb
2
ν = aϕ2

ν (2.5.31)

and on suppϕν (where ψν ≡ 1),
b′ν = 2−1a−1/2a′,

b′′ν = −2−2a−3/2a′
2 + 2−1a−1/2a′′,

b′′′ν = 3× 2−3a−5/2a′
3 − 3

4a
−3/2a′a′′ + 2−1a−1/2a′′′,

b
(4)
ν = − 15

16a
−7/2a′

4 + 9
4a
−5/2a′

2
a′′ − 3

4a
−3/2a′′

2 − a−3/2a′a′′′ + 1
2a
−1/2a(4),
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yielding
|b′ν | ≤ 2−1a−1/2|a′| . a−1/2ρ3 . ρ,

|b′′ν | . a−3/2ρ6 + a−1/2ρ2 . 1,
|b′′′ν | . a−5/2ρ9 + a−3/2ρ3ρ2 + a−1/2ρ . ρ−1,

|b(4)ν | . a−7/2ρ12 + a−5/2ρ6ρ2 + a−3/2ρ4 + a−3/2ρ3ρ+ a−1/2 . ρ−2.

Note in particular that

|bνb(4)ν |+ |b(1)ν b(3)ν |+ |b(2)ν b(2)ν | ≤ C(θ). (2.5.32)

The whole difficulty is concentrated on the next case.
The nondegenerate indices ν are those for which xν is θ-nondegenerate. Since

4r ≤ θ/8 ≤ θ1/2, we can apply the remark 4.3.18 on the product16

Qν = [−θ1/4ρν + xν1, θ
1/4ρν + xν1]×BRm−1(x′ν , θ

1/2ρν),

where xν = (xν1, x′ν) ∈ R× Rm−1. There exists

α : BRm−1(x′ν , θ
1/2ρν) → [xν1 − θ1/4ρν , xν1 + θ1/4ρν ]

such that
∂1a(α(x′), x′) = 0 (2.5.33)

and ∂2
1a(x) ≥ ρ2

ν/2 for |x− xν | ≤ R0ρν where R0 = 10−2 according to the lemma
4.3.16. We have on Qν

a(x) = a(x1, x
′)

=
∫ 1

0

(1− t)∂2
1a
(
α(x′) + t(x1 − α(x′)), x′

)
dt
(
x1 − α(x′)

)2 + a(α(x′), x′).

(2.5.34)

According to the remark 4.3.18, we recall that we have for |x′ − x′ν | ≤ θ1/2ρν ,
|α(x′)− xν1| ≤ θ1/4ρν ,

|α′(x′)| ≤ 2ρ−2
ν ρ(α(x′), x′)2 ≤ 2C2

0 = C1,

|α′′(x′)| ≤ 2ρ−2
ν

(
42C4

0 + 42C2
0 + 12

)
ρ(α(x′), x′) ≤ C2ρ

−1
ν ,

|α′′′(x′)| ≤ C3ρ
−2
ν ,

(2.5.35)

with universal constants Cj . Let us now compute the derivatives of the function

B′ = BRm−1(x′ν , θ
1/2ρν) 3 x′ 7→ a(α(x′), x′) = c(x′). (2.5.36)

16Naturally the choice of the linear coordinates depends on the index ν, according to the
remark 4.3.18. Note also that U∗∗ν ⊂ Qν ⊂ B(xν , R0ρν) since 4r ≤ θ1/2 ≤ θ1/4 ≤ R0, according
to the previous requirements on r and θ and also to the condition on θ in the lemma 4.3.17.



2.5. Basic estimates for pseudodifferential operators 125

We have, denoting by ∂2 the partial derivative with respect to x′,

c′ = α′∂1a+ ∂2a = ∂2a (here we use the identity ∂1a(α(x′),x′) ≡ 0),

c′′ = α′∂1∂2a+ ∂2
2a,

c′′′ = α′′∂1∂2a+ α′
2
∂2
1∂2a+ 2α′∂1∂

2
2a+ ∂3

2a,

c′′′′ = α′′′∂1∂2a+ 3α′′α′∂2
1∂2a+ 3α′′∂1∂

2
2a+ α′

3
∂3
1∂2a+ 3α′2∂2

1∂
2
2a

+ 3α′∂1∂
3
2a+ ∂4

2a,

and we obtain

|c′| . ρ3, |c′′| . ρ2, |c′′′| . ρ−1ρ2 + ρ ∼ ρ, |c′′′′| . ρ−2ρ2 + ρ−1ρ+ 1 ∼ 1,

so that
c ∈ C3,1(B′), |c(j)| . ρ4−j

ν , 0 ≤ j ≤ 4. (2.5.37)

Since ∂2
1a & ρ2 on Qν , we can define

R(x) = ω(x)1/2, ω(x) =
∫ 1

0

(1− t)∂2
1a
(
α(x′) + t(x1 − α(x′)), x′

)
dt. (2.5.38)

Note also that the identity (on Qν), a = R(x)2(x1 − α)2 + a(α(x′), x′) forces the
function

B(x) = R(x)2(x1 − α)2

to be C3,1(Qν) with a j-th derivative bounded above in absolute value by ρ4−j
ν

(0 ≤ j ≤ 4) since it is the case for a and c (this fact is not obvious since the
function R is a priori only C1,1 ). Defining on Qν

b(x) = R(x)
(
x1 − α(x′)

)
, (2.5.39)

we see that
a = b2 + c, |(b2)(j)| = |B(j)| . ρ4−j

ν , 0 ≤ j ≤ 4. (2.5.40)

As a consequence with β = x1 − α(x′), b2 = R2β2 = B ∈ C3,1,

R2β2 =

=0︷ ︸︸ ︷
B(α(x′), x′) +

∈C2,1︷ ︸︸ ︷∫ 1

0

∂1B(α(x′) + θ(x1 − α(x′)), x′)dθ β,

|β(j)| . ρ1−j , 0 ≤ j ≤ 3,

and since β vanishes on a hypersurface{
R2β =

∫ 1

0
∂1B(α(x′) + θ(x1 − α(x′)), x′)dθ ∈ C2,1,

|(R2β)(j)| . ρ3−j
ν , 0 ≤ j ≤ 3, (from (2.5.40)).

(2.5.41)
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Also we have 0 < R2 = ω ∈ C1,1, ω ∼ ρ2
ν and from (2.5.38), (2.5.35),

|ω(j)| . ρ2−j
ν , 0 ≤ j ≤ 2, (2.5.42)

entailing that with R = ω1/2,

|R′ =
1
2
ω−1/2ω′| . 1, |R′′ = −1

4
ω−3/2ω′

2 +
1
2
ω−1/2ω′′| . ρ−3

ν ρ2
ν + ρ−1

ν ∼ ρ−1
ν .

(2.5.43)
Using Leibniz’ formula, we get

(R2β)′′′ = (ωβ)′′′ = ω′′′β + 3ω′′β′ + 3ω′β′′ + ωβ′′′,

which makes sense since ω′′′ is a distribution of order 1 and β is C2,1 (see (2.5.35)).
From (2.5.41), we know that (ωβ)′′′ is L∞, and since it is also the case of ω′′β′,
ω′β′′, ωβ′′′ from (2.5.42) and (2.5.35), we get that ω′′′β belongs to L∞ and

|ω′′′β| . 1. (2.5.44)

On the other hand we have

ω′′′ = 2(RR′)′′ = 2(R′2 +RR′′)′ = 4R′R′′ + 2(RR′′)′ = 6R′R′′ + 2 R︸︷︷︸
C1,1

R′′′︸︷︷︸
distribution
of order 1

entailing from (2.5.44), that β(6R′R′′ + 2RR′′′) is L∞ and since it is the case
of βR′R′′ (from (2.5.35) and (2.5.43)), we get that βRR′′′ is L∞ and, using the
section 4.2.2, we obtain

|βRR′′′| . 1, i.e. for all multi-indices γ with length 3, |βR∂γxR| . 1. (2.5.45)

With b = Rβ, we get b′b′′ = (R′β + Rβ′)(R′′β + 2R′β′ + Rβ′′) and to check that
(b′b′′)′ is in L∞ with

|(b′b′′)′| . 1, (2.5.46)

it is enough (see (2.5.35), (2.5.43)) to check the derivatives of R′′βR′β, R′′βRβ′
which are, up to bounded terms (see the section 4.3.2 in the appendix for the
meaning of the products)

R′′′βR′β = R′′′βRR′
β

R
, R′′′βRβ′

which are bounded according to (2.5.45)-(2.5.43)-(2.5.35). Note that b′′ is bounded
from (2.5.43) and (2.5.35). We want also to verify that (bb′′)′′ is bounded. We use
that (b2)(4) is bounded from (2.5.40) and since we have

(b2)′′′′︸ ︷︷ ︸
bounded
(2.5.40)

= 2(b′ ⊗ b′ + bb′′)′′ = 2 (b′ ⊗ b′′ + b′′ ⊗ b′)′︸ ︷︷ ︸
bounded
(2.5.46)

+2(bb′′)′′, (2.5.47)
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we obtain17 the boundedness of (bb′′)′′.
Remark 2.5.22. Before going on, we should note that our functions b, c above are
only defined on Qν where holds the identity a(x) = b(x)2 + c(x′). We can replace
the function c above by

c̃(x′) = c(x′)χ
(
(x′ − x′ν)θ

−1/2ρ−1
ν

)
where χ ∈ C∞c (Rm−1) supported in the unit ball and equal to 1 in the ball of
radius 1/2, so that c̃ is defined on Rm−1 and the identity a = b2 + c̃ holds on

xν +
1
2
(Qν − xν) ⊃ U∗ν ⊃ suppϕν .

The bounds on the derivatives are unchanged as long as θ is fixed, which is the
case.

Taking that remark into account, as well as the above estimates on the deriva-
tives, we have finally, with E2 standing for the nondegenerate indices,

a(x) =
∑
ν∈N

bν(x)2ϕ2
ν(x) +

∑
ν∈E2

aν(x′)ϕ2
ν(x)

|bν | . ρ2
ν , |b′ν | . ρν , |b′′ν | . 1, |(bνb′′ν)′′|+ |(b′νb′′ν)′| . 1

|aν | . ρ4
ν , |a′ν | . ρ3

ν , |a′′ν | . ρ2
ν , |a′′′ν | . ρν , |a′′′′ν | . 1,

aν is defined on Rm−1.

Now, we consider the function Rm−1 3 t 7→ A(t) = ρ−4
ν aν

(
ρνt
)

and we have

|Aν | . 1, |A′ν | . 1, |A′′ν | . 1, |A′′′ν | . 1, |A′′′′ν | . 1.

Following the main argument in the proof by C. Fefferman and D.H. Phong, we
can use an induction on the dimension m to get

A(t) =
∑

1≤j≤Nm−1

B2
j (t), Bj ∈ C1,1, and B′′j , (B

′
jB

′′
j )′, (BjB′′j )′′ ∈ L∞.

Incorporated in the induction hypothesis is that the bounds on B depend only on
the bounds on A(4). We obtain

a(x) =
∑
ν∈N

bν(x)2ϕ2
ν(x) +

∑
ν∈E2

∑
1≤j≤Nm−1

ρ4
νB

2
j,ν(

x′

ρν
)ϕ2
ν(x)

17The equality (2.5.47) is an equality between tensors (0,4) and it might look somewhat pedan-
tic to resort to such notations: the reader may check directly the implication

∀γ, |γ| = 4, ∂γ
x (b2) ∈ L∞

∀γj , 1 ≤ j ≤ 3, |γ1| = 1 = |γ2|, |γ3| = 2, ∂γ1
x (∂γ2

x b∂γ3
x b) ∈ L∞

ff
=⇒ ∀γ3, γ4, |γ3| = 2 = |γ4|, ∂γ3

x (b∂γ4
x b) ∈ L∞.
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i.e.
a(x) =

∑
1≤j≤Nm−1+1

∑
ν∈N

bν,j(x)2ϕ2
ν(x).

One needs to pass to a finite sum, which is quite standard since the overlap of the
support of the functions ϕν is bounded; this last argument is given in the appendix
4.3.6. The proof of the theorem 2.5.19 is complete. �

The proof, Step 3: application of the Wick calculus

Let a be a nonnegative function defined on R2n such that a(4) belongs toA (defined
in Proposition 2.5.6). Applying Lemma 2.5.17 and the L2-boundedness of the
operators with Weyl symbol in A, we see that it suffices to prove that the operator
with Wick symbol a− 1

8π trace a′′ is semi-bounded from below. SinceA ⊂ L∞(R2n),
it is enough to prove the following lemma.

Lemma 2.5.23. Let a be a nonnegative function defined on R2n such that a(4)

belongs to L∞(R2n). Theorem 2.5.19 is providing a decomposition a =
∑

1≤j≤N b
2
j

along with the estimates (2.5.26). Then we have

(
a− 1

8π
trace a′′

)Wick
=

∑
1≤j≤N

[(
bj −

1
8π

trace b′′j
)Wick

]2

+R

where R is a L2-bounded operator such that ‖R‖L(L2(Rn)) ≤ C‖a(4)‖L∞(R2n), C
depending only on the dimension n.

Proof. We have

a− 1
8π

trace a′′ = a− ∆a
8π

=
∑

1≤j≤N

b2j −
1
4π
|∇bj |2 −

1
4π
bj∆bj . (2.5.48)

Then using the lemma 2.4.8, we get

bWick
j bWick

j =
(
b2j −

1
4π
|∇bj |2

)Wick
+ Sj , (2.5.49)

with

‖Sj‖L(L2(Rn)) ≤ C1

(
‖b′′j ‖2L∞ + ‖(b′′j b′j)′‖L∞ + ‖(bjb′′j )′′‖L∞

)
≤ C2‖a(4)‖L∞(R2n),

where C1, C2 depend only on the dimension. Moreover, we have, from Lemma
2.4.6,

Re
(
bWick
j (∆bj)Wick

)
=
(
bj∆bj −

1
4π
∇ · (∇bj∆bj) +

1
4π

(∆bj)2
)Wick

+Rj ,

(2.5.50)



2.5. Basic estimates for pseudodifferential operators 129

with ‖Rj‖L(L2(Rn)) ≤ C3‖b′′j ‖2L∞(R2n) ≤ C4‖a(4)‖L∞(R2n). As a consequence, from
(2.5.49), (2.5.50), we get

(
bj −

1
8π

trace b′′j
)Wick(

bj −
1
8π

trace b′′j
)Wick

=
(
b2j −

1
4π
|∇bj |2 −

1
4π
bj∆bj

)Wick
+

1
16π2

(
∇ · (∇bj∆bj)

)Wick
− 1

16π2

(
(∆bj)2

)Wick

+ Sj −
1
4π
Rj +

1
64π2

(∆bj)Wick(∆bj)Wick, (2.5.51)

so that from (2.4.5), (2.5.26) and the estimates above for Rj , Sj , we obtain from
(2.5.48) that∑
1≤j≤N

(
bj −

1
8π

trace b′′j
)Wick(

bj −
1
8π

trace b′′j
)Wick

=
(
a− 1

8π
trace a′′

)Wick
+ S

with ‖S‖L(L2(Rn)) ≤ C5‖a(4)‖L∞(R2n), with C5 depending only on the dimension.
This is the result of the lemma, completing as well the proof of Theorem 2.5.10. �

Proof of the Corollary 2.5.11.

Let us begin with the statement (iv) in this corollary. Let us define

A(x, ξ) = h−2a(xh1/2, ξh−1/2, h). (2.5.52)

The function A satisfies

(∂αξ ∂
β
xA)(x, ξ) = h−2− |α|

2 +
|β|
2 (∂β1 ∂

α
2 a)(xh

1/2, ξh−1/2, h)

= h
|α|+|β|−4

2 (∂β1 ∂
α
2 a)(xh

1/2, ξh−1/2, h)h−|α|

so that for |α|+ |β| = 4, we have (∂αξ ∂
β
xA)(x, ξ) = (∂β1 ∂

α
2 a)(xh

1/2, ξh−1/2, h)h−|α|.
We have supposed that for |α|+ |β| = 4, the functions

(x, ξ) 7→ (∂β1 ∂
α
2 a)(xh

1/2, ξh−1/2, h)h−|α|

belong to A with a norm bounded above independently by ν0. As a result the
function A(4)(x, ξ) belongs to A with a norm bounded above by ν0. Since A(x, ξ) ≥
0, Theorem 2.5.10 implies that Aw + Cnν0 ≥ 0, i.e.(

a(xh1/2, ξh−1/2, h)
)w + Cnν0h

2 ≥ 0

and since there is a unitary mapping Uh such that

U∗ha(x, ξ, h)
wUh =

(
a(xh1/2, ξh−1/2, h)

)w
,
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we obtain
a(x, ξ, h)w + Cnν0h

2 ≥ 0. (2.5.53)

To get that Re a(x,D, h) + Ch2 ≥ 0, one18 should note that the symbols A(4)

defined above belong to A, which implies that it is also the case for J−1/2A(4) and
J1/2A(4) . Now we have

2 Re a(x,D, h) = 2 Re(J−1/2a)w = (J−1/2a+ J1/2ā)w,

so that rescaling19 the symbol J−1/2a+ J1/2ā, we find J−1/2A+ J1/2Ā. Since we
have

J−1/2A = e−iπDx·DξA = A− iπDx ·DξA−
∫ 1

0

(1− θ)e−iπθDx·Dξdθπ2(Dx ·Dξ)2A,

and that A is real-valued, we get

Re(J−1/2A) = A−
∫ 1

0

(1− θ)e−iπθDx·Dξdθπ2 (Dx ·Dξ)2A︸ ︷︷ ︸
∈A

.

Now we have from the previous identity, sinceA is stable by the group J t (Theorem
1.1 in [130]), with a uniform constant for t in a compact set,

2 ReA(x,D) =
(
2 Re(J−1/2A)

)w ∈ 2Aw +Aw.

We can then apply the result (2.5.53) and the L2 boundedness of Aw to conclude.
The proof of (iv) in the corollary 2.5.11 is complete.

Let us show that (iv) implies (iii). We define b(x, ξ, h) = a(x, hξ), which is
nonnegative; it is enough to check the functions

(x, ξ) 7→ (∂β1 ∂
α
2 b)(xh

1/2, ξh−1/2, h)h−|α|,

for |α|+ |β| = 4. We have in fact

(∂β1 ∂
α
2 b)(xh

1/2, ξh−1/2, h)h−|α| = (∂β1 ∂
α
2 a)(xh

1/2, ξh1/2).

Now, from the lemma 4.8.1 in our appendix, for h ∈ (0, 1], the functions

(x, ξ) 7→ (∂β1 ∂
α
2 a)(xh

1/2, ξh1/2)

18With the group Jt defined in Lemma 4.1.2, the formula linking the Weyl quantization with
the ordinary quantization is a(x, D) = (J−1/2a)w.

19We define B(x, ξ) =

h−2(J−1/2a)(xh1/2, ξh−1/2) + h−2(J1/2a)(xh1/2, ξh−1/2) = (J−1/2A)(x, ξ) + (J1/2A)(x, ξ).
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belong to A with a bounded norm since we have supposed that a(4) ∈ A. We can
then apply the already proven result (iv) in the corollary to get

a(x, ξh)w + Ch2‖a(4)‖A ≥ 0, Re a(x, hD) + Ch2‖a(4)‖A ≥ 0.

Let us show that (iv) implies (ii). We assume that a(x, ξ, h) is a nonnegative
function satisfying the assumptions of (ii). According to the already proven (iv),
we need only to check, for |α′|+ |β′| = 4, the norm in A of

(x, ξ) 7→ (∂β
′

1 ∂
α′

2 a)(xh1/2, ξh−1/2, h)h−|α
′| = cα′β′(x, ξ).

Because of the second inclusion in (2.5.15), it is enough to find an L∞ bound on
the 2n+ 1 first derivatives of that function; we have, for |α′′|+ |β′′| ≤ 2n+ 1

(∂α
′′

ξ ∂β
′′

x cα′β′)(x, ξ) = (∂β
′+β′′

1 ∂α
′+α′′

2 a)(xh1/2, ξh−1/2, h)h−|α
′|h

−|α′′|+|β′′|
2

(2.5.54)
and from the assumption in (ii), we get, since 4 ≤ |α′ + α′′|+ |β′ + β′′| ≤ 2n+ 5,

|(∂β
′+β′′

1 ∂α
′+α′′

2 a)(xh1/2, ξh−1/2, h)| ≤ Cα′+α′′,β′+β′′h
|α′|+|α′′|, (2.5.55)

so that (2.5.54)-(2.5.55) imply

|(∂α
′′

ξ ∂β
′′

x cα′β′)(x, ξ)| ≤ Cα′+α′′,β′+β′′h
|α′|+|α′′|h−|α

′|h
−|α′′|+|β′′|

2

= Cα′+α′′,β′+β′′h
|α′′|+|β′′|

2 ≤ Cα′+α′′,β′+β′′ .

yielding the sought bound. The proof of (ii) is complete.
Proof of (i) in the corollary 2.5.11. Using a Littlewood-Paley decomposition, we
have

1 =
∑
ν≥0

ϕ2
ν(ξ), ϕν ∈ C∞c (Rn),

for ν ≥ 1, suppϕν ⊂ {2ν−1 ≤ |ξ| ≤ 2ν+1}, sup
ν,ξ

|∂αξ ϕν(ξ)|2ν|α| <∞.

We introduce also some smooth nonnegative compactly supported functions ψν(ξ),
satisfying the same uniform estimates than ϕν and supported in 2ν−3 ≤ |ξ| ≤ 2ν+3

for ν ≥ 1, identically 1 on 2ν−2 ≤ |ξ| ≤ 2ν+2 (in particular on the support of ϕν).
We consider a nonnegative symbol a satisfying (2.5.10) for 4 ≤ |α|+ |β| ≤ 2n+ 5.
We write

a =
∑
ν≥0

ϕ2
νa =

∑
ν≥0

(ψν]ϕ2
νa]ψν + rν). (2.5.56)

The proof relies on the following

Claim 2.5.24. The operator with Weyl symbol
∑
ν rν is bounded on L2(Rn).
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As a matter of fact, if this claim is proven, we are left with the operator∑
ν ψ

w
ν (ϕ2

νa)
wψwν and we can apply the already proven result (ii) in this corollary

to get that with a uniform C,∑
ν

ψwν (ϕ2
νa)

wψwν =
∑
ν

ψwν
(
(ϕ2
νa)

w + C
)︸ ︷︷ ︸

≥0

ψwν − C (
∑
ν

ψ2
ν)
w

︸ ︷︷ ︸
L2 bounded

and so this operator is semi-bounded from below as well as aw. Let us prove the
claim. The following composition formula is proven in Theorem 4.6.1:

(a1]a2]a3)(X) = 22n

∫∫
R2n×R2n

a1(Y1)a2(Y2)a3(X − Y1 + Y2)

e−4iπ[X−Y1,X−Y2]dY1dY2. (2.5.57)

Applying this to ψν]aν]ψν with aν = ϕ2
νa, we get

rν(x, ξ) = −2n
∫∫∫ 1

0

(1− θ)e−4iπyηψν(ξ + η)ψν(ξ − η)(∂2
xaν)(x+ θy, ξ)y2dydηdθ

=
2n

16π2

∫∫∫ 1

0

(1− θ)∂2
η(e

−4iπyη)ψν(ξ + η)ψν(ξ − η)(∂2
xaν)(x+ θy, ξ)dydηdθ

=
2n

16π2

∫∫∫ 1

0

(1− θ)e−4iπyη∂2
η

(
ψν(ξ + η)ψν(ξ − η)

)
(∂2
xaν)(x+ θy, ξ)dydηdθ.

From this formula we see that rν is supported where 2ν−1 ≤ |ξ| ≤ 2ν+1 since it is
the case for aν (ν ≥ 1); since the overlap of the rings where |ξ| ∼ 2ν is bounded, it
is enough to check some bounds on the derivatives of rν to get similar bounds on
the

∑
ν rν . Moreover in the integrand, if the function ψν(ξ + η) is differentiated,

we get
2ν+2 ≤ |ξ + η| ≤ 2ν+3 or 2ν−3 ≤ |ξ + η| ≤ 2ν−2.

As a result, in the first case, we have |η| ≥ |ξ + η| − |ξ| ≥ 2ν+2 − 2ν+1 = 2ν+1,
whereas in the second case |η| ≥ |ξ| − |ξ+ η| ≥ 2ν−1− 2ν−2 = 2ν−2, which implies
that we always have |η| ≥ 2ν−2. Since we have also |η| ≤ |ξ+η|+ |ξ| ≤ 2ν+3+2ν+1,
we obtain (note that the case when the other function ψ(ξ− η) is differentiated is
similar) on the integrand

2ν−2 ≤ |η| ≤ 2ν+4. (2.5.58)

We write now

1
α!

(∂αξ ∂
β
x rν)(x, ξ) =

∑
α′+α′′=α

2n

α′!α′′!16π2

×
∫∫∫ 1

0

(1− θ)e−4iπyη∂α
′

ξ ∂
2
η

(
ψν(ξ+ η)ψν(ξ− η)

)
(∂α

′′

ξ ∂βx∂
2
xaν)(x+ θy, ξ)dydηdθ
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and since the integral above is, for N, k even integers, N > n,∫∫∫ 1

0

(1− θ)e−4iπyη(1 + 4|η|2)−k/2

× (1 + 4|y|2)−N/2(1 +D2
η)
N/2∂α

′

ξ ∂
2
η

(
ψν(ξ + η)ψν(ξ − η)

)
× (1 +D2

y)
k/2
(
(∂α

′′

ξ ∂βx∂
2
xaν)(x+ θy, ξ)

)
dydηdθ,

we get, for |α|+ |β|+ k ≤ 2n+ 3,

|(∂αξ ∂βx rν)(x, ξ)| ≤ CαβN (2ν)−k−|α
′|−2+2−|α′′|+n = CαβN (2ν)−|α|+n−k.

For α, β given such that max(|α|, |β|) ≤ n+1, we choose k = n−|α| or k = n−|α|+1
so that k is even, and we get, uniformly in ν, |(∂αξ ∂βx rν)(x, ξ)| . 1; note that then
we have indeed

|α|+ |β|+ k ≤ |β|+ n+ 1 ≤ 2n+ 2 ≤ 2n+ 3.

Eventually, from (a mild version of) the theorem 1.2 in [22] we get the claim 2.5.24:
we have proven that for max(|α|, |β|) ≤ n + 1, ∂αξ ∂

β
x r is bounded. The proof of

(2.5.12) is complete, under the assumptions of the corollary.
Proof of (1.1.2). To obtain also the result for the ordinary quantization is not a di-
rect consequence of the previous result, because of our limitation on the regularity
of a. So we have to revisit our argument above, replacing at each step the Weyl
quantization by the standard quantization. It is a bit tedious, but unavoidable.
We write

a =
∑
ν≥0

ϕ2
νa =

∑
ν≥0

(ψν ◦ ϕ2
νa ◦ ψν + sν). (2.5.59)

The proof relies on the following

Claim 2.5.25. The operator with standard symbol
∑
ν sν is bounded on L2(Rn).

As a matter of fact, if this claim is proven, we are left with the operator

Re
∑
ν

op(ψν)op(ϕ2
νa)op(ψν)

and we can apply the already proven result (ii) in this corollary to get that with
a uniform C,∑

ν

op(ψν) Re op(ϕ2
νa)op(ψν)

=
∑
ν

op(ψν)
(
Re op(ϕ2

νa) + C
)︸ ︷︷ ︸

≥0

op(ψν)− C op(
∑
ν

ψ2
ν)︸ ︷︷ ︸

L2bounded

,
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and so this operator is semi-bounded from below as well as Re op(a). Let us prove
the claim. Reminding the ordinary composition formula, we have

(a ◦ b)(x, ξ) =
∫∫

Rn×Rn

e−2iπyηa(x, ξ + η)b(y + x, ξ)dydη. (2.5.60)

Applying this to ψν◦aν◦ψν with aν = ϕ2
νa, we get ψν◦aν◦ψν = ψν◦aνψν = ψν◦aν

and

(ψν ◦ aν ◦ ψν)(x, ξ) =
∫∫

e−2iπyηψν(ξ + η)aν(y + x, ξ)dydη

=
∫∫

e−2iπyηψν(ξ + η)
(
aν(x, ξ) +

∫ 1

0

(1− θ)∂2
xaν(x+ θy, ξ)y2dθ

)
dydη

= (aνψν)(x, ξ)− sν(x, ξ),

with

sν(x, ξ) = −
∫∫∫ 1

0

(1− θ)e−2iπyηψν(ξ + η)(∂2
xaν)(x+ θy, ξ)y2dydηdθ.

That formula is so similar to the defining formula of rν above that we can resume
the discussion and use (a mild version of) the theorem 1.1 in [22] we get the claim
2.5.25: The proof of (2.5.11) is complete, under the assumptions of the corollary.

2.5.4 Analytic functional calculus

Theorem 2.5.26. Let g be an admissible metric on R2n (definition 2.2.15). There
exists some positive integers κ0, κ1, a positive increasing function α defined on N,
depending only on the structure constants of g, as given by (2.2.16) and (2.2.3)
such that the following property is true. Let ν ≥ 2 be an integer and a ∈ S(1, g)
(see definition 2.2.6). Then a]ν belongs to S(1, g) and for all X,T ∈ R2n, k ∈ N,

|(a]ν)(k)(X)T k| ≤ gX(T )k/2
(
α(k)‖a‖(κ0k+κ1)

S(1,g)

)ν
,

which implies

‖a]ν‖(k)S(1,g) ≤
(
α(k)‖a‖(κ0k+κ1)

S(1,g)

)ν
, (2.5.61)

where the semi-norms in S(1, g) are defined in (2.2.7).

N.B. The fact that a]ν belongs to S(1, g) is clear from the symbolic calculus, as
given by the theorem 2.3.7. The point of this lemma is that the k-th semi-norm
of a]ν is bounded above by the ν-th power of the (κ0k + κ1)-th semi-norm of a, a
shift which does not depend on ν.
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Proof. We use the partition of unity of the proposition 2.2.9 to get

(a]ν)(X) =
∫
Pν

(aY1] . . . ]aYν )(X)|gY1 |1/2 . . . |gYν |1/2dY1 . . . dYν .

We note that with gj = gYj , Uj = UYj ,r, from the first inequality in (2.2.29), the
assumption (4.6.12) is satisfied with δj,j+1 = δr(Yj , Yj+1) where the function δr is
given by (2.2.27) and N0, C0 are depending only on the “structure constants” of
the metric g (as given by (2.2.16) and (2.2.3)): this is

1 +
gYj+1(T )
gYj

(T )
+

gYj
(S)

gYj+1(S)
≤ C0δr(Yj , Yj+1)N0 . (2.5.62)

We use now the corollaries 4.6.6, 4.6.7 to obtain for all N,M ∈ N to be chosen
later20,

|(a]ν)(k)(X)T k| ≤ κν/2n 2νNνkω(n,C0, N0,M)ν/2∫
Pν

max
k1+···+kν=k

( ∏
1≤j≤ν

|||aYj
|||(kj+N+M+(2n+1)(2N0+2))
gYj

,UYj,r

)(
max

1≤j≤ν
gYj

(T )
)k/2

×
(
1 + ν−1 max

1≤j≤ν
(gσY1

∧ · · · ∧ gσYν
)(X − UYj ,r)

)−N/4
∏

1≤j<ν

δr(Yj , Yj+1)−M/8|gY1 |1/2 . . . |gYν |1/2dY1 . . . dYν .

We have from (4.4.37)

1 + ν−1 max
1≤j≤ν

(gσY1
∧ · · · ∧ gσYν

)(X − UYj ,r)

≥ 1 + ν−1(gσY1
∧ · · · ∧ gσYν

)(X − UYν ,r)

≥
(
1 + gσYν

(X − UYν ,r)
) ∏

1≤j<ν

(
1 + C0δr(Yj , Yj+1)N0

)−1

≥
(
1 + gσYν

(X − UYν ,r)
)
(2C0)1−ν

∏
1≤j<ν

δr(Yj , Yj+1)−N0 .

We note also that, with the partition of unity (ϕY ) given in proposition 2.2.9,

|||aY |||(l)gY ,UY,r
= |||ϕY a|||(l)gY ,UY,r

≤ C(l)‖a‖(l)S(1,g)

where the semi-norms of the symbol a are given by (2.2.7) and C(l) depends
only on the structure constants of the metric g. Thanks to the first inequality in

20We have to keep in mind that the constants n, C0, N0 are “fixed”. We want to track the
dependence of the estimates with respect to ν and k. Incidentally, we have assumed, as we may,
that N0 is an integer.
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(2.2.29), the ratios gYj (T )/gYj+1(T ) are bounded above by C3δr(Yj , Yj+1)N0 . As a
consequence, we have

|(a]ν)(k)(X)T k|
≤ κν/2n 2νNνkω(n,C0, N0,M)ν/2C

(
k +N +M + (2n+ 1)(2N0 + 2)

)ν(
max

k1+···+kν=k

∏
1≤j≤ν

‖a‖(kj+N+M+(2n+1)(2N0+2))

S(1,g)

)
∫
Pν

gYν
(T )k/2C(ν−1)k/2

3

(
1 + gσYν

(X − UYν ,r)
)−N/4(2C0)(ν−1)N/4

∏
1≤j<ν

δr(Yj , Yj+1)−
M
8 +

N0N
4 +

N0k
2 |gY1 |1/2 . . . |gYν

|1/2dY1 . . . dYν .

We note now that from the first inequality in (2.2.29),

gYν
(T )

gX(T )
≤ C3δr(X,Yν)N0 ≤ C3

(
1 + 2gσYν

(X − UYν ,r)
)N0

so that

|(a]ν)(k)(X)T k|
≤ κν/2n 2νNνkω(n,C0, N0,M)ν/2C

(
k +N +M + (2n+ 1)(2N0 + 2)

)ν(
max

k1+···+kν=k

∏
1≤j≤ν

‖a‖(kj+N+M+(2n+1)(2N0+2))

S(1,g)

)
gX(T )k/2

∫
Pν

(2C3)k/2C
(ν−1)k/2
3

(
1 + gσYν

(X − UYν ,r)
)−N

4 +
N0k

2 (2C0)(ν−1)N/4

∏
1≤j<ν

δr(Yj , Yj+1)−
M
8 +

N0N
4 +

N0k
2 |gY1 |1/2 . . . |gYν |1/2dY1 . . . dYν . (2.5.63)

We know also from (2.2.27) and the second inequality in(4.4.26) that(
1 + gσYν

(X − UYν ,r)
)
≥ 1

2
δr(X,Yν).

This implies that the integral above is, up to some constant terms that we shall
make precise,∫

Pν

∏
1≤j<ν

δr(Yj , Yj+1)−
M
8 +

N0N
4 +

N0k
2 δr(X,Yν)−

N
4 +

N0k
2

|gY1 |1/2 . . . |gYν
|1/2dY1 . . . dYν . (2.5.64)

We take a look at the second inequality in (2.2.29), and for a given k, we can
choose N so that N

4 −
N0k
2 ≥ N1, then choose M so that M

8 −
N0N

4 − N0k
2 ≥ N1 in
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such a way that the integral is bounded above by a fixed constant. At this point,
we note that N1, N0 are depending only on the structure constants of g and that
we can choose, assuming as we may that N1 ∈ N,

N = 4N1 + 2N0k, M = 8N1 + 2N0N + 4N0k, (2.5.65)

so that

N = 4N1 + 2N0k, M = 8N1 + 8N0N1 + (4N0 + 4N2
0 )k, (2.5.66)

giving an affine dependence of N,M on k (N0, N1 are fixed constants depending
only on the structure constants of g). On the other hand, we have in (2.5.63) a
constant

B = κν/2n 2νNνkω(n,C0, N0,M)ν/2C(k +N +M + (2n+ 1)(2N0 + 2))ν

× (2C3)k/2C
(ν−1)k/2
3 (2C0)(ν−1)N/4, (2.5.67)

where C0, C3 are fixed depending only on the structure constants of g. The constant
B can be estimated from above by

β(k)ννk, with β(k) depending on k, n and on the structure constants of g.

Taking into account our choice (2.5.65) of N,M , we see that (2.5.64) is bounded
above by Cν4 , where C4 is a fixed constant depending only on the structure con-
stants of g. We have proven that

|(a]ν)(k)(X)T k| ≤ gX(T )k/2

×
(

max
k1+···+kν=k

∏
1≤j≤ν

‖a‖(kj+N+M+(2n+1)(2N0+2))

S(1,g)

)
νkβ(k)νCν4

where N,M are given by (2.5.66) and depend in an affine way of k and on the
structure constants of g. The constant β(k) depends only on k, n and on the
structure constants of the metric g. This gives readily (2.5.61), completing the
proof of the lemma. �

Corollary 2.5.27. Let g be an admissible metric on R2n (definition 2.2.15), a ∈
S(1, g), and f be an entire function of one complex variable. Then the operator
f(aw) has a symbol in S(1, g).

Proof. The operator f(aw) = (
∑
ν≥0 cνa

]ν)w = bw and from the estimates (2.5.61)
of the Theorem 2.5.26, b is a smooth function and

|b(k)(X)T k| ≤
∑
ν≥0

|cν |
(
α(k)‖a‖(κ0k+κ1)

S(1,g)

)ν
gX(T )k/2 ≤ Ck,agX(T )k/2,

since the radius of convergence of the series
∑
ν≥0 cνρ

ν is infinite. �
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2.6 Sobolev spaces attached to a pseudodifferential calcu-
lus

2.6.1 Introduction

The Weyl quantization is associating an operator aw to a function a defined on
the phase space R2n. When the phase space is equipped with an admissible metric
g and M is an admissible weight for g (see Definition 2.2.15), we have obtained an
algebra of operators, composition formulas, symbolic calculus and L2(Rn) bound-
edness of the operators with symbols in S(1, g). In the standard case of the metric
|dx|2 + 〈ξ〉−2|dξ|2 which is such that

S(〈ξ〉m, |dx|2 + 〈ξ〉−2|dξ|2) = Sm1,0 (m ∈ R, cf. Section 1.1.3),

the natural Sobolev spaces (indexed by s ∈ R) are the standard

Hs(Rn) = {u ∈ S ′(Rn), 〈D〉su ∈ L2(Rn)},

with the obvious Hilbertian structure; in that case, the operators of order m (i.e.
of weight 〈ξ〉m) are continuous from Hs+m(Rn) to Hs(Rn). We wish to generalize
this to the case of a general admissible metric on R2n and construct some Hilbert
spaces H(M, g) such that, for an operator aw with a ∈ S(M1, g) (M1 is another
admissible weight for g), aw will send continuously H(M, g) into H(MM−1

1 , g).
The case of the classes Sm1,0 is oversimplified by the fact that the Fourier transform
is providing the explicit isomorphism 〈D〉s of Hs(Rn) with L2(Rn), which is the
Fourier multiplier 〈ξ〉s. With the metric corresponding to the classes (1.1.48),

g = (1 + |x|2 + |ξ|2)−1
(
|dx|2 + |dξ|2

)
which is proven admissible in Lemma 2.2.18, although it is easy to define the
natural Sobolev spaces when m ∈ N/2,

H((1 + |x|2 + |ξ|2)m, g) = {u ∈ S ′(Rn), xαDβu ∈ L2(Rn), |α|+ |β| ≤ 2m},

a direct definition for all real m requires some techniques of interpolation and
duality21. As a result, even in that rather simple case, the construction of the
Sobolev spaces requires some effort and displaying an explicit pseudodifferential
isomorphism of L2(Rn) with H((1 + |x|2 + |ξ|2)m, g) is not completely obvious.
We shall mainly follow the presentation of J.-M. Bony and J.-Y. Chemin in [19],
which generalized the work of A. Unterberger in [145], who dealt with symplectic
metrics (see also [26], [88]).

21Another way would be to use the spectral decomposition of the harmonic oscillator and
Mehler’s formula (see e.g. [145] and [76]) to replace the Fourier transform, but it would be very
specific of that example.
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2.6.2 Definition of the Sobolev spaces

In this section we consider an admissible metric g on R2n, a g-admissible weight m,
(ϕY )Y ∈R2n a partition of unity given by Theorem 2.2.7 and (ψY )Y ∈R2n , (θY )Y ∈R2n

the uniformly confined families of symbols given by the theorem 2.3.15, i.e. veri-
fying

ϕY = ψY ]θY ,

∫
ϕY |gY |1/2dY = 1. (2.6.1)

Definition 2.6.1. The Sobolev space H(m, g) is the space of u ∈ S ′(Rn) such that∫
R2n

m(Y )2‖θwY u‖2L2(Rn)|gY |
1/2dY <∞. (2.6.2)

This is a pre-Hilbert space equipped with the dot-product

〈u, v〉H(m,g) =
∫

R2n

m(Y )2〈θwY u, θwY v〉L2(Rn)|gY |1/2dY. (2.6.3)

We shall prove below (Corollary 2.6.16) that H(m, g) is actually a Hilbert space
but some preliminary work has to be done before obtaining this.

Remark 2.6.2. According to Lemma 1.1.12, for u ∈ S ′(Rn), we have θwY u ∈ S (Rn)
so that the definition makes sense; the dot-product (2.6.3) is indeed sesquilinear
Hermitian and positive-definite, since θwY u = 0 for all Y ∈ R2n implies ϕwY u = 0
and the partition property yields u = 0.

We need first to prove that the space H(m, g) does not depend on the choice
of the partition and of the families (ψY ), (θY ).

Proposition 2.6.3. A distribution u ∈ S ′(Rn) belongs to H(m, g) if and only if for
all uniformly confined families of symbols (φY )Y ∈R2n , we have∫

R2n

m(Y )2‖φwY u‖2L2(Rn)|gY |
1/2dY <∞.

Proof. The sufficiency follows from the definition of H(m, g). Let us prove that
the condition is necessary; if (φY )Y ∈R2n is a uniformly confined family of symbols
and u ∈ H(m, g), we have (with L2(Rn) scalar products)

Ω(u) =
∫
m(Y )2〈φwY u, φwY u〉|gY |1/2dY

=
∫∫∫

m(Y )2〈φwY ψwS θwS u, φwY ψwT θwT u〉|gY |1/2|gT |1/2|gS |1/2dY dSdT

=
∫∫∫

m(Y )2〈ψ̄wT φ̄wY φwY ψwS θwS u, θwT u〉|gY |1/2|gT |1/2|gS |1/2dY dSdT.
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According to the estimate (2.5.1) and to the biconfinement estimates (corollary
2.3.3), we have for all N , ‖ψwT φwY φwY ψwS ‖L(L2(Rn)) ≤ CNδr(T, Y )−Nδr(Y, S)−N so
that,

Ω(u) ≤ CN

∫∫∫
m(Y )2

m(S)m(T )
δr(T, Y )−Nδr(Y, S)−N |gY |1/2dY

×m(S)‖θwS u‖L2m(T )‖θwT u‖L2 |gT |1/2|gS |1/2dSdT.

Thanks to the Schur’s property (see Remark 4.7.3), we need only to check, using
(2.2.31),

sup
T

∫∫
δr(T, Y )−N+N0δr(Y, S)−N+N0 |gY |1/2|gS |1/2dY dS <∞,

which follows from (2.2.29) if N ≥ N1 + N0. The proof of the proposition is
complete. �

Theorem 2.6.4. Let g be an admissible metric on R2n, let m1,m2 be g-admissible
weights and let a ∈ S(m2m

−1
1 , g). Then aw is continuous from H(m2, g) into

H(m1, g).

Proof. We have for u ∈ H(m2, g),

‖awu‖2H(m1,g)
=
∫
m2(Y )2‖m2(Y )−1m1(Y )θwY a

wu‖2L2 |gY |1/2dY,

and the family (m2(Y )−1m1(Y )θY ]a)Y ∈R2n is a uniformly confined family of sym-
bols from Proposition 2.3.16. Proposition 2.6.3 gives the result. �

Theorem 2.6.5. Let g be an admissible metric on R2n. The space H(1, g) is equal
to L2(Rn).

Proof. The symbol a =
∫

R2n θ̄Y ]θY |gY |1/2dY belongs to S(1, g) and aw is thus
bounded on L2(Rn) (cf. Theorem 2.5.1). As a result for u ∈ L2(Rn), we have

‖u‖2H(1,g) = 〈awu, u〉L2(Rn) ≤ C‖u‖2L2(Rn).

Conversely, if u ∈ H(1, g), we have

‖u‖2L2(Rn) =
∫∫

〈ψwY θwY u, ψwZθwZu〉L2 |gY |1/2|gZ |1/2dY dZ

≤
∫∫

‖ψ̄wZψwY ‖L(L2)‖θwY u‖L2‖θwZu‖L2 |gY |1/2|gZ |1/2dY dZ,

and since the kernel (Y,Z) 7→ ‖ψZ
w
ψwY ‖L(L2) satisfies the Schur property as in the

proof of the theorem above, we get ‖u‖2L2(Rn) ≤ C‖u‖2H(1,g), proving the result. �
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2.6.3 Characterization of pseudodifferential operators

We start with the result of R. Beals ([7]), characterizing the set of operators
with a symbol in S0

0,0 (the smooth bounded functions on R2n as well as all their
derivatives, see (2.2.2)). We follow essentially the presentation of [15].

The constant metric

For A a linear operator from S (Rn) to S ′(Rn)), L a linear form on R2n, we
define adLw ·A = LwA−ALw, which makes sense as an operator from S (Rn) to
S ′(Rn).

Theorem 2.6.6. Let g be a constant metric on R2n such that g ≤ gσ (see (4.4.18))
and let A be a linear operator from S (Rn) to S ′(Rn). The operator A is equal
to aw with a ∈ S(1, g) (see the definition 2.2.6) if and only if all the iterated
commutators

adLw1 . . . adLwν ·A ∈ L(L2(Rn)), (2.6.4)

for linear forms Lj. Moreover, for all l ∈ N, there exists k(l) ∈ N, Cl > 0 such
that, with the notation (2.2.7), we have

‖a‖(l)S(1,g) ≤ Cl sup
ν≤k(l)

g(Tj)≤1,Lj(X)=[Tj ,X]

‖ adLw1 . . . adLwν ·A‖L(L2(Rn)). (2.6.5)

We shall use later on, for a linear operator A from S (Rn) to S ′(Rn), the notation

‖A‖(k)op(g) = sup
ν≤k

g(Tj)≤1,Lj(X)=[Tj ,X]

‖ adLw1 . . . adLwν ·A‖L(L2(Rn)). (2.6.6)

Proof. The conditions are obviously necessary. To prove their sufficiency, we start
with a lemma.

Lemma 2.6.7. Let B be a Banach space continuously contained in S ′(Rm) and
translation invariant: for a ∈ B, t ∈ Rm, a(· − t) ∈ B with the same norm as a.
There exists C,N such that, for all a ∈ B such that ∂αa ∈ B for |α| ≤ N , a belongs
to L∞(Rm) and

‖a‖L∞(Rm) ≤ C
∑
|α|≤N

‖∂αa‖B.

Proof of the lemma. Since the unit ball of B is a bounded subset of S ′, there
exists a semi-norm p0 of S such that for a ∈ B, ϕ ∈ S ,

|〈a, ϕ〉S ′,S | ≤ ‖a‖B p0(ϕ).

On the other hand, with a semi-norm p1 on S ,we have for χ ∈ S ,

(χ(D)a)(x) = 〈a(· − x), χ̂〉 =⇒ ‖χ(D)a)‖L∞ ≤ ‖a‖B p0(χ̂) = ‖a‖B p1(χ).
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Let ψ ∈ S such that ψ ≡ 1 on the unit ball. For ε ∈ (0, 1] the function ξ 7→
ρε,N (ξ) =

(
ψ(εξ) − ψ(ξ)

)
|ξ|−N belongs to S (note that it vanishes for |ξ| ≤ 1)

and since

ξα(∂βξ ρε,N )(ξ) =
∑

β′+β′′=β

β!
β′!β′′!

ξα∂β
′

ξ (|ξ|−N )
(
(∂β

′′

ξ ψ)(εξ)ε|β
′′| − (∂β

′′

ξ ψ)(ξ)
)

= 1{|ξ| ≥ 1}
∑

β′+β′′=β
|β′′|≥1

O(|ξ|−N−|β
′|−|β′′|+|α|) (∂β

′′

ξ ψ)(εξ)(ε|ξ|)|β|
′′︸ ︷︷ ︸

bounded

+ 1{|ξ| ≥ 1}
∑

β′+β′′=β
|β′′|≥1

O(|ξ|−N−|β
′|+|α|)(∂β

′′

ξ ψ)(ξ)

+ 1{|ξ| ≥ 1}ξα∂βξ (|ξ|−N )
(
ψ(εξ)− ψ(ξ)

)
,

we find that for N ≥ |α|, ‖ξα∂βξ ρε,N‖L∞ ≤ Cψ,α,β . As a consequence, for N
large enough (chosen as an even integer), p1(ρε,N ) is bounded above by a constant
independent of ε. We have thus, with C independent of ε,

‖ψ(εD)a‖L∞ ≤ ‖ψ(D)a‖L∞ + ‖ρε,N (D)|D|Na‖L∞ ≤ C(‖a‖B + ‖|D|Na‖B) = C1,

and letting ε tends to 0 provides the result of the lemma, since the weak limit of
ψ(εD)a in S ′(Rm) is a and the above estimate gives the bound

|〈a, ϕ〉S ′,S | = lim
ε→0

|〈ψ(εD)a, ϕ〉| ≤ C1‖ϕ‖L1(Rm),

completing the proof. �

We go on with the proof of the theorem. We consider the Banach space B
of b ∈ S ′(R2n) such that bw ∈ L(L2(Rn)), equipped with the22 norm ‖b‖B =
‖bw‖L(L2(Rn)). The invariance by translation of B is an immediate consequence
of (2.1.14) for the phase translation. We need now to prove the embedding in
S ′(R2n). For b ∈ B,Φ ∈ S (R2n), we have

〈b,Φ〉S ′,S =
∫
e2iπxξb(x, ξ)〈x〉−

n+1
2 〈ξ〉−

n+1
2 Θ(η, y)e2iπ(ηx+yξ)dxdξdydη

=
∫
e2iπxξb(x, ξ) 〈x〉−

n+1
2 e2iπηx︸ ︷︷ ︸

=uη(x)

〈ξ〉−
n+1

2 e2iπyξ︸ ︷︷ ︸
=cvy(ξ)

dxdξΘ(η, y)dydη,

22It is obviously a norm from the estimate (2.6.7) Moreover the space B is isomorphic to
L(L2(Rn)): from the kernel theorem, any linear continuous operator from S (Rn) to S ′(Rn)
has a distribution kernel in S ′(R2n), and it is the case in particular of B ∈ L(L2(Rn)). As a
consequence, the Weyl symbol b of B, linked to the kernel κb by the formula (2.1.22) belongs to
S ′(R2n) as well.
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with Θ(η, y) =
∫∫

e−2iπ(ηx′+yξ′)〈x′〉n+1
2 〈ξ′〉n+1

2 Φ(x′, ξ′)e−2iπx′ξ′dx′dξ′. As a result,
we obtain

|〈b,Φ〉| ≤
∫∫

|Θ(η, y)||〈b(x,D)vy, uη〉|dηdy ≤
∫∫

|Θ(η, y)|dηdy‖b(x,D)‖L(L2)

≤ p(Φ)‖b(x,D)‖L(L2),

where p is a seminorm on S (R2n). To get the result with bw, we use the notation
(4.1.14) and, noting that the group J t is an isomorphism of S (R2n), 〈b,Φ〉 =
〈J1/2b, J−1/2Φ〉 so that

|〈b,Φ〉| ≤ p(J−1/2Φ)‖bw‖L(L2) = p0(Φ)‖bw‖L(L2), (2.6.7)

where p0 is a semi-norm of S (R2n). Using Lemma 4.4.25, we can find some linear
symplectic coordinates y, η such that g =

∑
1≤j≤n hj(|dyj |2 + |dηj |2), and the

condition g ≤ gσ means (0 <)hj ≤ 1, so that the vectors ∂yj
, ∂ηj

have a g-norm
≤ 1. Since the assumptions of Lemma 2.6.7 are fulfilled, for a linear operator
A = aw ∈ L(L2(Rn)), satisfying (2.6.4), we have a ∈ B and

‖a‖L∞(R2n) ≤ C
∑

|α|+|β|≤N

‖(∂αy ∂βη a)w‖L(L2(Rn))

≤ C ′ sup
ν≤N

g(Tj)≤1,Lj(X)=[Tj ,X]

‖ adLw1 . . . adLwν a
w‖L(L2(Rn)),

which is (2.6.5) for l = 0, k = N . To get the estimates for the derivatives, we con-
sider for linear forms (Lj = [Tj , ·], g(Tj) ≤ 1)1≤j≤l, the operator adLw1 . . . adLwl a

w,
which belongs to L(L2(Rn)) by the hypothesis (2.6.4), with symbol ∂T1 . . . ∂Tl

a,
thus belonging to B. We can apply the previous inequality to that symbol and
obtain (2.6.5) with k(l) = l +N , completing the proof of the theorem. �

Remark 2.6.8. Let ρ ∈ C∞c (R2n) with integral 1, supported in the unit ball for the
standard Euclidean metric Γ0, ε > 0 and ρε(X) = ε−2nρ(X/ε). For a ∈ S ′(R2n),
the smooth function a∗ρε satisfies for any X ∈ R2n, (a∗ρε)(X) = 〈a(X−·), ρε(·)〉
and thus for N even integer, using (2.6.7) (and (2.1.14) for a phase translation),

|(a ∗ ρε)(X)| = |〈〈DY 〉N
(
a(X − Y )

)
, 〈DY 〉−N

(
ρε(Y )

)
〉|

≤ p0

(
〈D〉−Nρε

)
‖(〈D〉Na)w‖L(L2).

Since the seminorm p0 can be chosen as p0(Φ) = C‖〈X〉N0〈D〉N0Φ‖L1(R2n), we get

p0

(
〈D〉−N0ρε

)
= C‖〈X〉N0ρε‖L1(R2n) ≤ C0 if ε ≤ 1,

implying that ‖a‖L∞(R2n) ≤ C0‖aw‖(N0)
op(Γ0)

. We get also

‖a‖(k)S(1,Γ0)
≤ Ck‖aw‖(N0+k)

op(Γ0)
,



144 Chapter 2. Metrics on the Phase Space

and the formula (2.1.14) implies as well

‖a‖(k)S(1,g0)
≤ Ck‖aw‖(N0+k)

op(g0)
, (2.6.8)

where g0 is positive-definite quadratic form such that g0 ≤ gσ0 , which provides
another proof of Theorem 2.6.6. However Lemma 2.6.7 is of independent interest
and useful for the proof displayed above.

Lemma 2.6.9. For all k ∈ N, for all τ ∈ [0, 1[, there exists Ck,τ > 0, lk,τ ∈ N, such
that, for all a ∈ C∞(R2n), for all Euclidean norms g0 on R2n such that g0 ≤ gσ0 ,

‖(a(k))w‖L(L2(Rn)) ≤ Ck,τ‖aw‖τL(L2)‖(a
(lk,τ ))w‖1−τL(L2), (2.6.9)

where ‖(a(k))w‖L(L2(Rn)) = sup
T∈R2n,g0(T )=1

‖(a(k)(·)T k)w‖L(L2(Rn)). (2.6.10)

N.B. It is of key importance to notice that the constants Ck,τ , lk,τ depend only on
k and τ and not on g0 or a.

Proof. For X,T ∈ R2n, we have

a(X + T ) = a(X) + a′(X)T +
∫ 1

0

(1− s)2a′′(X + sT )dsT 2

and thus, with T = λej (λ > 0, ej is the j-th vector of an orthonormal basis of
R2n for g0)

∀λ > 0, λ‖(∂ja)w‖L(L2) ≤ 2‖aw‖L(L2) +
λ2

2
‖(∂2

j a)
w‖L(L2)

so that ‖(∂ja)w‖L(L2) ≤ 2‖aw‖1/2L(L2)‖(∂
2
j a)

w‖1/2L(L2) and consequently

‖(∂j∂ka)w‖L(L2) ≤ 23/2‖aw‖1/4L(L2)‖(∂
2
ka)

w‖1/4L(L2)‖(∂
2
j ∂ka)

w‖1/2L(L2).

Going on with that interpolation argument, using also (4.2.2), we get the result
of the lemma. �

Localized commutators

Theorem 2.6.10. Let A be a linear mapping from S (Rn) into S ′(Rn), g,m be
admissible metric and weight on R2n. There exists a ∈ S(m, g) such that A =
aw if and only if, for all uniformly confined family of symbols (ψY )Y ∈R2n (see
def.2.3.14), for all linear forms Lj given by Lj(X) = [X,Tj ], with gY (Tj) ≤ 1, for
all k ∈ N,

sup
Y ∈R2n

m(Y )−1‖ adLw1 . . . adLwk · ψwYA‖L (L2(Rn)) < +∞, , (2.6.11)

i.e. with the notation (2.6.6), supY ∈R2n m(Y )−1‖ψwYA‖
(k)
op(gY ) < +∞.
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Proof. The condition is easily seen to be necessary: if A = aw with a ∈ S(m, g),
we have with the partition of unity of Theorem 2.2.7, L(X) = [X,T ], gY (T ) ≤ 1,
using (2.1.12), with aZ = ϕZa,

ψwYA =
∫

R2n

ψwY a
w
Z |gZ |1/2dZ,

2iπ adLw · ψwYA =
∫

R2n

(
(ψ′Y · T )wawZ + ψwY (a′Z · T )w

)
|gZ |1/2dZ,

and using the estimates in the proof of Theorem 2.3.7 as well as (2.5.1), we get
(2.6.11) for k = 1 and by iteration for all k. Let us prove the sufficiency. First of
all, with (ϕY )Y ∈R2n standing for a partition of unity, as given by Theorem 2.2.7,
from Theorem 2.3.15, we can find two uniformly confined families of symbols
(θY )Y ∈R2n , (ψY )Y ∈R2n such that ϕY = ψY ]θY . From Theorem 2.6.6 applied to the
constant metric gY , we get that m(Y )−1θwYA = cwY , where cY ∈ S(1, gY ) uniformly
(i.e. with seminorms bounded above independently of Y ) and thus

m(Y )−1ϕwYA = m(Y )−1ψwY θ
w
YA = ψwY c

w
Y ,

which gives

A =
∫

R2n

ϕwYA|gY |1/2dY =
∫

R2n

m(Y )(ψY ]cY )w|gY |1/2dY = aw,

with a ∈ S(m, g) since the family (ψY ]cY )Y ∈R2n is a uniformly confined family of
symbols from the lemma 2.3.6. �

Remark 2.6.11. The previous proof implies that

∀k,∃C,∃l, ‖a‖(k)S(m,g) ≤ C‖aw‖(l)op(m,g), (2.6.12)

where ‖a‖(k)S(m,g) is given by (2.2.7) and with

‖aw‖(l)op(m,g) = sup
Y ∈R2n,p≤l
gY (Lj)≤1

m(Y )−1‖ adLw1 . . . adLwp · θwYA‖L (L2(Rn)), (2.6.13)

where the linear form L, given by LX = [T,X] is identified with the vector T and
gY (L) is defined as gY (T ). We have also, using the notation (2.6.6),

‖aw‖(l)op(m,g) = sup
Y ∈R2n

m(Y )−1‖θwY aw‖
(l)
op(gY ). (2.6.14)

Theorem 2.6.12. Let g,m be admissible metric and weight on R2n and let A be
a linear operator from S (Rn) into S ′(Rn). There exists a ∈ S(m, g) such that
A = aw if and only if the seminorms ‖A‖(k)op(m,g) defined in (2.6.14) are finite and

∀k,∃C,∃l, ‖a‖(k)S(m,g) ≤ C‖A‖(l)op(m,g), (2.6.15)

∀k,∀τ ∈ [0, 1[,∃C,∃l, ‖a‖(k)S(m,g) ≤ C
(
‖A‖(0)op(m,g)

)τ(‖A‖(l)op(m,g)

)1−τ
. (2.6.16)
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Proof. The equivalence is proven in Theorem 2.6.10 and the first inequality in the
above remark. The second inequality follows from the first and from the interpo-
lation result of Lemma 2.6.9. �

2.6.4 One-parameter group of elliptic operators

Lemma 2.6.13. Let g be an admissible metric on R2n and m be a g-admissible
weight. Then 1 + |Logm| is also a g-admissible weight. Assuming m ∈ S(m, g),
we have23

∀k ≥ 1, ∃Ck |(Logm)(k)(X)T k| ≤ CkgX(T )k/2, (2.6.17)

and Logm ∈ S(1 + |Logm|, g).

Proof. There exists r > 0, c > 0 such that whenever gX(Y − X) ≤ r2, we have
m(X)m(Y )−1 ∈ [e−c, ec], so that |Logm(X)− Logm(Y )| ≤ c, implying(

1 + |Logm(Y )|
1 + |Logm(X)|

)±1

≤ 1 + c,

proving the slow variation. Moreover, there exists C > 1, N ≥ 0 such that

1 + |Logm(Y )|
1 + |Logm(X)|

≤ 1 +
|Logm(Y )− Logm(X)|

1 + |Logm(X)|

≤ 1 +
LogC +N Log

(
1 + (gσX ∧ gσY )(Y −X)

)
1 + |Logm(X)|

,

giving the first result of the lemma. We have for k ≥ 1 (see (4.3.1)),

1
k!

(Logm)(k)T k =
∑

k1+···+kr=k

(−1)r−1r−1m−r 1
k1!

m(k1)T k1 . . .
1
kr!

m(kr)T kr ,

and |m(kj)T kj | ≤ Cm(X)gX(T )kj/2 which implies (2.6.17). �

Lemma 2.6.14. Let g be an admissible metric on R2n, m be a g-admissible weight
such that m ∈ S(m, g). If (ψY )Y ∈R2n is a uniformly confined family of symbols,
the family

(
ψY (·)]Log(m(·)m(Y )−1)

)
Y ∈R2n is also uniformly confined.

Proof. We have with the partition of unity of Theorem 2.2.7,

bY = ψY ]Log
(
m(·)m(Y )−1

)
=
∫
ψY ]ϕZ Log

(
m(·)m(Y )−1

)
|gZ |1/2dZ,

and |ϕZ(X) Log
(
m(X)m(Y )−1

)
| ≤ CϕZ(X)

(
1+Log

(
δr(Z, Y )

))
, whereas the X-

derivatives of Log
(
m(X)m(Y )−1

)
satisfy the estimates of S(1, g) (cf. (2.6.17)). We

23According to the remark 2.2.8, if m is a g-admissible weight, we may assume m ∈ S(m, g).
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get that
(
δr(Y,Z)−1ϕZ Log

(
m(·)m(Y )−1

))
Z∈R2n is a uniformly confined family of

symbols and the confinement estimates yield

|b(k)Y (X)T k| ≤ CN,N ′

∫
δr(Z, Y )δr(Z, Y )−N

(
1 + gσY (X − UY,r)

)−N ′

|gZ |1/2dZ,

which gives the result, if N ≥ N1 + 1, with N1 given by (2.2.29). �

Theorem 2.6.15. Let g be an admissible metric on R2n, M,m be g-admissible
weights such that M ∈ S(M, g),m ∈ S(m, g) and let a ∈ S(m, g), α ∈ S(1, g).
There exists a unique smooth application R×R2n 3 (t,X) 7→ at(X) ∈ C such that
at ∈ S(mM t, g) for all t and

∂at(X)
∂t

=
(
(α+ LogM)]at

)
(X), a0 = a. (2.6.18)

When m ≡ a0 ≡ 1, the unique solution of (2.6.18) satisfies as well ∂at(X)
∂t =(

at](α+ LogM)
)
(X) and we have

at]as = at+s, at ∈ S(M t, g). (2.6.19)

First step of the proof. We suppose first the existence of a solution at of (2.6.18).
We have

at(X) = a0(X) +
∫ t

0

(
(α+ LogM)︸ ︷︷ ︸
S(〈LogM〉,g)

] as︸︷︷︸
S(mMs,g)

)
(X)ds

and thus at(X) = a0(X) +
∫ t
0
b(s,X), with b(s) ∈ S(m〈LogM〉Ms, g), proving

that the mapping t 7→ at is C1 from [−τ, τ ] for any positive τ into the Fréchet
space

S(m〈LogM〉(M +M−1)τ , g).

We define, using (2.6.1),

ct,Y = m(Y )−1M(Y )−tθY ]at. (2.6.20)

The symbol ct,Y (X) is C1 in t and such that

∂ct,Y
∂t

= m(Y )−1M(Y )−tθY ](α+ LogM)]at − LogM(Y )ct,Y

and verifying, with

βY (X) = α(X) + Log
M(X)
M(Y )

, (2.6.21)

the equation ∂ct,Y

∂t = m(Y )−1M(Y )−t
∫
θY ]βY ]ψZ]θZ]at|gZ |1/2dZ , i.e.

∂ct,Y
∂t

=
∫

m(Z)M(Z)t

m(Y )M(Y )t
θY ]βY ]ψZ]ct,Z |gZ |1/2dZ.
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We have thus

∂ct,Y
∂t

=
∫
Kt,Y,Z]ct,Z |gZ |1/2dZ, c0,Y = m(Y )−1θY ]a, (2.6.22)

with Kt,Y,Z =
m(Z)M(Z)t

m(Y )M(Y )t
θY ]βY ]ψZ . (2.6.23)

We shall also consider the analogue

∂c̃t,Y
∂t

=
∫
K̃t,Y,Z]c̃t,Z |gZ |1/2dZ, c̃0,Y = m(Y )−1θY ]a, (2.6.24)

with K̃t,Y,Z =
m(Z)M(Z)t

m(Y )M(Y )t
θY ]βZ]ψZ . (2.6.25)

Next step: resolution of the equation (2.6.22). For each k ∈ N, we consider the
vector space Ek defined as follows: E0 is the Banach space L∞

(
R2n,L(L2(Rn))

)
,

E1 is the subspace of E0 such that

‖A‖E1 = ‖A‖E0 + sup
Y,gY (T )=1
L(X)=[X,T ]

‖[Lw, AY ]‖L(L2(Rn)) <∞.

More generally, for k ≥ 1, the space Ek is defined, using the notation (2.6.6), as
the subspace of E0 such that

‖A‖Ek
= ‖AY ‖(k)op(gY ) <∞.

If (Aj) is a Cauchy sequence in E1, it converges in E0 (with limit A) and for
gY (T ) = 1, LT (X) = [X,T ], the sequence ([LwT , Aj,Y ]) is converging in

L∞
(
G1,L(L2(Rn))

)
, G1 = {(Y, T ) ∈ R2n × R2n, gY (T ) ≤ 1},

with limit B. Now we have also as operators from S (Rn) to S ′(Rn), the equality
[LwT , AY ] = BY,T ; this proves that A ∈ E1 and that the sequence (Aj) is converging
in E1 to A since

sup
Y,gY (T )=1

‖[LwT , Aj,Y −AY ]‖L(L2(Rn))

= sup
Y,gY (T )=1

‖[LwT , Aj,Y ]−BY,T ‖L∞(G1,L(L2(Rn))) −→
j→+∞

0. (2.6.26)

The same type of argument works for k ≥ 2, replacing the bundle G1 by the
suitable Gk. We define the operator Kt by (KtA)Y =

∫
Kw
t,Y,ZAZ |gZ |1/2dZ, and

we want to prove that it is a bounded operator on Ek, uniformly for t bounded.
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Let Y, T ∈ R2n such that gY (T ) = 1, L the linear form LX = [X,T ]. We check

‖( adL)k(KtA)Y ‖L(L2(Rn))

≤ C max
k1+k2=k

∫
‖(adL)k1Kw

t,Y,Z‖L(L2)‖(adL)k2AZ‖L(L2)|gZ |1/2dZ

≤ C max
k1+k2=k

∫
‖(adL)k1Kw

t,Y,Z‖L(L2)‖A‖Ek
gZ(T )k2/2gY (T )−k2/2|gZ |1/2dZ.

According to Lemma 2.6.14, the family (θY ]βY )Y ∈R2n is uniformly confined and
the biconfinement theorem 2.3.2 implies that the families

(δr(Y, Z)NθY ]βY ]ψZ)Y ∈R2n

are uniformly confined (and this uniformly with respect to Z), so that, using (2.5.1)
and (2.2.29) for N large enough,

sup
Y,|t|≤T

‖(adL)k(KtA)Y ‖L(L2)

≤ CN max
l≤k

sup
Y,|t|≤τ

∫
δr(Y, Z)−N

m(Z)M(Z)t

m(Y )M(Y )t
‖A‖Ek

gZ(T )l/2

gY (T )l/2
|gZ |1/2dZ <∞.

Handling the same estimate with (adL)k replaced by (adL1)k1 . . . (adLr)kr is
strictly analogous to the previous argument. We have proven that the operator Kt
is bounded on the Banach space Ek, with a norm bounded for t bounded. As a
result, since m(Y )−1θwY a

w
0 belongs to all Ek, the ODE

dC

dt
= KC, C(0) = m(Y )−1θwY a

w
0 , (2.6.27)

has a unique solution on R belonging to all Ek. The same holds for the equation
(2.6.24). The characterization of Theorem 2.6.10 implies that CY (t) = cwt,Y with
ct,Y ∈ S(1, gY ) uniformly in Y and for t bounded.
Third step: proof of the first statement of the theorem. If at is a solution of (2.6.18),
we have proven that C(t, Y ) = cwt,Y given by (2.6.20) satisfies (2.6.27) and this
implies the uniqueness of the solution of (2.6.18), since

awt =
∫
ψwY θ

w
Y a

w
t |gY |1/2dY =

∫
m(Y )M(Y )t ψwY c

w
t,Y |gY |1/2dY.

To prove the existence of a solution of (2.6.18), we consider the solution c̃t,Y of
(2.6.24), and we define

at =
∫
m(Y )M(Y )t ψY ]c̃t,Y |gY |1/2dY.

Thanks to Theorem 2.6.10 and to Proposition 2.3.16, the family (ψY ]c̃t,Y )Y ∈R2n

is a uniformly confined family of symbols and at belongs to S(mM t, g). On the
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other hand, we have

∂at
∂t

=
∫
m(Y )M(Y )t LogM(Y ) ψY ]c̃t,Y |gY |1/2dY

+
∫∫

m(Y )M(Y )tψY ]K̃t,Y,Z]c̃t,Z |gZ |1/2|gY |1/2dY dZ

=
∫
m(Z)M(Z)t LogM(Z) ψZ]c̃t,Z |gZ |1/2dZ

+
∫∫

m(Z)M(Z)tψY ]θY ]βZ]ψZ]c̃t,Z |gZ |1/2|gY |1/2dY dZ

=
∫
m(Z)M(Z)t

(
α+ LogM

)
]ψZ]c̃t,Z |gZ |1/2dZ

=
(
α+ LogM

)
]at,

along with at=0 =
∫
m(Y )ψY ]m(Y )−1θY ]a0|gY |1/2dY = a0, providing a solution

of (2.6.18). We may consider the unique solution at of (2.6.18) for a0 ≡ 1. If
moreover m ≡ 1, for s given in R, the mappings t 7→ at+s, t 7→ at]as are both
solutions of (2.6.18) with value as at t = 0 and the already proven uniqueness
property (with M = ms) implies

at+s = at]as.

In particular, we have for all t, at]a−t = 1 and, taking the derivative of that iden-
tity, we get α]at]a−t− at]α]a−t, that is α = at]α]a−t, implying the commutation
for ] of at with α, completing the proof of the theorem. �

Corollary 2.6.16. Let g be an admissible metric and m be an admissible g-weight.
There exists a ∈ S(m, g), b ∈ S(m−1, g) such that a]b = b]a = 1 and for any
g-admissible weight M , the operator aw is an isomorphism from H(M, g) onto
H(Mm−1, g) with inverse bw. The space H(m, g) is an Hilbert space with the
dot-product (2.6.3). An equivalent Hilbertian structure on H(m, g) is given by the
dot-product 〈awu, awv〉L2(Rn).

Proof. We may assume that m ∈ S(m, g) and solve the equation (2.6.19) with
M = m,α = 0: we get a1]a−1 = 1 = a−1]a1, a±1 ∈ S(m±1, g). Moreover, for a g-
admissible weight M , thanks to Theorem 2.6.4, the operator aw1 (resp. aw−1) sends
continuously H(M, g) into H(Mm−1, g) (resp. H(Mm−1, g) into H(M, g)) and
since aw1 aw−1 = IdH(Mm−1,g), a

w
−1a

w
1 = IdH(M,g), we get the result of the theorem.

We already know that H(m, g) is a pre-Hilbertian space with the dot product
(2.6.3); the completeness of that space follows from the completeness of L2(Rn)
and the above isomorphisms. MoreoverH(m, g) 3 u 7→ ‖aw1 u‖L2(Rn) is a Hilbertian
norm on H(m, g), which is equivalent to the norm given by (2.6.3) since aw1 is an
isomorphism from H(m, g) onto H(1, g) = L2(Rn). �

Corollary 2.6.17. Let g be an admissible metric and m be an admissible g-weight.
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(1) Let u ∈ S ′(Rn); the following properties are equivalent,

(i) u ∈ H(m, g),

(ii) For all a ∈ S(m, g), awu ∈ L2(Rn),

(iii) There exist c ∈ S(m−1, g), v ∈ L2(Rn), such that u = cwv.

(2) The space S (Rn) is dense in H(m, g).

(3) The dual space of H(m, g) is canonically identified with H(m−1, g).

Proof. We prove (1): thanks to Theorem 2.6.4, we know (i) =⇒ (ii). Corollary
2.6.16 provides an isomorphism aw with a ∈ S(m, g) of H(m, g) with L2(Rn),
with inverse bw with b ∈ S(m−1, g); as a result if (ii) holds, we have u = bwawu
with awu ∈ L2, b ∈ S(m−1, g), that is (iii). If (iii) is satisfied and aw is the
isomorphism from H(m, g) onto L2 (with inverse bw, a ∈ S(m, g), b ∈ S(m−1, g))
of the corollary 2.6.16, we have

u = cwaw bwv︸︷︷︸
∈H(m,g)

= ( c]a︸︷︷︸
∈S(1,g)

)w(bwv),

so that Theorem 2.6.4 implies u ∈ H(m, g), completing the proof of (1). Since
S (Rn) is dense in L2(Rn), the isomorphism bw sends L2(Rn) onto H(m, g) and
since we have S (Rn) ⊃ bw

(
S (Rn)

)
, the latter is dense in H(m, g), implying (2).

To prove (3), using an isomorphism aw between H(m, g) and L2(Rn) with a ∈
S(m, g), with an inverse bw between H(m−1, g) and L2(Rn) with b ∈ S(m−1, g),
we consider the sesquilinear mapping

H(m, g)×H(m−1, g) −→ C
(u, v) 7→ 〈awu, bwv〉L2(Rn),

(2.6.28)

and we equip the space H(m, g) with the norm ‖awu‖L2 , and H(m−1, g) with the
norm ‖bwv‖L2 . The anti-linear mapping Φ : H(m−1, g) −→

(
H(m, g)

)∗ given by

〈Φ(v), u〉H(m,g)∗,H(m,g) = 〈awu, bwv〉L2(Rn),

is such that

‖Φ(v)‖H(m,g)∗ = sup
‖awu‖L2=1

|〈awu, bwv〉L2(Rn)| = ‖bwv‖L2 = ‖v‖H(m−1,g),

since aw
(
S (Rn)

)
= S (Rn) (if u ∈ S , u = awbwu) so that Φ is isometric; it is

also onto since the Riesz representation theorem implies that for ξ0 ∈ H(m, g)∗,
we can find w0 ∈ H(m, g) so that

∀u ∈ H(m, g), ξ(u) = 〈u,w0〉H(m,g) = 〈awu, aww0〉L2 = 〈awu, bwawaww0〉L2 ,

i.e. ξ = Φ(v) with v = awaww0 which belongs to H(m−1, g). The open mapping
theorem implies that Φ is an isomorphism between H(m−1, g) and H(m, g)∗ and
that the pairing (2.6.28) provides the identification of these spaces. �
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Lemma 2.6.18. Let g1, g2 be two admissible metrics on R2n and let m be an ad-
missible gj-weight such that m ∈ S(m, gj), j = 1, 2. Then H(m, g1) = H(m, g2).

Proof. If aj,t ∈ S(mt, gj) verify (2.6.19) with

∂aj,t(X)
∂t

= (Logm]aj,t)(X) = (aj,t]Logm)(X), aj,0(X) ≡ 1.

the operators awj,t are continuous endomorphisms of the Fréchet space S (Rn)
and for all u ∈ S (Rn), the mappings t 7→ awj,tu ∈ S (Rn) are of class C1. For
u ∈ S (Rn), we calculate

∂t
(
aw2,−ta

w
1,tu
)

= −(a2,−t]Logm)waw1,tu+ aw2,−t(Logm]a1,t)wu = 0, aw2,0a
w
1,0u = u,

so that a2,−t]a1,t = 1 and a2,t = a2,t]a1,−t]a1,t = a1,t, so that the operators
aw2,t, a

w
1,t defining for t = 1 the isomorphisms between H(m, gj) and L2 are the

same, giving the result of the lemma. �

2.6.5 An additional hypothesis for the Wiener lemma: the geodesic
temperance

We have seen so far that the pseudodifferential calculus can be developed in great
generality using the rather simple notion of admissibility of the metric g, as given
by Definition 2.2.15. We have seen in the previous sections that a large part of the
theory of the Sobolev spaces attached to a pseudodifferential calculus given by an
admissible metric can also be developed under this sole assumptions (see also [19]
which we have followed) and that the analytic functional calculus is possible under
the only assumption of admissibility. However, we would like to prove a Wiener-
type lemma (see e.g. our Remark 2.5.9), as explained below. Let us consider a
pseudodifferential operator A with a symbol in the class S(1, g) (A is L2 bounded
if g is admissible) such that A is invertible as an operator in L2(Rn): is it true
that A−1 is a pseudodifferential operator with symbol in S(1, g)? A positive answer
to that question seems to require an additional assumption, the so-called geodesic
temperance. Although no example of an admissible metric which is not geodesically
temperate seems to be availaible, we shall study in this section a version of the
geodesic temperance which will allow us to prove a Wiener lemma and which is
also invariant by conformal change.

Definition 2.6.19. Let g be an admissible metric on R2n (see the definition 2.2.15)
and let g\ be the intermediate symplectic metric, as given by the definition 2.2.19.
Let d be the geodesic distance on R2n for the metric g\. We shall say that the
metric g is geodesically temperate if there exists C > 0, N ≥ 0 such that, for all
X,Y, T ∈ R2n,

gX(T )
gY (T )

≤ C
(
1 + d(X,Y )

)N
. (2.6.29)
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Lemma 2.6.20. Let g be an admissible metric on R2n (def. 2.2.15) so that g is
geodesically temperate (def. 2.6.19); then there exist C,N > 0 such that

C−1
(
1 + g\X(X − Y )

)1/N ≤ 1 + d(X,Y ) ≤ C
(
1 + g\X(X − Y )

)N
, (2.6.30)

where d is the geodesic distance for g\.

Proof. We have for X0, X1 ∈ R2n, using the admissibility of g\,

d(X0, X1) ≤
∫ 1

0

(
g\X0+t(X1−X0)

(X1 −X0)
)1/2

dt

≤
∫ 1

0

C ′
(
1 + g\X0

(t(X1 −X0))
)N ′

dtg\X0
(X1 −X0)1/2

≤ C ′
(
1 + g\X0

(X1 −X0)
)N ′

g\X0
(X1 −X0)1/2,

providing the last inequality of (2.6.30). On the other hand, for a g\-geodesic curve
between X0 and X1, we have from (2.6.29)

d(X0, X1) =
∫ 1

0

g\X(t)(Ẋ(t))1/2dt ≥∫ 1

0

g\X0
(Ẋ(t))1/2C−1

(
1 + max

t∈[0,1]
d(X0, X(t))

)−N
dt ≥

C−1g\X0
(X1 −X0)1/2

(
1 + d(X0, X1)

)−N
,

since
∫ 1

0
g\X0

(Ẋ(t))1/2dt ≥ g\X0
-distance from X0 to X1 and

max
t∈[0,1]

d(X0, X(t)) ≤ d(X0, X1)

since t 7→ X(t) is a geodesic curve for the Riemannian metric g\. We obtain thus
the first inequality in (2.6.30), completing the proof of the lemma. �

Remark 2.6.21. With the notations and assumptions of the previous lemma, there
exists C,N > 0 such that, for all X,Y ∈ R2n,

1
C

(
1+(g\X∧g

\
Y )(X−Y )

)1/N ≤ 1+d(X,Y ) ≤ C
(
1+(g\X∧g

\
Y )(X−Y )

)N
. (2.6.31)

The left inequality above follows from the third inequality in (4.4.26) and the
first inequality in (2.6.30). Moreover, we have from (4.4.27) (with T depending on
X,Y ),

(g\X ∧ g
\
Y )(X − Y ) = 2g\X(X − T ) + 2g\Y (T − Y )
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and using the triangle inequality along with the right inequality in (2.6.30), we
get

1+d(X,Y ) ≤ 1+d(X,T )+d(Y, T ) ≤ C
(
1+g\X(X−T )

)N +C
(
1+g\Y (Y −T )

)N
≤ C

(
2 + g\X(X − T ) + g\Y (T − Y )

)N ≤ C
(
2 +

1
2
(g\X ∧ g

\
Y )(X − Y )

)N
,

which gives (2.6.31) (with the same N as in (2.6.30)). Defining for r > 0, X, Y ∈
R2n,

δ\r(X,Y ) = 1 + (g\X ∧ g
\
Y )(U \X,r − U \Y,r), (2.6.32)

with U \X,r = {X ′ ∈ R2n, g\X(X ′ −X) ≤ r2}, (2.6.33)

we see that δ\r is the main distance function24 for the admissible metric g\ (see
(2.2.27) and the fact that g\ is symplectic, according to (4.4.29)). We have

δ\r(X,Y ) = 1 + (g\X ∧ g
\
Y )(X ′ − Y ′), X ′ ∈ U \X,r, Y

′ ∈ U \Y,r,

so that the ratio δ\r(X,Y )/1 + (g\X′ ∧ g\Y ′)(X ′ − Y ′) is bounded above and below
by some fixed positive constants, implying from (2.6.31) that

d(X,Y ) ≤ d(X,X ′) + d(X ′, Y ′) + d(Y ′, Y )

≤ d(X,X ′) + C
(
1 + (g\X′ ∧ g\Y ′)(X

′ − Y ′)
)N + d(Y ′, Y )

≤ d(X,X ′) + C ′(1 + (g\X ∧ g
\
Y )(X ′ − Y ′)

)N︸ ︷︷ ︸
δ\

r(X,Y )N

+d(Y ′, Y ),

and since g\ is slowly varying, X ′ ∈ U \X,r, Y ′ ∈ U
\
Y,r, we get that

∃C > 0,∃N ≥ 0,∃r > 0, ∀X,Y ∈ R2n, 1 + d(X,Y ) ≤ Cδ\r(X,Y )N . (2.6.34)

Lemma 2.6.22. Let g be an admissible and geodesically temperate metric on R2n

(Definitions 2.2.15, 2.6.19) and let G be a slowly varying metric on R2n such that
G = µg is conformal to g, with µ ≤ λg (defined in (2.2.13)). Then G is admissible
and geodesically temperate on R2n.

Proof. The fact that G is admissible follows from Lemma 2.2.21. Since G is confor-
mal to g, the definition 2.2.19 implies that G\ = g\; moreover, from the proposition
2.2.20, the ratio GX/GY is bounded above by

C
(
1 + (g\X ∧ g

\
Y )(X − Y )

)N
24Note that δ\

r(X, Y ) is larger than ∆r(X, Y ) as defined by (2.2.32), since in the latter formula
UX,r is the gX -ball with center X, and radius r whereas here in (2.6.32), we are considering the
smaller g\

X -ball (see (2.2.22)).
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and Lemma 2.6.20 entails that this quantity is bounded above by a constant
multiplied by a power of (1+d(X,Y )), proving the second assertion of the lemma.

�

Lemma 2.6.23. The metrics 〈ξ〉2δ|dx|2 + 〈ξ〉−2ρ|dξ|2, (with 0 ≤ δ ≤ ρ ≤ 1, δ < 1),
|dx|2 + h2|dξ|2 (with 0 < h ≤ 1), (1 + |x|2 + |ξ|2)−1|dx|2 + |dξ|2 are admissible
and geodesically temperate. Any slowly varying metric G (see definition 2.2.1)
such that G ≤ Gσ (i.e. (2.2.12) is satisfied) and G is conformal to one of the
metrics above is admissible and geodesically temperate.

Proof. The admissibility follows from Lemma 2.2.18, the geodesic temperance for
the last two metrics follows from the previous lemma 2.6.22 since they are both
conformal to a constant metric (note that all the constants are uniform with
respect to h ∈ (0, 1]). We see that the first metrics of the lemma are conformal to

|dx|2〈ξ〉δ+ρ + |dξ|2〈ξ〉−ρ−δ

and, using again Lemma 2.6.22, it is enough to prove that the latter is geodesically
temperate. Since (ρ+ δ)/2 ∈ [0, 1), this amounts to prove that

|η|
1 + |ξ|

≤ C
(
1 + d0(ξ, η)

)N (2.6.35)

where d0 is the geodesic distance for |dξ|2〈ξ〉−2θ on Rn, where θ ∈ [0, 1). We have
for a C1 curve t 7→ ξ(t) in Rn,

(1− θ)−1 d

dt
(〈ξ(t)〉1−θ) = 〈ξ(t)〉−θ−1ξ̇(t) · ξ(t)

and consequently∫ 1

0

|ξ̇(t)|〈ξ(t)〉−θdt ≥ (1− θ)−1

∣∣∣∣∫ 1

0

d

dt
(〈ξ(t)〉1−θ)dt

∣∣∣∣ =
∣∣〈ξ(1)〉1−θ − 〈ξ(0)〉1−θ

∣∣
(1− θ)

,

which proves
∣∣〈ξ〉1−θ − 〈η〉1−θ∣∣ ≤ (1 − θ)d0(ξ, η), implying for 〈ξ〉1−θ ≤ 1

2 〈η〉
1−θ

that 〈η〉1−θ ≤ 2(1− θ)d0(ξ, η), which gives (2.6.35) in that case, whereas (2.6.35)
is obvious in the other case 〈ξ〉1−θ > 1

2 〈η〉
1−θ. The last statement of the lemma

follows from Lemma 2.6.22. The proof of the lemma is complete. �

Remark 2.6.24. The main point of the previous lemma is the stability of the
admissible and geodesically temperate metrics by conformal change preserving
the uncertainty principle and the slowness. We shall apply this property to some
Calderón-Zygmund metrics which are precisely conformal to a constant metric or
to the metric defining the S1,0 class.



156 Chapter 2. Metrics on the Phase Space

Lemma 2.6.25. Let g be an admissible metric on R2n. Then ∀N0 ≥ 0,∃C0 >
0,∃k0 ∈ N,∀N1 ≥ 0,∃C1,∃k1 ∈ N,∀ν ∈ N∗,∀J ⊂ {0, . . . , ν − 1}, ∀c0, . . . , cν ∈
S (R2n),∀Y0, . . . , Yν ∈ R2n, we have

‖cw0 . . . cwν ‖L (L2)

≤ Cν−card J
0 C1+card J

1 |||c0|||(k1)gY0 ,UY0,r

(
max

j /∈K,j 6=0
|||cj |||(k0)gYj

,UYj,r

)ν−card J

×
(

max
j∈K,j 6=0

|||cj |||(k1)gYj
,UYj,r

)card J ∏
0≤j<ν

δr(Yj , Yj+1)−N0
∏
j∈J

δr(Yj , Yj+1)−N1 ,

with K = J ∪
(
(1 + J) ∩ [0, ν]

)
= {j ∈ {0, . . . , ν} such that j ∈ J or j − 1 ∈ J}.

Proof. We have

‖cw0 . . . cwν ‖L (L2) ≤ ‖cw0 cw1 ‖L (L2)‖cw2 cw3 ‖L (L2) . . . ,

‖cw0 . . . cwν ‖L (L2) ≤ ‖cw0 ‖L (L2) ‖cw1 cw2 ‖L (L2)‖cw3 cw4 ‖L (L2) . . . ,

and thus

‖cw0 . . . cwν ‖L (L2) ≤ ‖cw0 ‖
1/2
L (L2)‖c

w
ν ‖

1/2
L (L2)

∏
1≤j<ν

‖cwj cwj+1‖
1/2
L (L2). (2.6.36)

Using (2.5.1), the biconfinement estimates of Corollary 2.3.3 and the first estimates
in (2.2.29), we get

‖cw0 ‖L (L2) ≤ C(n)|||c0|||(2n+1)
gY0 ,UY0,r

, ‖cwν ‖L (L2) ≤ C(n)|||cν |||(2n+1)
gYν ,UYν ,r

,

for j /∈ J , ‖cwj cwj+1‖L (L2) ≤ C0δr(Yj , Yj+1)−2N0 |||cj |||(k0)gYj
,UYj,r

|||cj+1|||(k0)gYj+1 ,UYj+1,r
,

and for j ∈ J ,

‖cwj cwj+1‖L (L2) ≤ C1δr(Yj , Yj+1)−2N0−2N1 |||cj |||(k1)gYj
,UYj,r

|||cj+1|||(k1)gYj+1 ,UYj+1,r
,

with C0, k0 depending only on N0 and C1, k1 on N0 +N1. We may assume C1 ≥
C0, k1 ≥ k0. Plugging the above estimates in (2.6.36) yields the result of the
lemma. �

Lemma 2.6.26. Let g be an admissible and geodesically temperate metric such that,
for all X ∈ R2n, gX = gσX (implying g ≡ g\ ≡ gσ). Then there exist some constants
C0, k0 depending only on the structure constants25 of g, and for all k ∈ N, there
exist some constants C1, k1, N1, such that for a ∈ S(1, g), ν ∈ N, with the notations
(2.6.13), (2.2.7),

‖(aw)ν‖(k)op(1,g) ≤ C1(ν + 1)N1
(
C0‖a‖(k0)S(1,g)

)ν−k(
C1‖a‖(k1)S(1,g)

)k
.

25We mean here the constants occurring in (2.2.3), (2.2.16).
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Proof. For Y0 ∈ R2n, we consider k linear forms on R2n, Lj(X) = [Tj , X], j =
1, . . . , k such that gY0(Tj) = 1. We have, using the notations (2.6.13), with a =∫
aϕY dY , aY = aϕY ,

ωk = ‖ adLw1 . . . adLwk · θwY0
(aw)ν‖L (L2)

≤
∫
‖ adLw1 . . . adLwk · θwY0

awY1
. . . awYν

‖L (L2)dY1 . . . dYν .

Since adC · AB = [C,A]B + A[C,B], we get, with the convention
∏
l∈∅Al = Id

that

adC ·A1 . . . Aµ =
∑

1≤j≤µ

(
∏

1≤l<j

Al)[C,Aj ](
∏

j<l≤µ

Al),

so that ωk is bounded above by a sum of (ν + 1)k terms ω̃k, with

ω̃k =
∫
‖bw0 . . . bwν ‖L (L2)dY1 . . . dYν , bj = (

∏
α∈Ej

∂Tα
)aYj

,

with the convention aY0 = θY0 and the (Ej)0≤j≤ν are (possibly empty) disjoint
subsets of {1, . . . , k}. In particular, defining J = {j ∈ [0, ν], Ej 6= ∅}, we have

k ≥
∑
j∈J

cardEj ≥
∑
j∈J

1 = card J.

We define for j /∈ J , cj = bj(= aYj
) and for j ∈ J , cj = bj(

∏
α∈Ej

gYj
(Tα)−1/2).

Since g = g\ is geodesically temperate and gY0(Tα) = 1, we have from the triangle
inequality for d (and Hölder’s inequality)

gYj
(Tα) ≤ C(1 + d(Y0, Yj))N ≤ CνN−1

∑
0≤l<j

(1 + d(Yl, Yl+1))N .

We reach the estimate

‖bw0 . . . bwν ‖L (L2) ≤ C2ν
M0‖cw0 . . . cwν ‖L (L2)

∏
0≤j<ν

δr(Yj , Yj+1)mjM0 ,

where the mj ∈ N and such that
∑

0≤j<νmj ≤ k and M0 is depending only on g.
We define J̃ = {j ∈ [0, ν[,mj > 0} and we have

k ≥
∑

0≤j<ν

mj ≥
∑

0≤j<ν

1 = card J̃ .
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We apply now Lemma 2.6.25 to get with K̃ = J̃ ∪ (1 + J̃),

ω̃k ≤ Cν−card J̃
0 C1+card J̃

1 C2ν
M0

× |||c0|||(k1)gY0 ,UY0,r

(
max

j /∈K̃,j 6=0
|||cj |||(k0)gYj

,UYj,r

)ν−card J̃( max
j∈K̃,j 6=0

|||cj |||(k1)gYj
,UYj,r

)card J̃
×
∫ ∏

0≤j<ν

δr(Yj , Yj+1)−N0
∏
j∈J̃

δr(Yj , Yj+1)−N1

×
∏
j∈J̃

δr(Yj , Yj+1)kM0dY1 . . . dYν .

The seminorms of the cj for j ≥ 1 depend only on the seminorms of a in S(1, g),
with |||cj |||

(l)
gYj

,UYj,r
≤ |||aYj |||

(l+k)
gYj

,UYj,r
if j ∈ K̃,

|||cj |||(l)gYj
,UYj,r

≤ |||aYj |||
(l)
gYj

,UYj,r
if j /∈ K̃,

whereas the seminorms of c0 are those of θY0 and depend only on the structure
constants of g. We choose N0 large enough (depending only on the structure
constants of g) to ensure supY

∫
δr(Y, Z)−N0dZ < +∞. For each k, we choose

N1(k) = kM0 and, integrating successively with respect to Yν , Yν−1, . . . , Y1, we
get with k′1 = k1 + k, card J̃ = τk with τ ∈ [0, 1],

ω̃k ≤
(
C0‖a‖(k0)S(1,g)

)ν−card J̃(
C1‖a‖

(k′1)

S(1,g)

)card J̃
C3ν

M0

=
(
C0‖a‖(k0)S(1,g)

)ν−k+k−τk(
C1‖a‖

(k′1)

S(1,g)

)τk
C3ν

M0

and using k0 ≤ k1, C0 ≤ C1

≤
(
C0‖a‖(k0)S(1,g)

)ν−k(
C1‖a‖

(k′1)

S(1,g)

)k−τk(
C1‖a‖

(k′1)

S(1,g)

)τk
C3ν

M0 ,

providing the result of the lemma. �

Theorem 2.6.27. Let g be an admissible and geodesically temperate metric on R2n

and let a ∈ S(1, g) such that aw is invertible in L (L2(Rn)). Then there exists
b ∈ S(1, g) such that bw = (aw)−1.

Proof. (1) We assume first that g ≡ g\ ≡ gσ. Let us consider r ∈ S(1, g) such that
‖rw‖L (L2) < 1. We have (Id−rw)−1 =

∑
ν≥0(r

w)ν and for τ ∈]0, 1[ (to be chosen
later), with R = rw, using Theorem 2.6.12, we get for k ∈ N

‖Rν‖(k)op(1,g) ≤ Ck,τ
(
‖Rν‖(0)op(1,g)

)τ(‖Rν‖(lk,τ )

op(1,g)

)1−τ
. (2.6.37)

Using Lemma 2.6.26, we have

‖Rν‖(lk,τ )

op(1,g) ≤ C ′k,τ (ν + 1)Nk,τ
(
C0‖r‖(k0)S(1,g)

)ν−lk,τ
(
C1‖r‖(k1(k,τ))S(1,g)

)lk,τ , (2.6.38)
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and noticing that ‖Rν‖(0)op(1,g) = supY ∈R2n ‖θwYRν‖L (L2) ≤ C2‖R‖νL (L2), we get,
using (2.6.37), (2.6.38),

‖Rν‖(k)op(1,g)

≤ Ck,τ
(
C2‖R‖νL (L2)

)τ(
C ′k,τ (ν+1)Nk,τ

(
C0‖r‖(k0)S(1,g)

)ν−lk,τ
(
C1‖r‖(k1(k,τ))S(1,g)

)lk,τ
)1−τ

≤ C̃k,τ (ν + 1)Nk,τCν0 ‖R‖ντL (L2)

(
‖r‖(k0)S(1,g)

)(ν−lk,τ )(1−τ)(‖r‖(k1(k,τ))S(1,g)

)(1−τ)lk,τ .

Choosing now 1 − τ small enough, depending only on C0, k0 (in particular inde-
pendent of k), so that

‖R‖τL (L2)

(
C0‖r‖(k0)S(1,g)

)1−τ
< 1,

we obtain for ν ≥ lk,τ

‖Rν‖(k)op(1,g) ≤ C ′′k,τ (ν + 1)Nk,τ

(
‖R‖τL (L2)

(
C0‖r‖(k0)S(1,g)

)1−τ)ν
which implies the convergence of

∑
ν≥0 r

]ν in S(1, g). Now if a ∈ S(1, g) satisfies
the invertibility assumption of the theorem, we get that the selfadjoint operator
(ā]a)w = (aw)∗aw is positive invertible and thus, with 0 < c ≤ C,

∀u ∈ L2, c‖u‖2L2 ≤ 〈(aw)∗awu, u〉 ≤ C‖u‖2L2 ,

so that C−1(aw)∗aw = Id−bw, ‖bw‖L (L2) < 1. From the previous discussion, we
get that

(
(aw)∗aw

)−1 = dw1 with d1 ∈ S(1, g), and also
(
aw(aw)∗

)−1 = dw2 with
d2 ∈ S(1, g), so that

d1]ā︸︷︷︸
=α1

]a = 1 = a] ā]d2︸︷︷︸
=α2

=⇒ α1 = α1]a]α2 = α2,

and aw has in L (L2) the inverse αw1 with α1 ∈ S(1, g).
(2) We assume now only that g is admissible and geodesically temperate. Then g
satisfies (2.6.29), (2.6.31), (2.2.22), and g\ is indeed admissible (see Proposition
2.2.20). Let a ∈ S(1, g) with aw invertible in L (L2); since S(1, g) ⊂ S(1, g\), we get
from the first part of the proof that there exists b ∈ S(1, g\) so that a]b = b]a = 1.
For S, T ∈ R2n with gS(T ) = 1, we set MS,T (X) = gX(T )1/2; the functions MS,T

are a family of weight functions with uniform structure constants for g\ (and for
g), thanks to (2.6.29) and (2.6.31): we have

MS,T (X)2

MS,T (Y )2
=
gX(T )
gY (T )

≤ C(1 + (g\X ∧ g
\
Y )(X − Y ))N ,

and if g\X(Y −X) ≤ r2, (2.2.22) implies gX(Y −X) ≤ r2 so that with r chosen as
in (2.2.3), we get C−1 ≤MS,T (X)/MS,T (Y ) ≤ C. We note also that ∂Ta belongs



160 Chapter 2. Metrics on the Phase Space

to S(MS,T , g) ⊂ S(MS,T , g
\) with uniform seminorms with respect to S, T . Using

0 = ∂T b]a+ b]∂Ta, we get
∂T b = −b]∂Ta]b, (2.6.39)

which implies, thanks to Theorem 2.3.7, that ‖∂T b‖(k)S(MS,T ,g\)
≤ Ck with Ck inde-

pendent of S, T . In particular, for k = 0, we get for gS(T ) = 1 that |(∂T b)(S)| ≤
C0, which implies ‖b‖(1)S(1,g) < ∞. Moreover, from (2.6.39), we get with T1, T2 ∈
R2n,

∂T1∂T2b = −∂T1b]∂T2a]b− b]∂T1∂T2a]b− b]∂T2a]∂T1b

= b]∂T1a]b]∂T2a]b− b]∂T1∂T2a]b+ b]∂T2a]b]∂T1a]b, (2.6.40)

so that with gS(T1) = gS(T2) = 1, using ∂Tj
a ∈ S(MS,Tj

, g\) and ∂T2∂T1a ∈
S(MS,T1MS,T2 , g

\) we get

‖∂T1∂T2b‖
(k)

S(MS,T1MS,T2 ,g
\)
≤ C ′k

with C ′k independent of S, T1, T2. In particular, for k = 0, this gives

|(∂T1∂T2b)(S)| ≤ C ′0, which implies ‖b‖(2)S(1,g) <∞.

We conclude with an induction, based upon the extension of (2.6.39), (2.6.40) to
higher order derivatives. �

Corollary 2.6.28. Let g,m be admissible metric and weight on R2n with g geodesi-
cally temperate and let a ∈ S(m, g). The existence of b ∈ S(m−1, g) such that
b]a = a]b = 1 is equivalent to the invertibility of aw as an operator from H(m1, g)
onto H(m1m

−1, g) for some g-admissible weight function m1.

Proof. We use the corollary 2.6.16 to find c1 ∈ S(m1m
−1, g), c2 ∈ S(mm−1

1 , g),
d1 ∈ S(m1, g), d2 ∈ S(m−1

1 , g) with

c1]c2 = c2]c1 = d1]d2 = d2]d1 = 1.

If aw is invertible from H(m1, g) onto H(m1m
−1, g), we have that dw2 awcw1 is

invertible in L (L2). Since d2]a]c1 ∈ S(1, g) we use the previous theorem, and get
that there exists d ∈ S(1, g) such that

d2]a]c1]d = d]d2]a]c1 = 1 =⇒ c2 = d]d2]a, d1 = a]c1]d

so that c1]d]d2]a = 1 = a]c1]d]d2 and the symbol c1]d]d2 ∈ S(m−1, g) is the
inverse of a. Conversely, if if for some b ∈ S(m−1, g), a]b = b]a = 1, then the
operators bwaw, awbw are the identities of H(m1, g),H(m1m

−1, g), so that aw is
invertible from H(m1, g) onto H(m1m

−1, g) with inverse bw. This completes the
proof of the corollary. �
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Theorem 2.6.29. Let g,m be admissible metric and weight on R2n with g geodesi-
cally temperate. Let (ϕY )Y ∈R2n be a uniformly confined family which is a partition
if unity (see Theorem 2.2.7). Then there exists a uniformly confined family of
symbols (ψY )Y ∈R2n such that∫

(ψY ]ϕY )|gY |1/2 = 1.

Moreover, H(m, g) = {u ∈ S ′(Rn),
∫
m(Y )2‖ϕwY u‖2L2(Rn)|gY |

1/2 <∞}.

Proof. Using Lemma 2.5.3 and Theorem 2.6.27, we get that the operator aw =
A =

∫
(ϕwY )2|gY |1/2dY has an inverse bw with b ∈ S(1, g). The family (ψY =

b]ϕY )Y ∈R2n is uniformly confined, thanks to the proposition 2.3.16. As a result,
with the definition given in (2.6.2), thanks to the proposition 2.6.3, we can choose
on H(m, g) the norm

‖u‖2H(m,g) =
∫
‖ϕwY u‖2L2m(Y )2|gY |1/2dY

since 1 =
∫

(

ψY︷ ︸︸ ︷
b]ϕY ]

θY︷︸︸︷
ϕY )|gY |1/2dY. This completes the proof. �
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Chapter 3

Estimates for Non-Selfadjoint
Operators

3.1 Introduction

3.1.1 Examples

Principal type with nonnegative (resp. nonpositive) imaginary part

We have seen in the first chapter that it is very easy to prove a priori estimates for
pseudodifferential operators of real principal type (see e.g. the proof of Theorem
1.2.38), and also for principal-type operators whose imaginary part is either always
nonnegative or always nonpositive (Theorem 1.2.39). Thanks to Remark 1.2.36, it
boils down to proving an L2 − L2 injectivity estimate ‖Lu‖0 & ‖u‖0 for

L = Dt + a(t, x, ξ)w + ib(t, x, ξ)w, where a, b ∈ S1
1,0, b ≥ 0 (or b ≤ 0) (3.1.1)

depending continuously on t ∈ R. Note that Lemma 4.3.21 in the appendix is
providing an even more precise form of such an estimate.1 At any rate, proving
local solvability or an L2 −L2 injectivity estimate for that class of examples does
not require much: for instance in the case b ≥ 0, just conjugate the operator L by
eλt so that

Lλ = e2πλtLe−2πλt = Dt + a(t, x, ξ)w + i
(
b(t, x, ξ)w + λ

)
,

choose λ large enough so that, thanks to Gårding’s inequality (Theorem 1.1.26),
bw + λ ≥ 0 as an operator, and apply Lemma 4.3.21. Note in particular that for

1Note also that this lemma and the multiplier method described in the second part of the
proof of Theorem 1.2.39 fall short to proving the propagation-of-singularities result of Theorem
1.2.23, which requires a subtler estimate which should follow the flow of the bicharacteristics of
the real part.
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an evolution equation (t ∈ R is the time-variable)

d

dt
+ i ImQ(t)︸ ︷︷ ︸

propagation,
e.g. real vector field
with null divergence

+ReQ(t)︸ ︷︷ ︸
diffusion

, (3.1.2)

where ReQ(t) is a pseudodifferential operator with real-valued Weyl symbol, the
inequality (4.3.47) shows that the forward Cauchy problem is well-posed whenever
ReQ(t) is bounded from below, e.g. is nonnegative. Most evolution equations or
systems of mathematical physics are essentially of the type (3.1.2) with a non-
negative ReQ(t) together with very significant complications coming from rough
coefficients or nonlinearities.

Creation and Annihilation operators

With t ∈ R, h > 0,

C+ = hDt + it =
1

2iπ
(
h
d

dt
− 2πt

)
, is the creation operator, (3.1.3)

C− = hDt − it = C∗+ =
1

2iπ
(
h
d

dt
+ 2πt

)
, is the annihilation operator (3.1.4)

and the identities, say for v ∈ S (R),

‖C+v‖20 = ‖hDtv‖20 + ‖tv‖20 +
h

2π
‖v‖2 = ‖C−v‖20 +

h

π
‖v‖2,

imply
π1/2‖C+v‖0 ≥ h1/2‖v‖0, C−(e−

πt2
h ) = 0, (3.1.5)

so that the operator C+ is strongly injective with loss of 1/2 derivative (in a semi-
classical scale) and that the operator C− has a nontrivial one-dimensional kernel
generated by e−πt

2/h. Note also the identity

C+C− = C∗−C− = h2D2
t + t2 − h

2π
,

linking the harmonic oscillator to the creation and annihilation operators; this
implies in particular that the ground-state of

H0 = π(h2D2
t + t2)/h is e−πt

2/hh−1/421/4 = φ0,h(t) at the energy 1/2

and that using [C−, C+] = h/π, we get for k ∈ N,

H0C
k
+φ0,h = (k +

1
2
)Ck+φ0,h, (3.1.6)
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providing the spectral decomposition2 of the one-dimensional harmonic oscillator.
The multi-dimensional creation and annihilation operators, with (x1, . . . , xn) ∈ Rn

C+,j = hDxj + ixj , C−,j = hDxj − ixj (3.1.7)

satisfy similar estimates and verify also that

H0 =
π

h

(
h2|Dx|2 + |x|2

)
=
n

2
+
∑

1≤j≤n

C∗−,jC−,j . (3.1.8)

Moreover φ0,h(x) = e−π|x|
2/hh−n/42−n/4 is the ground-state of H0 at the energy

n/2,

[C−,j , C+,k] =
h

π
δj,k, [C+,j , C+,k] = 0, [C−,j , C−,k] = 0,

H0C
α
+φ0,h = (|α|+ n

2
)Cα+φ0,h, α ∈ Nn, Cα+ = Cα1

+,1 . . . C
αn
+,n.

Our expanding-the-square method used above relies on the general identity for
operators J,K on some Hilbert space,

J = J∗,K∗ = −K, 2 Re〈Ju,Ku〉 = 〈[J,K]u, u〉. (3.1.9)

Creation and Annihilation operators, continued

The one-dimensional operators

C
[k]
+ = hDt + it2k+1, C

[k]
− = hDt − it2k+1 (3.1.10)

are similar to creation and annihilation operators for k ∈ N. In particular, we have
with ck > 0, for v ∈ S (R),

‖C [k]
+ v‖0 ≥ ckh

2k+1
2k+2 ‖v‖0, kerC [k]

− = Ce−
πt2k+2
h(k+1) . (3.1.11)

The second assertion is obvious whereas the first deserves a proof. With a linear
change of coordinate t 7→ th1/(2k+2), we see that C [k]

+ is unitarily equivalent to
(Dt + it2k+1)h(2k+1)/(2k+2), so it is enough to prove the estimate for h = 1. For
v ∈ S (R), we know that v̇ − 2πt2k+1v = 2iπC [k]

+ v so that

v(t) =

2iπ
∫ t
+∞ e−

π(s2k+2−t2k+2)
k+1 (C [k]

+ v)(s)ds for t ≥ 0,

2iπ
∫ t
−∞ e−

π(s2k+2−t2k+2)
k+1 (C [k]

+ v)(s)ds for t ≤ 0,

2The space S = span{Ck
+φ0,h}k∈N equals L2(R) since it contains {tkφ0,h(t)}k∈N and thus

for all z ∈ C, the function t 7→ e−πt2h−1
ezt. If u ∈ L2(R) is orthogonal to S, the convolution

u ∗ e−πh−1t2 vanishes identically, and thus, taking Fourier transforms, we see that u = 0.
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and since for t ≥ 0 we have∫
H(t)H(s− t)e−

π(s2k+2−t2k+2)
k+1 ds

=
1

2k + 2

∫ +∞

0

e−
πσ

k+1 (σ + t2k+2)−( 2k+1
2k+2 )dσ

≤ 1
2k + 2

∫ +∞

0

e−
πσ

k+1σ−( 2k+1
2k+2 )dσ = αk < +∞,

and also sup
s

∫
H(t)H(s− t)e−

π(s2k+2−t2k+2)
k+1 dt

=
1

2k + 2

∫ s2k+2

0

e−
πσ

k+1 (s2k+2 − σ)−( 2k+1
2k+2 )dσ

≤ 1
2k + 2

∫ +∞

0

e−
πσ

k+1 dσ +
1

2k + 2

∫ s2k+2

max(0,s2k+2−1)

e−
πσ

k+1 (s2k+2 − σ)−( 2k+1
2k+2 )dσ

≤ 1
2π

+ e−
π max(0,s2k+2−1)

k+1 ≤ 1
2π

+ 1

along with analogous estimates for t ≤ 0, Schur’s Lemma (see e.g. Remark 4.7.3)
gives ‖v‖0 ≤ Ck‖C [k]

+ v‖0, which proves (3.1.11).
The operator C [k]

+ with (dense) domain

Dk = {u ∈ L2(R), ∂tu ∈ L2(R), t2k+1u ∈ L2(R)} = {u ∈ L2(R), C [k]
+ u ∈ L2(R)}

is injective and has a closed image (thanks to (3.1.11)) of codimension 1: it is a
Fredholm operator with index −1. The operator C [k]

− is the adjoint of C [k]
+ and is

onto with a one-dimensional kernel: it is a Fredholm operator with index +1.

Cauchy-type operators

For k ∈ N, we define
C

[k]
0 = hDt + t2k

√
−1. (3.1.12)

There exists ck > 0, such that for v ∈ S (R),

‖C [k]
0 v‖0 ≥ ckh

2k
2k+1 ‖v‖0. (3.1.13)

As above, the linear change of variable t 7→ th1/(2k+1) shows that C [k]
0 is unitarily

equivalent to h2k/(2k+1)(Dt+
√
−1t2k) so that it suffices to prove (3.1.13) for h = 1.

Although a direct resolution of the ODE as for proving (3.1.11) would provide the
answer, we shall prove a more general lemma, implying both (3.1.12) and (3.1.11).
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Lemma 3.1.1. Let φ ∈ C0(R; R) such that

φ(t) > 0, s > t =⇒ φ(s) ≥ 0. (3.1.14)

Then for all v ∈W 1,1(R) with φv ∈ L1(R), we have

sup
t∈R

|v(t)| ≤
∫

R
|dv
dt
− φv|dt, (3.1.15)

and if v is compactly supported, diameter(supp v) ≤ δ, v ∈ H1(R), φv ∈ L2(R),

‖v‖L2(R) ≤ δ‖dv
dt
− φv‖L2(R). (3.1.16)

Moreover defining for λ > 0, m(λ) =
∣∣{t ∈ R, |φ(t)| ≤ λ−1}

∣∣ and assuming that
κ(φ) = infλ>0(m(λ) + λ) < +∞, we have for v ∈ H1(R) with φv ∈ L2(R),

‖v‖L2(R) ≤ 2‖dv
dt
− φv‖L2(R)κ(φ). (3.1.17)

Comment. This lemma implies the estimates (3.1.13) and (3.1.11): first of all
the hypothesis (3.1.14) holds for t2k+1,±t2k (violated for −t2k+1). Moreover for
φ = h−1tl, we have

κ(φ) ≤ |{t ∈ R, h−1|t|l ≤ h−
1

l+1 }|+ h
1

l+1 ≤ 2h
1

l+1

and thus ‖v‖ ≤ 4h
1

l+1 ‖ d
idtv + ih−1tlv‖, so that h

l
l+1 ‖v‖ ≤ 4‖h d

idtv + itlv‖ and for
l even the same estimate for h d

idtv − itlv. Also the reader may have noticed that
the estimates (3.1.15) and (3.1.17) hold true without any condition on the support
of v; on the other hand κ(0) = +∞ and although the estimate (3.1.16) holds for
φ ≡ 0, no better estimate is true in that simple case.

Proof of the Lemma. We define T = inf{t ∈ R, φ(t) > 0} (T = ±∞ if ±φ ≤ 0).
The condition (3.1.14) ensures that

t > T =⇒∃t′ ∈ (T, t) with φ(t′) > 0 =⇒ φ(t) ≥ 0, (3.1.18)
t < T =⇒φ(t) ≤ 0. (3.1.19)

For v ∈ C1
c (R), we have with v̇ − φv = f , and t ≥ T

v(t) =
∫ t

+∞
f(s)e

R t
s
φ(σ)dσds = −

∫ +∞

t

f(s)e−
R s

t
φ(σ)dσds

and since φ ≥ 0 on [T,+∞), we get for t ≥ T , |v(t)| ≤
∫ +∞
t

|f(s)|ds and similarly
for t ≤ T , |v(t)| ≤

∫ t
−∞ |f(s)|ds, so that (3.1.15) follows as well as its immediate
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consequence (3.1.16). For future reference we give another proof of (3.1.15) which
uses a more flexible energy method. We calculate with L = d

idt + iφ and v ∈ S (R)

for t′′ ≥ T , 2 Re〈Lv, iH(t− t′′)v〉 = |v(t′′)|2 + 2
∫ +∞

t′′
|φ(t)||v(t)|2dt,

for t′ ≤ T , 2 Re〈Lv,−iH(t′ − t)v〉 = |v(t′)|2 + 2
∫ t′

−∞
|φ(t)||v(t)|2dt,

and we get

sup
t∈R

|v(t)|2 + 2
∫

R
|φ(t)||v(t)|2dt ≤ 2

∫
R
|(Lv)(t)||v(t)|dt, (3.1.20)

proving (3.1.15) (with a constant 2), which implies also∫
R
|φ(t)||v(t)|2dt ≤ ‖Lv‖L2‖v‖L2 . (3.1.21)

Now, we have also with λ > 0,∫
R
|v(t)|2dt ≤

∫
λ|φ(t)|≤1

|v(t)|2dt+
∫
λ|φ(t)|>1

λ|φ(t)||v(t)|2dt

≤ |{t ∈ supp v, |φ(t)| ≤ 1/λ}| sup |v(t)|2 + λ‖Lv‖L2‖v‖L2

≤ 2‖Lv‖L2‖v‖L2

(
|{t ∈ supp v, |φ(t)| ≤ 1/λ}|+ λ/2

)
, (3.1.22)

which gives (3.1.17). �

The last estimate is of particular interest when the function φ has a polyno-
mial behaviour, in the sense of the following lemma.

Lemma 3.1.2. Let k ∈ N∗, δ > 0 and C > 0 be given. Let I be an interval of R and
q : I → R be a Ck function such that

inf
t∈I

|∂kt q| ≥ δ. (3.1.23)

Then for all h > 0, the set

{t ∈ I, |q(t)| ≤ Chk} ⊂1≤l≤k ∪Jl (3.1.24)

where Jl is an interval with length h(αkCδ−1)1/k, αk = 22kk!. As a consequence,
the Lebesgue measure of {t ∈ I, |q(t)| ≤ Chk} is smaller than

hC1/kδ−1/k4k(k!)1/k ≤ hC1/kδ−1/k4k2.
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Proof. Let k ∈ N∗, h > 0 and set Ek(h,C, q) = {t ∈ I, |q(t)| ≤ Chk}. Let us first
assume k = 1. Assume that t, t0 ∈ E1(h,C, q); then the mean value theorem and
(3.1.23) imply 2Ch ≥ |q(t)− q(t0)| ≥ δ|t− t0| so that

E1(h,C, q) ∩ {t, |t− t0| > h2Cδ−1} = ∅ :

otherwise we would have 2Ch > δh2C/δ. As a result, for any t0, t ∈ E1(h,C, q),
we have |t− t0| ≤ h2Cδ−1. Either E1(h,C, q) is empty or it is not empty and then
included in an interval with length ≤ h4Cδ−1.

Let us assume now that k ≥ 2. If Ek(h,C, q) = ∅, then (3.1.24) holds true.
We assume that there exists t0 ∈ Ek(h,C, q) and we write for t ∈ I,

q(t) = q(t0) +
∫ 1

0

q′(t0 + θ(t− t0))dθ︸ ︷︷ ︸
Q(t)

(t− t0). (3.1.25)

Then if t ∈ Ek(h,C, q), we have 2Chk ≥ |Q(t)(t − t0)|. Now for a given ω > 0,
either |t− t0| ≤ ωh/2 and t ∈ [t0 − ωh/2, t0 + ωh/2], or |t− t0| > ωh/2 and from
the previous inequality, we infer |Q(t)| ≤ ω−14Chk−1, i.e. we get that

Ek(h,C, q) ⊂ [t0 − ωh/2, t0 + ωh/2] ∪ Ek−1(h, ω−14C,Q). (3.1.26)

But the function Q satisfies the assumptions of the lemma with k− 1, δ/k instead
of k, δ: in fact for t ∈ I,

Q(k−1)(t) =
∫ 1

0

q(k)(t0 + θ(t− t0))θk−1dθ

and if q(k)(t) ≥ δ on I, we get Q(k−1)(t) ≥ δ/k. By induction on k and using
(3.1.26), we get that

Ek(h,C, q) ⊂ [t0−ωh/2, t0+ωh/2]∪1≤l≤k−1Jl, |Jl| ≤ h(4Cω−1kδ−1αk−1)1/(k−1).
(3.1.27)

We choose now ω so that ω = (4Cω−1kδ−1αk−1)1/(k−1) i.e. ωk = 4Cδ−1kαk−1,
that is ω = (Cδ−14kαk−1)1/k, yielding the result if αk = 4kαk−1, i.e. with α1 = 2,

αk = (4k)(4(k − 1)) . . . (4× 2)α1 = 4k−1k!22 = 22kk!.

The proof of the lemma is complete. �

A consequence of Lemma 3.1.2 and of the estimate (3.1.22) is that for q :
R → R satisfying (3.1.23),(3.1.14) and h > 0,

‖v‖L2(R) ≤ 2‖v̇ − h−1q(t)v‖L2(R)

(h 1
k+1

2
+ |{t ∈ R, h−1|q(t)| ≤ h−

1
k+1 }|

)
|{t ∈ R, h−1|q(t)| ≤ h−

1
k+1 }| = |{t ∈ R, |q(t)| ≤ h

k
k+1 }| ≤ 4k2h

1
k+1 δ−

1
k ,
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so that
h

k
k+1 ‖v‖L2(R) ≤ ‖hv̇ − q(t)v‖L2(R)(1 + 8k2δ−1/k). (3.1.28)

On the other hand (3.1.21) implies as well∫
h−1|q(t)||v(t)|2dt ≤ ‖v̇ − h−1q‖L2(R)‖v‖L2(R)

so that we have proven the following result.

Lemma 3.1.3. Let q ∈ C∞(R; R) such that (3.1.14) and (3.1.23) (for I = R and
some k ∈ N∗) hold. Then for all h > 0 and all v ∈ C∞c (R) we have

h
k

k+1 ‖v‖2L2(R) +
∫
|q(t)||v(t)|2dt

≤ ‖hv̇ − q(t)v‖L2(R)‖v‖L2(R)(2 + 8k2δ−1/k). (3.1.29)

Mizohata-Nirenberg-Treves operators

We shall first consider the two-dimensional operators, in fact vector fields in R2,

Mk = Dx1 + ixk1Dx2 . (3.1.30)

Using a Fourier transformation with respect to the x2 variable, and the estimates
(3.1.13), it is easy to see that M2k,M

∗
2k are locally solvable and satisfy even a

subelliptic estimate

C‖M2kv‖0 ≥ ‖v‖ 1
2k+1

, C‖M∗
2kv‖0 ≥ ‖v‖ 1

2k+1
. (3.1.31)

It is not difficult either to see that M2k+1,M
∗
2k+1 are not locally solvable: let us

for instance consider with ν ∈ S (R), supported in [1,+∞[, the function

v(x1, x2) =
∫
e2iπx2ξ2e−πx

2
1ξ2ν(ξ2)dξ2 (3.1.32)

which belongs to S (R2) since it is the case of its Fourier transform with respect
to x2 and we have M∗

1 v = 0. The Fourier transform of v is

ω(ξ) = ν(ξ2)ξ
−1/2
2 e−πξ

2
1ξ
−1
2 . (3.1.33)

If M1 were locally solvable at 0, thanks to Lemma 1.2.28, we would find a neigh-
borhood V0 of 0, N0, C0 such that for all χ ∈ C∞c (V0) and all ν ∈ S (R) with
supp ν ⊂ [1,+∞),

C0‖vM∗
1 (χ)‖N0 = C0‖M∗

1 (χv)‖N0 ≥ ‖χv‖−N0 = ‖〈D〉−N0(χv)‖L2 . (3.1.34)
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We have, for λ ≥ 1, choosing ν(ξ2) = χ1(ξ2λ−3) with χ1 given C∞c (R) supported
in [1, 2], equal to 1 on [5/4, 3/2],

1 ≥ |x1| ≥ λ−1 =⇒ |v(α)(x)| ≤ Cαe
−πλλ3λ3|α|,

|x1| < λ−1, |x2| ≥ λ−2 =⇒ |v(α)(x)| ≤ CN,α(|x2|+ λ−2)−Nλ−3N+3+3|α|.

Let us now choose χ such that χ(x) = χ0(x1λ)χ0(x2λ
2) where χ0 is given in C∞c (R)

supported in [−2, 2], equal to 1 on [−1, 1]. We have thus, assuming as we may that
N0 ∈ N, using that on support of ∇χ, either |x1| ≥ λ−1 or |x1| < λ−1, |x2| ≥ λ−2,

‖vM∗
1 (χ)‖N0 ≤ CN0 max

|α|+|β|=N0

‖v(α)∇χ(β)‖0

≤ CN0 max
|α|+|β|=N0

(e−πλλ3+3|α|+2|β|+2−3, C ′N,αλ
−3N+3+3|α|+2N−3)

≤ CNλ
−N , (3.1.35)

meaning that the lhs of (3.1.34) is rapidly decreasing with respect to λ. On the
other hand, from (3.1.32), we get

(χv)(x) = χ0(λx1)χ0(λ2x2)
∫
e2iπλ

3x2ξ2e−πx
2
1λ

3ξ2χ1(ξ2)dξ2λ3,

so that

λ−3(χv)(x1λ
−3/2, x2λ

−3) = χ0(λ−1/2x1)χ0(λ−1x2)
∫
e2iπx2ξ2e−πx

2
1ξ2χ1(ξ2)dξ2

implying that in S (R2),

lim
λ→+∞

λ−3(χv)(x1λ
−3/2, x2λ

−3)︸ ︷︷ ︸
fλ(x1,x2)

=
∫
e2iπx2ξ2e−πx

2
1ξ2χ1(ξ2)dξ2 = w0(x).

The Fourier transform of w0 is ω0(ξ) = χ1(ξ2)ξ
−1/2
2 e−πξ

2
1ξ
−1
2 which is not the zero

function. We have

λ−6‖χv‖2−N0
=
∫∫

(1 + λ3ξ21 + λ6ξ22)−N0 |λ−3χ̂v(λ3/2ξ1, λ
3ξ2)|2dξ1dξ2λ9/2

=
∫∫

(1 + λ3ξ21 + λ6ξ22)−N0 |f̂λ(ξ)|2dξ1dξ2λ−9/2

≥ λ−(6N0+
9
2 )

∫∫
(1 + ξ21 + ξ22)−N0 |f̂λ(ξ)|2dξ1dξ2

and thus lim infλ→+∞ λ6N0−6+ 9
2 ‖χv‖2−N0

= c0 > 0 whereas the inequality (3.1.34)
and (3.1.35) imply that for all N , limλ→+∞ λN‖χv‖2−N0

= 0, proving by reduc-
tio ad absurdum that M1 is not solvable. The proof of non-local-solvability of
M2k+1,M

∗
2k+1 is similar.
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It is also interesting to take a look at the operators3

Nk = Dx1 + ixk1 |Dx2 |, k ∈ N. (3.1.36)

The operators N2k, N
∗
2k are both locally solvable and even subelliptic with loss of

2k/(2k+1) derivatives (same argument as for (3.1.31)). Something more interesting
occurs for odd k: the operator N2k+1 is not locally solvable (essentially same
construction as for M1) and is subelliptic with loss of (2k+1)/(2k+2) derivatives
(use the properties of C [k]

+ in (3.1.10) or Lemma 3.1.1). The operator N∗
2k+1 is

locally solvable (from the estimates satisfied by N2k+1).

The Hans Lewy operator

In 1957, Hans Lewy [102] found a nonsolvable complex-valued non-vanishing vector
field

L0 = ∂x1 + i∂x2 + i(x1 + ix2)∂x3 . (3.1.37)

The symbol of L0 is (up to a non-zero constant)

`0(x, ξ) = ξ1 + iξ2 + i(x1 + ix2)ξ3 = (ξ1 − x2ξ3) + i(ξ2 + x1ξ3)

so that {ξ1 − x2ξ3, ξ2 + x1ξ3} = 2ξ3 and in particular for every x ∈ R3,

`0(x1, x2, x3, x2,−x1, 1) = 0, {Re `0, Im `0} (x1, x2, x3, x2,−x1, 1) = 2 > 0.

In that sense L0 is very close to the operator M1 (at ξ1 = 0 = x1, ξ2 = 1) and
a construction of a quasi-mode, i.e. of an approximate solution of L∗0v = 0 can
be performed in terms quite similar to the construction of a quasi-mode for M∗

1 .
The operator L0 is non-locally-solvable at every point of R3, even taking local
solvability in the very weak sense of Definition 1.2.25.

The complex harmonic oscillator

For a change we consider now an operator with complex symbol which is not of
principal type: we define on the real line the operator

Qθ = π(D2
x + e2iθx2), |θ| < π/2, (3.1.38)

and using the spectral decomposition of the standard harmonic oscillator Q0 (see
(3.1.6)), we obtain that the spectrum of Qθ is discrete with eigenvalues eiθ( 1

2 +N);
in particular the spectrum of π(D2

x + ix2) is eiπ/4( 1
2 + N). Of course the operator

Qθ is non-selfadjoint for 0 < |θ| < π/2 and for z /∈ σ(Qθ), although the resolvent
(z−Qθ)−1 is a bounded operator on L2(R), the sets in the complex plane, so-called
pseudospectrum of index ε,

σε(Qθ) = {z ∈ σ(Qθ)c, ‖(z −Qθ)−1‖ > ε−1}
3Or to the operators with homogeneous symbol ξ1 + ixk

1 |ξ|, quantized by
`
ξ1 + ixk

1 |ξ|
´
ω(ξ),

where ω is as in (1.2.19).



3.1. Introduction 173

may be very far from the spectrum. To simplify matters, let us only consider
L = D2

x + ix2. The numerical range of this operator is by definition the closure of
{ξ2+ix2}(x,ξ)∈R2 = R2

+ and if a+ib = z /∈ R2
+, we can prove ‖(z−L)−1‖ ≤ 1

|z−R2
+|

.
Looking at the boundary of the numerical range, we take z = λ > 0 and we
examine L−λ = D2

x−λ+ ix2. The article [120] by K. Pravda-Starov is providing
a complete and self-contained study of the complex harmonic oscillator and his
proposition on page 754 gives the following lemma.

Lemma 3.1.4. There exists a constant c0 > 0 such that for all λ ≥ 1 and all
u ∈ S (R), ‖D2

xu+ ix2u− λu‖L2(R) ≥ c0λ
1/3‖u‖L2(R).

There is now a huge literature on pseudospectrum and it is very interesting
to note that numerical analysts are playing a very important rôle in promoting
the importance of pseudospectrum for the analysis of nonselfadjoint operators;
the book by L.N. Trefethen and M. Embree [138] provides a good overview of the
subject. Also the work of E.B. Davies (see e.g. the book [30] and the article [31])
introduced the subject to spectral theorists whereas the article by N. Dencker, J.
Sjöstrand, M. Zworski [36] made explicitely the link with subellipticity theory. The
article [122] by K. Pravda-Starov provides a complete overview of pseudospectrum
for differential operators with quadratic symbols.

3.1.2 First bracket analysis

For a nonselfadjoint pseudodifferential operator, the analysis of the first bracket
at characteristic points is already providing a lot of information.

Theorem 3.1.5. Let Ω be an open subset of Rn, m ∈ R, P ∈ Ψm
ps(Ω) with positively-

homogeneous principal symbol pm so that (1.2.18) holds.

(1) Assume that there exists (x0, ξ0) ∈ Ṫ ∗(Ω), such that

pm(x0, ξ0) = 0 and {Re pm, Im pm} (x0, ξ0) > 0. (3.1.39)

Then the operator P is not locally solvable at x0 (see Definition 1.2.25).
Moreover the operator P is subelliptic with loss of 1/2 derivative at (x0, ξ0),
i.e. satisfies (see Definition 1.2.21) for all s ∈ R, u ∈ D ′(Ω),

Pu ∈ Hs
(x0,ξ0)

=⇒ u ∈ Hs+m− 1
2

(x0,ξ0)
. (3.1.40)

(2) Assume that for all (x, ξ) ∈ Ṫ ∗(Ω),

pm(x, ξ) = 0 =⇒ {Re pm, Im pm} (x, ξ) < 0. (3.1.41)

Then the operator P is locally solvable at every point of Ω and the operator
P ∗ is subelliptic with loss of 1/2 derivatives on Ω.
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Remark 3.1.6. We may define microlocal solvability at a point (x0, ξ0) in the
cotangent bundle: there exists N0 ∈ N such that for all f ∈ HN0

loc (Ω), there exists
u ∈ D ′(Ω) with (x0, ξ0) /∈WF (Pu− f). Now we could change the formulation of
the theorem above by saying that at a characteristic point (x0, ξ0),

{Re pm, Im pm} (x0, ξ0) > 0 =⇒ P subelliptic
1
2

and nonsolvable at (x0, ξ0)

{Re pm, Im pm} (x0, ξ0) < 0 =⇒ P ∗ subelliptic
1
2

and P solvable at (x0, ξ0).

Remark 3.1.7. As a result, local solvability at x0 implies that {Re pm, Im pm} ≤ 0
on the characteristic set, and in particular if P is a differential operator, that
Poisson bracket is a polynomial with odd degree 2m − 1 in the momentum vari-
able, whereas (x, ξ) ∈ charP is equivalent to (x,−ξ) ∈ charP so that a nec-
essary condition for local solvability of differential operators is that charP ⊂
{{Re pm, Im pm} = 0}, implying in particular the nonsolvability at every point of
the Hans Lewy operator (3.1.37), thanks to the calculations of Poisson bracket
there.

Theorem 3.1.5 follows from its semi-classical version. We start with the pos-
itive first bracket.

Theorem 3.1.8. Let p ∈ C∞b (R2n), (x0, ξ0) ∈ R2n such that p(x0, ξ0) = 0 and
{Re p, Im p} (x0, ξ0) > 0. Then there exists ϕ ∈ C∞c (R2n) with ϕ(x0, ξ0) 6= 0,
C > 0, such that ∀u ∈ L2(Rn),

‖ϕ(x, hξ)wu‖L2h1/2 ≤ C‖p(x, hξ)wu‖L2 + Ch‖u‖L2 .

Proof. We define a(x, ξ, h) = p(x, hξ) and we calculate

‖awu‖2 = ‖(Re a)wu‖2 + ‖(Im a)wu‖2 + 〈[(Re a)w, i(Im a)w]u, u〉,

so that the symbol c of [(Re a)w, i(Im a)w] is

c =
h

2π
{Re p, Im p} (x, hξ) + h2r0(x, ξ, h), r0 ∈ S(1, |dx|2 + h2|dξ|2) = S0

scl.

Now taking χ0 ∈ C∞c (R2n; [0, 1]) supported in the Euclidean ball B(0, 2), equal to
1 on B(0, 1), the symbol (x, ξ) 7→ χ0(x − x0, hξ − ξ0) = χ(x, ξ, h) belongs to S0

scl

and is such that

c ≥ α0hχ
2 + h2r0χ

2 + (1− χ2)c, with some positive α0,

and Gårding’s inequality (Theorem 1.1.39) implies

cw ≥ α0hχ
wχw − C0h

2 + ((1− χ2)c)w

so that
C0h

2‖u‖2 + ‖awu‖2 ≥ α0h‖χwu‖2 + 〈((1− χ2)c)wu, u〉
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and if χ̃(x, ξ, h) = χ0(2(x − x0), 2(hξ − ξ0)) (note that χ̃ belongs to S0
scl and is

supported in {χ = 1}), we get

C0h
2‖χ̃wu‖2 + ‖awχ̃wu‖2 ≥ α0h‖χ̃wu‖2 +O(h∞)‖u‖2

and since [aw, χ̃w] has a symbol in hS0
scl, we get that

O(h2)‖u‖2 + ‖χ̃wawu‖2 ≥ α0h‖χ̃wu‖2,

giving the result. �

We examine now the negative bracket case and we construct a quasi-mode.

Theorem 3.1.9. Let p ∈ C∞b (R2n), (x0, ξ0) ∈ R2n such that p(x0, ξ0) = 0 and
{Re p, Im p} (x0, ξ0) < 0. Then there exist (uh)0<h≤1 unit vectors in L2(Rn) such
that

‖p(x, hξ)wuh‖L2 = O(h∞).

Moreover WFscl(uh) = {(x0, ξ0)}, i.e. for all (x1, ξ1) 6= (x0, ξ0), there exists a ∈
C∞c (R2n), a(x1, ξ1) 6= 0, with ‖a(x, hξ)wuh‖L2 = O(h∞).

Proof. Using a symplectic reduction (see Theorem 21.3.3 in [73]), we can find sym-
plectic coordinates centered at (x0, ξ0) so that e(x, ξ)p(x, ξ) = η1−iy1. Quantizing
the symplectic transformation with a semi-classical Fourier integral operator (see
e.g. Section 4.7.3), we are reduced to the construction proving nonsolvability of
M1 defined in (3.1.30). �

The conclusion for this section is clear and was already completely clarified
in 1966, after the works of H. Lewy ([102]), L. Hörmander ([63], [64]), L. Nirenberg
and F. Treves ([112]): when the first bracket is positive at a characteristic point,
we have nonsolvability and 1/2 subellipticity and when it is negative we have
(microlocal) solvability. The semiclassical versions are analogous: when the first
bracket is positive at a characteristic point, we have a subelliptic estimate with
loss of 1/2 derivative, and when it is negative, we can construct a quasi-mode
(approximate null solution). Of course the next question is: what happens if that
first bracket vanishes at a characteristic point? The examples (3.1.30), (3.1.36),
(3.1.10), (3.1.4), (3.1.12), show that different behaviours are possible, depending in
these cases on the way the imaginary part changes sign along the bicharacteristic
flow of the real part: for ξ1+ix2k+1

1 (some kind of degenerate creation operator) an
L2−L2 injectivity estimate holds (x1 7→ x2k+1

1 changes sign from − to +), whereas
for ξ1 − ix2k+1

1 (degenerate annihilation operator) no L2 −L2 injectivity estimate
holds, the kernel is non-trivial (x1 7→ −x2k+1

1 changes sign from + to −). Moreover
an L2 − L2 injectivity estimate holds for ξ1 ± ix2k

1 (x1 7→ ±x2k
1 does not changes

sign). In the next section, we provide some more examples, hopefully shedding
some light on the change-of-sign condition obviously concerned with proving a
priori estimates for nonseldadjoint pseudodifferential operators.



176 Chapter 3. Estimates for Non-Selfadjoint Operators

3.1.3 Heuristics on condition (Ψ)

The previous section with examples, and in particular Lemma 3.1.1 show that the
change-of-sign condition (3.1.14) implies that

∀λ ≥ 0,∀v ∈ C∞c (R), ‖v‖L∞(R) ≤ ‖v̇ − λφv‖L1(R). (3.1.42)

Conversely the following lemma proves that (3.1.14) follows from (3.1.42).

Lemma 3.1.10. Let φ ∈ C∞(R,R) such that there exists t1 < t2 with φ(t1) > 0 >
φ(t2). Then

inf
λ>0

v∈C∞c (R),‖v‖L∞(R)=1

‖v̇ − λφv‖L1(R) = 0.

Proof. When φ changes sign from + to − at a finite-order at some point t0,
we have near t0, φ(t) = e(t)(t − t0)2k+1 with e(t0) < 0 and we consider with
χ0 ∈ C∞[−2,2](R; [0, 1]), equal to 1 on [−1, 1], r > 0 small enough,

v(t) = χ0((t− t0)/r) exp
∫ t

t0

λφ(s)ds, |v(t)| ≤ 1 = v(t0) = ‖v‖L∞(R).

We have v̇ − λφv = r−1χ′0((t− t0)/r) exp
∫ t
t0
λφ(s)ds so that, with c0 > 0

‖v̇ − λφv‖L1(R) =
∫
|χ′0(θ)|e

λ
R t0+θr

t0
φ(s)dsdθ,

∫ t0+θr

t0

φ(s)ds ≤ −c0θ2k+2,

so that limλ→+∞ ‖v̇ − λφv‖L1(R) = 0.
The general case : φ is positive on (t1, t′1), negative on (t′2, t2), vanishes at

t′1, t
′
2 with t1 < t′1 ≤ t′2 < t2. We consider

v(t) = χ(t) exp
∫ t

t′1

λφ(s)ds, with χ = 1 on [t′1, t
′
2], suppχ ⊂ (t1, t2).

We have (assuming also χ valued in [0, 1]), ‖v‖L∞ ≥ |v(t′1)| = 1 and

v̇ − λφv = χ′(t) exp
∫ t

t′1

λφ(s)ds =


χ′(t) exp

∫ t
t′1
λφ(s)ds if t ≤ t′1,

0 if t′1 ≤ t ≤ t′2,

χ′(t) exp
∫ t
t′2
λφ(s)ds if t′2 ≤ t,

and as before we get limλ→+∞ ‖v̇ − λφv‖L1(R) = 0. The proof of the lemma is
complete. �

As a consequence, we see that proving (3.1.42) is equivalent to the analytical
condition (3.1.14). This means that proving an a priori estimate for

Dt + iq(t, x, ξ) = −i( d
dt
− q),
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where q is a real-valued function depending on some parameters x, ξ, is equivalent
to the analytical condition

t 7→ q(t, x, ξ) does not change sign from + to − when t is increasing.

Since proving an priori estimate for Dt+iq(t, x, ξ) is akin to proving some solvabil-
ity properties for Dt− iq(t, x, ξ), which has the “symbol” τ − iq(t, x, ξ), the analyt-
ical condition linked to local solvability of Dt − iq(t, x, ξ) should be t 7→ q(t, x, ξ)
does not change sign from + to − while t is increasing. Taking a complex-valued
symbol p = p1 + ip2, with pj real-valued (and dp1 6= 0), we see that the analytical
condition for local solvability of pw should be

p2 does not change sign from − to + along the oriented flow of Hp1 .

This geometrical condition on the principal symbol p1 + ip2 of a principal-type
operator will be called condition (Ψ), is obviously invariant by change of coordi-
nates but it is also important to give a version which is invariant by multiplication
by a complex-valued non-vanishing factor. We discuss these matters in the next
section, and give the proper references in the literature. On the other hand, with a
complex-valued symbol p = p1 + ip2, with pj real-valued (and dp1 6= 0), pw should
satisfy some a priori estimate whenever the complex conjugate p̄ satisfy condition
(Ψ), i.e.

p2 does not change sign from + to − along the oriented flow of Hp1 .

The latter condition will be called condition (Ψ) and means simply that p̄ satisfies
condition (Ψ). In some sense, condition (Ψ) is an injectivity condition, since an
operator P with a symbol satisfying condition (Ψ) should be such that

‖Pu‖ & ‖u‖,

whereas condition (Ψ) is a surjectivity condition: an operator P with a symbol
satisfying condition (Ψ) should be such that

‖P ∗u‖ & ‖u‖,

thus be solvable.

The following picture gives an explanation for the necessity of condition (Ψ)
for local solvability, i.e. the necessity of condition (Ψ) for local solvability of P ∗.

We consider a complex-valued symbol p with dRe p 6= 0 and we draw a
bicharacteristic curve of Re p, with the orientation given by the small arrows. On
the set {Im p ≥ 0} the propagation of singularities is forward, we keep the original
orientation, the top large arrow has the same direction as the small one. On the
set {Im p ≤ 0} the propagation of singularities is backward, we reverse the original
orientation, the bottom large arrow has the opposite direction to the small one.
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Im p=0

Im p >0

Im p <0

Forward region: the orientation is preserved

Backward region: the orientation is reversed

Here a quasi-mode for P: non-solvability for P*

Change of sign from + to -

Figure 3.1: Violation of condition (Ψ)

Since condition (Ψ) is violated, we have a change of sign of Im p from + to −,
resulting in a collision of the thick arrows, triggering a quasi-mode for P , i.e. a
non-zero approximate solution of Pu = 0, and non-local solvability of P ∗. On the
other hand, looking at the other changes of sign (e.g. top left of the picture, from
− to +), we see that changing the orientation in the backward region does not
create a collision.
Remark 3.1.11. For a principal-type operator, using the Malgrange-Weierstrass
preparation theorem (see Proposition 4.5.1), we shall see that the principal symbol
can be assumed of the form

ξ1 + a(x1, x
′, ξ′) + ib(x1, x

′, ξ′), a, b real-valued.

and Remark 1.2.36 can be used to reduce local solvability questions to prove an
a priori estimate for the evolution operator, slightly changing notations, Dt +
a(t, x,D) + ib(t, x,D), at least when the loss of derivatives is less than 1 (when
the loss is > 1, as in the general case under condition (Ψ), we devote the whole
section 3.7.3 to the delicate transfer from semi-classical to local estimates). This
type of estimate can also be reduced to a semiclassical estimate for

hDt + a(t, x, hD) + ib(t, x, hD), with a, b ∈ C∞b , real-valued,

and using a semi-classical Fourier integral operator (see Section 4.7.3), the problem
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can be further reduced to deal with the evolution equation

hDt + iq(t, x, hξ)w, with q ∈ C∞b , real-valued.

3.2 The geometry of condition (Ψ)

3.2.1 Definitions and examples

Definition 3.2.1. Let M be a C∞ symplectic manifold4, p : M→ C be a smooth
complex-valued function. The function p is said to satisfy the condition (Ψ) if for
all m ∈ M such that p(m) = 0, there exists an open neighborhood U of m such
that, either for z = 1 or for z = i, HRe zp 6= 0 on U and for γ a bicharacteristic
curve5 of Re zp,

∀s, t ∈ R such that Im zp(γ(t)) < 0, s > t =⇒ Im zp(γ(s)) ≤ 0. (3.2.1)

The function p is said to satisfy the condition (Ψ̄) on M if the complex conjugate
p̄ satisfies the condition (Ψ).

N.B. Another formulation is to say that p satisfies condition (Ψ) whenever Im p
does not change sign from − to + while moving on the positive direction on a
bicharacteristic of Re p or that Re p does not change sign from + to − while
moving on the positive direction on a bicharacteristic of Im p.

Let us give a couple of examples: we consider on the phase space Rnx × Rnξ ,
equipped with its standard symplectic structure (4.5.5) the function

R× Rn−1 × R× Rn−1 3 (x1, x
′, ξ1, ξ

′) 7→ p(x, ξ) with
p(x, ξ) = ξ1 + ia(x1, x

′, ξ′)b(x1, x
′, ξ′), with a ≥ 0 and ∂x1b ≤ 0. (3.2.2)

The bicharacteristic curve of Re p are γ(t) = (x1 + t, x′, 0, ξ′) and the imaginary
part of p(γ(t)) is β(t) = a(x1 + t, x′, ξ′)b(x1 + t, x′, ξ′). Since a ≥ 0 and t 7→
b(x1 + t, x′, ξ′) is non-increasing, the function β cannot change of sign from − to
+ while t increases and (3.2.1) holds for z = 1. Note that the function given by
the formula (3.2.2) with a ≥ 0 and ∂x1b ≥ 0 satisfies condition (Ψ). On the other
hand, for k ∈ N, the function

ξ1 + ix2k+1
1 (3.2.3)

violates condition (Ψ), but from the previous discussion satisfies condition (Ψ).
We can prove as well that

ξ1 − ix2k+1
1 (3.2.4)

4A short reminder of symplectic geometry is given in section 4.5.
5A bicharacteristic curve of a (C2, real-valued) function r is an integral curve of the Hamil-

tonian vector field Hr where r = 0. Along such a curve, one has r(γ(t)) = r(γ(0))(= 0) since
d
dt

(r(γ(t))) = Hr(r)(γ(t)) = {r, r} = 0.



180 Chapter 3. Estimates for Non-Selfadjoint Operators

satisfies condition (Ψ) and violates condition (Ψ)(see also (3.1.10)). Note also the
examples

ξ1 ± ix2k
1 (3.2.5)

which satisfy both condition (Ψ) and condition (Ψ)(see (3.1.12)). It may be worthy
to notice that (3.2.2) is producing more general examples than the two-dimensional
three previous ones: in particular, with k, l,m ∈ N, the functions

p±(x, ξ) = ξ1 ± ix2l
1 (ξ2 + x2k+1

1 x2m
2 )

are such that p+ satisfies condition (Ψ), while p− satisfies condition (Ψ).

Theorem 3.2.2. , Let M be a C∞ symplectic manifold, p ∈ C∞(M; C) be a smooth
complex-valued function satisfying condition (Ψ) and e ∈ C∞(M; C∗) be a non-
vanishing complex-valued smooth function. Then the function ep satisfies condition
(Ψ).

References for the proof. This result of invariance of condition (Ψ) by multiplica-
tion by an “elliptic" factor was proven by L. Nirenberg and F. Treves in [113] and
another proof can be found in the four-volume book of L. Hörmander (Theorem
26.4.12 in [74]). A key lemma for that theorem is a result on flow-invariant sets
proven in the papers by J.-M. Bony [13] and H. Brézis [24] (see Lemma 26.4.11 in
[74]). �

This is a difficult theorem but the first-bracket analysis offers a very simple
special case: assume that {Re p, Im p} < 0 at p = 0; then p satisfies the condition
(Ψ), since HRe p 6= 0 and Im p has a simple zero, with a negative derivative along
the bicaracteristic of Re p. With a non-vanishing factor e, we calculate at ep = 0,
i.e. at p = 0 (with p = p1 + ip2, e = e1 + ie2, and pj , ej real-valued),

{e1p1 − e2p2, e2p1 + e1p2} = (e21 + e22) {p1, p2} < 0.

Theorem 3.2.3. Let M be a C∞ symplectic manifold, p ∈ C∞(M,C) be a smooth
complex-valued function satisfying condition (Ψ), m ∈ M such that p(m) = 0.
Then there exists an open neighborhood U of m, a function e ∈ C∞(U ; C∗) and a
symplectomorphism χ of a neighborhood V of 0 in the symplectic (Rnx×Rnξ ,

∑
dξj∧

dxj) onto U such that

((ep) ◦ χ)(x, ξ) = ξ1 + if(x, ξ′), f real-valued, independent of ξ1, (3.2.6)
f(x1, x

′, ξ′) < 0, h > 0 =⇒ f(x1 + h, x′, ξ′) ≤ 0. (3.2.7)

References for the proof. This result follows from Theorem 3.2.2, the Malgrange-
Weierstrass theorem and the Darboux theorem. A proof is given in Proposition
26.4.13 of [74]. �

A typical example of a function satisfying condition (Ψ) was already given
with (3.2.2). Let us consider the following smooth function f , defined on R3 by

f(x1, x2, ξ2) = e−x
−2
1
(
ξ2H(−x1) + (ξ32 + x2

2)H(x1)
)
, H = 1R+ .
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Note that f(0, x2, ξ2) = 0 and for h > 0, we have

x1 < 0, f(x1, x2, ξ2) > 0 =⇒ ξ2 > 0 =⇒ f(x1 + h, x2, ξ2) ≥ 0,

x1 > 0, f(x1, x2, ξ2) > 0 =⇒ ξ32 + x2
2 > 0=⇒ f(x1 + h, x2, ξ2) ≥ 0,

so that ξ1 + if(x1, x2, ξ2) actually satisfies condition (Ψ). However, the function f
is not a priori given as a product ab with a, b ∈ C∞ and a ≥ 0, b′x1

≥ 0.

3.2.2 Condition (P )

Definition 3.2.4. Let M be a C∞ symplectic manifold, p : M → C be a smooth
complex-valued function. The function p is said to satisfy condition (P ) if p and
p̄ both satisfy condition (Ψ).

N.B. Equivalently, the function p satisfies condition (P ) if for all m ∈ M such
that p(m) = 0, there exists an open neighborhood U of m such that, either for
z = 1 or for z = i, HRe zp 6= 0 on U and for γ a bicharacteristic curve of Re zp,

∀s, t ∈ R Im
(
zp(γ(t))

)
Im
(
zp(γ(s))

)
≥ 0. (3.2.8)

In other words, the imaginary part of Im zp does not change sign along the bichar-
acteristic curves of Re zp. Using Theorem 3.2.2, it means that if dRe p 6= 0, p = 0
at some point, then Im p does not change sign along the bicharacteristic curve of
Re p.
Remark 3.2.5. In Remark 3.1.7, we have already seen that differential operators
have a particular behaviour. Let p : Ṫ ∗(M) −→ C be a smooth complex-valued
function satisfying condition (Ψ), such that p(x,−ξ) = (−1)mp(x, ξ). Then p sat-
isfies condition (P ). In fact, if dRe p 6= 0, p = 0 at (x0, ξ0) and Im p were changing
sign from + to − along the bicharacteristic curve of Re p through (x0, ξ0), thus
with

ẋ(t, x0, ξ0) = (∂ξ Re p)
( γ(t,x0,ξ0)︷ ︸︸ ︷
x(t, x0, ξ0), ξ(t, x0, ξ0)

)
ξ̇(t, x0, ξ0) = −(∂x Re p)

(
x(t, x0, ξ0), ξ(t, x0, ξ0)

)
we could find t < s with Im p(γ(t, x0, ξ0)) > 0 > Im p(γ(s, x0, ξ0)). Since we have

ẋ(t, x0, ξ0) = (∂ξ(−1)m−1 Re p)
(
x(t, x0, ξ0),−ξ(t, x0, ξ0)

)
−ξ̇(t, x0, ξ0) = −(∂x(−1)m−1 Re p)

(
x(t, x0, ξ0),−ξ(t, x0, ξ0)

)
we get that t 7→ γ̃(t, x0, ξ0) =

(
x(t, x0, ξ0),−ξ(t, x0, ξ0)

)
is the integral curve of

the Hamiltonian field of (−1)m−1 Re p(x, ξ) through (x0,−ξ0), and

Im
(
(−1)m−1p(γ̃(t))

)
= − Im

(
p(γ(t))

)
< 0 < − Im

(
p(γ(s))

)
= Im

(
(−1)m−1p(γ̃(s))

)
,
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so that (−1)m−1p is violating condition (Ψ). If m is odd it contradicts the fact
that p satisfies condition (Ψ). If m is even, this implies that −p violates condition
(Ψ), which is equally impossible since condition (Ψ) is (trivially) invariant by
multiplication by a real non-zero factor.

Following (3.2.2), we can give some examples of functions satisfying condition
(P ). In particular it is the case of

p(x, ξ) = ξ1 + ia(x1, x
′, ξ′)b(x′, ξ′), with a ≥ 0. (3.2.9)

In fact, the product a(t, x′, ξ′)b(x′, ξ′)a(s, x′, ξ′)b(x′, ξ′) ≥ 0 so that condition (P )
holds and that example is also interesting to show that condition (P ) does not
require a specific sign of the imaginary part but simply rules out change of sign
along the integral curves of HRe p. The most typical example is the degenerate
Cauchy-Riemann operators (see also (3.1.12)),

Dx1 + ia(x1, x2)Dx2 , with a ≥ 0, (3.2.10)

which is a particular case of (3.2.9). The imaginary part of the symbol is a(x1, x2)ξ2
and although the function t 7→ a(t, x2)ξ2 does not change sign, it will take in gen-
eral positive and negative values and thus is not in the category (3.1.1). In Lemma
2.1 of [114], Nirenberg and Treves proved that an analytic function satisfying con-
dition (P ) can be written via a factorization as in (3.2.9).

However, it was pointed out by these authors that this factorization form
does not hold in the C∞ category, as shown by the following example. Let q be
the function defined on R3 by

q(t, x, ξ) =

(ξ − te−1/x)2 if x > 0,
ξ2 if x = 0,

ξ(ξ − e1/x) if x < 0.
(3.2.11)

The function q is C∞ since

q(t, x, ξ) = ξ2 − 2tξH(x)e−1/x + t2H(x)e−2/x − ξH(−x)e1/x.

For every fixed (x, ξ), the function t 7→ q(t, x, ξ) does not change sign since
q(t, x, ξ)q(s, x, ξ) ≥ 0. Nevertheless it is not possible to find some C∞ functions
a, b such that a is nonnegative and b independent of t such that q = ab: if it were
so, we would have

∀x < 0, ξ(ξ − e1/x) = b(x, ξ)a(t, x, ξ) =⇒ b(x, 0) = b(x, e1/x) = 0,

since for each x < 0 the function ξ 7→ ξ(ξ − e1/x) has simple zeroes 0, e1/x. As a
consequence, for x < 0, we have b(x, 0) = 0 and

0 = e−1/xb(x, e1/x) = e−1/xb(x, 0) + (∂ξb)(x, 0) +O(e1/x) = (∂ξb)(x, 0) +O(e1/x)
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and this implies as well ∂ξb = 0 at (0, 0). If x > 0, we must have b(x, ξ) 6= 0,
otherwise

∃x0 > 0,∃ξ0,∀t, 0 = (ξ0 − te−1/x0)2 =⇒ ξ0 = te−1/x0 which is absurd.

Hence for x > 0 we must have a(t, x, te−1/x) = 0. When x → 0+, it follows that
a(t, 0, 0) = 0. But then we obtain for all t that q(t, 0, 0) = a(t, 0, 0)b(0, 0) = 0, and
(∂ξq)(t, 0, 0) = a(t, 0, 0)∂ξb(0, 0) + b(0, 0)∂ξa(t, 0, 0) = 0 as well as

∂2
ξ q(t, 0, 0) = (∂2

ξa)(t, 0, 0)b(0, 0) + 2∂ξa(t, 0, 0)∂ξb(0, 0) + a(t, 0, 0)∂2
ξ b(0, 0) = 0.

But this is a contradiction since we have q(t, 0, ξ) = ξ2 and thus ∂2
ξ q(t, 0, 0) = 2.

3.2.3 Condition (Ψ) for semi-classical families of functions

In this section, we shall consider that the phase space R2n is equipped with a
symplectic quadratic form Γ (Γ is a positive definite quadratic form such that
Γ = Γσ, see (4.4.18)). According to lemma 4.4.25 it is possible to find some linear
symplectic coordinates (x, ξ) in R2n such that

Γ(x, ξ) = |(x, ξ)|2 =
∑

1≤j≤n

x2
j + ξ2j .

The running point of our Euclidean symplectic R2n will be usually denoted by X
or by an upper-case letter such as Y, Z. The open Γ-ball with center X and radius
r will be denoted by B(X, r).

Definition 3.2.6. Let q(t,X,Λ) be a smooth real-valued function defined on Ξ =
R× R2n × [1,+∞), vanishing for |t| ≥ 1 and satisfying

∀k ∈ N, sup
Ξ
‖∂kXq‖ΓΛ−1+ k

2 = γk < +∞, i.e. q(t, ·) ∈ S(Λ,Λ−1Γ), (3.2.12)

s > t and q(t,X,Λ) > 0 =⇒ q(s,X,Λ) ≥ 0. (3.2.13)

Note6 that the condition (3.2.13) expresses that, for all Λ ≥ 1, the functions
τ − iq(t, x, ξ,Λ), defined on the symplectic Rt ×Rnx ×Rτ ×Rnξ , with its canonical
symplectic form dτ ∧ dt +

∑
dξj ∧ dxj , are satisfying condition (Ψ), i.e. that

τ+iq(t, x, ξ,Λ) satisfies condition (Ψ). In this section, the Euclidean norm Γ(X)1/2

is fixed and the norms of the vectors and of the multilinear forms are taken with
respect to that norm. We shall write everywhere | · | instead of ‖ · ‖Γ. Furthermore,
we shall say that C is a “fixed” constant if it depends only on a finite number of
γk above and on the dimension n. We shall always omit the dependence of q with

6We shall say that a family of functions (aΛ)Λ≥1 belongs to S(Λ, Λ−1Γ) whenever aΛ ∈
S(Λ, Λ−1Γ) with seminorms uniformly bounded with respect to the parameter Λ ≥ 1. Naturally
that uniformity with respect to the large parameter is of crucial importance.
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respect to the large parameter Λ and write q(t,X) instead of q(t,X,Λ). We define
now for t ∈ R,

X+(t) = ∪s≤t{X ∈ R2n, q(s,X) > 0}, (3.2.14)

X−(t) = ∪s≥t{X ∈ R2n, q(s,X) < 0}, (3.2.15)
X0(t) = X−(t)c ∩ X+(t)c. (3.2.16)

Lemma 3.2.7. Let q be as in Definition 3.2.6. The sets X+(t),X−(t) are dis-
joint open subsets of R2n. The sets X0(t),X0(t) ∪ X±(t) are closed. The three
sets X0(t),X±(t) are two by two disjoint with union R2n. Moreover

X±(t) ⊂ X0(t) ∪ X±(t)

and when t increases, X+(t) increases and X−(t) decreases.

Proof. If X ∈ X+(t), i.e. is such that q(s,X) > 0 for some s ≤ t the condition
(3.2.13) implies q(t′, X) ≥ 0 for all t′ ≥ t, i.e. X /∈ X−(t), proving X+(t) ⊂ X−(t)c.
Thus we have R2n = X0(t) ∪ X+(t) ∪ X−(t) as a disjoint union and this implies
that X0(t),X0(t) ∪ X±(t) are closed since their complements are open. We have
also X±(t) ⊂ X0(t) ∪ X±(t) since X0(t) ∪ X±(t) are closed. The very definitions
(3.2.14), (3.2.15) imply the last statement. �

Lemma 3.2.8. Let (E, d) be a metric space, A ⊂ E and κ > 0 be given. We define
ΨA,κ(x) = κ if A = ∅ and if A 6= ∅, we define ΨA,κ(x) = min

(
d(x,A), κ

)
. The

function ΨA,κ is valued in [0, κ], Lipschitz continuous with a Lipschitz constant
≤ 1. Moreover, the following implication holds: A1 ⊂ A2 ⊂ E =⇒ ΨA1,κ ≥ ΨA2,κ.

Proof. The Lipschitz continuity assertion is obvious since x 7→ d(x,A) is Lips-
chitz continuous with Lipschitz constant 1. The monotonicity property is trivially
inherited from the distance function. �

Lemma 3.2.9. Let κ > 0 be given and the functions Ψ be defined by the previous
lemma. For each X ∈ R2n, the function t 7→ ΨX+(t),κ(X) is decreasing and for
each t ∈ R, the function X 7→ ΨX+(t),κ(X) is supported in X+(t)c = X−(t)∪X0(t).
For each X ∈ R2n, the function t 7→ ΨX−(t),κ(X) is increasing and for each t ∈ R,
the function X 7→ ΨX−(t),κ(X) is supported in X−(t)c = X+(t) ∪ X0(t). As a
consequence the function X 7→ ΨX+(t),κ(X)ΨX−(t),κ(X) is supported in X0(t).

Proof. The monotonicity in t follows from the fact that X+(t)(resp. X−(t)) is
increasing (resp. decreasing) with respect to t and from Lemma 3.2.8. Moreover, if
X belongs to the open set X±(t), one has ΨX±(t),κ(X) = 0, implying the support
property. �

Lemma 3.2.10. For κ > 0, t ∈ R, X ∈ R2n, we define7

σ(t,X, κ) = ΨX−(t),κ(X)−ΨX+(t),κ(X). (3.2.17)
7When the distances of X to both X±(t) are less than κ, we have σ(t, X, κ) = |X −X−(t)| −

|X − X+(t)|.
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The function t 7→ σ(t,X, κ) is increasing and valued in [−κ, κ], the function X 7→
σ(t,X, κ) is Lipschitz continuous with Lipschitz constant less than 2; we have

σ(t,X, κ) =

{
min(|X − X−(t)|, κ) if X ∈ X+(t),
−min(|X − X+(t)|, κ) if X ∈ X−(t).

We have {X ∈ R2n, σ(t,X, κ) = 0} ⊂ X0(t) ⊂ {X ∈ R2n, q(t,X) = 0}, and

{X ∈ R2n,±q(t,X) > 0} ⊂ X±(t) ⊂ {X ∈ R2n,±σ(t,X, κ) > 0}
⊂ {X ∈ R2n,±σ(t,X, κ) ≥ 0} ⊂ {X ∈ R2n,±q(t,X) ≥ 0}. (3.2.18)

Proof. Everything follows from the previous lemmas, except for the first, fourth
and sixth inclusions. Note that if X ∈ X+(t), σ(t,X, κ) = min(|X − X−(t)|, κ) is
positive: otherwise it vanishes and

X ∈ X+(t) ∩ X−(t) ⊂ X+(t) ∩
(
X−(t) ∪ X0(t)

)
= ∅.

As a consequence, we get the penultimate inclusions

X+(t) ⊂ {X ∈ R2n, σ(t,X, κ) > 0}

and similarly X−(t) ⊂ {X ∈ R2n, σ(t,X, κ) < 0}, so that

{X ∈ R2n, σ(t,X, κ) = 0} ⊂ X+(t)c ∩ X−(t)c = X0(t),

giving the first inclusion. The last inclusion follows from the already established

{X ∈ R2n, q(t,X)) < 0} ⊂ X−(t) ⊂ {X ∈ R2n, σ(t,X, κ) < 0}.

�

Definition 3.2.11. Let q(t,X) be as above. We define

δ0(t,X) = σ(t,X,Λ1/2) (3.2.19)

and we notice that from the previous lemmas, t 7→ δ0(t,X) is increasing, valued
in [−Λ1/2,Λ1/2], satisfying

|δ0(t,X)− δ0(t, Y )| ≤ 2|X − Y | (3.2.20)

and such that {X ∈ R2n, δ0(t,X) = 0} ⊂ {X ∈ R2n, q(t,X) = 0}, (3.2.21)

{X ∈ R2n,±q(t,X) > 0} ⊂ {X,±δ0(t,X) > 0} ⊂ {X,±q(t,X) ≥ 0}. (3.2.22)

Lemma 3.2.12. Let f be a symbol in S(Λm,Λ−1Γ) where m is a positive real num-
ber. We define

λ(X) = 1 + max
0≤j<2m
j∈N

(
‖f (j)(X)‖

2
2m−j

Γ

)
. (3.2.23)
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Then f ∈ S(λm, λ−1Γ) and the mapping from S(Λm,Λ−1Γ) to S(λm, λ−1Γ) is

continuous. Moreover, with γ = max0≤j<2m
j∈N

γ
2

2m−j

j , where the γj are the semi-

norms of f , we have for all X ∈ R2n,

1 ≤ λ(X) ≤ 1 + γΛ. (3.2.24)

The metric λ−1Γ is admissible(def.2.2.18), with structure constants depending only
on γ. It will be called the m-proper metric of f . The function λ above is a weight
for the metric λ−1Γ and will be called the m-proper weight of f .

Proof. The proof of this lemma is given in the appendix 4.9.2. �

Comment. Note also that this result is providing a Calderón-Zygmund decomposi-
tion of the function f , namely a cutting procedure for this function, which depend
on the function f itself: a typical “box” around the point X is the Euclidean ball
with center X and radius λ(X)1/2. The powers occurring in (3.2.23) follow from
a simple-dimensional analysis due to Taylor’s formula. In fact, if f : RN → R has
the dimension of (length)2m, the quantities f (j)(X) have the dimension L2m−j ,
and thus

‖f (j)(X)‖
1

2m−j

has the dimension of a length. It is then natural to compare the quantities,

‖f (j)(X)‖
1

2m−j for 0 ≤ j < 2m, all with the dimension of a length.

The largest will provide the radius λ(X)1/2. A peculiarity of the phase space
decomposition is that the stopping procedure must ensure that the uncertainty
principle should be satisfied, i.e. λ should remain larger than 1.

The first occurrence of these ideas in pseudodifferential analysis is due to
R. Beals and C. Fefferman in [8] with the calculations detailed in Section 3.5.1
(see in particular the formula (3.5.5), some kind of proper class for the family
{q(t, ·)}t∈R). However their presentation of the Calderón-Zygmund decomposition
was based on some sort of dynamical procedure, in which the phase space is first
cut into large boxes, then some of the large boxes are kept if one of the quan-
tities (‖f (j)(X)‖1/(2m−j))0≤j<2m is the largest all over the box, the other large
boxes are cut into 2N “generation 1” boxes; the latter are kept whenever for some
j ∈ [0, 2m[, ‖f (j)(X)‖1/(2m−j) is the largest all over the box, then each gener-
ation 1 box which did not satisfy the above criterion is cut into 2N generation
2 boxes. . . and so on. That very suggestive but complicated presentation was by-
passed by L. Hörmander’s metrics, and the previous lemma is encapsulating all the
details of the Calderón-Zygmund lemma by the simple introduction of the metric
λ−1Γ, quite easily proven admissible. It turns out that the metrics are much easier
to handle than the procedure described above and that the flexibility of this tool
was important in subsequent developments of pseudodifferential analysis.
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On the other hand, it is not clear if some kind of metric can be used for the
Calderón-Zygmund decomposition occurring in the proof of the atomic decompo-
sition of the Hardy space, where the classical proof is using a dynamical cutting
and stopping procedure.

Lemma 3.2.13. Let q(t,X) and δ0(t,X) be as above. We define, with 〈s〉 = (1 +
s2)1/2,

µ(t,X) = 〈δ0(t,X)〉2 + |Λ1/2q′X(t,X)|+ |Λ1/2q′′XX(t,X)|2. (3.2.25)

The metric µ−1(t, ·)Γ is slowly varying with structure constants depending only on
a finite number of semi-norms of q in S(Λ,Λ−1Γ). Moreover, there exists C > 0,
depending only on a finite number of semi-norms of q, such that

µ(t,X) ≤ CΛ,
µ(t,X)
µ(t, Y )

≤ C(1 + |X − Y |2), (3.2.26)

and we have
Λ1/2q(t,X) ∈ S(µ(t,X)3/2, µ−1(t, ·)Γ), (3.2.27)

so that the semi-norms depend only the semi-norms of q in S(Λ,Λ−1Γ).

Proof. We notice first that

1 + max
(
|Λ1/2q′X(t,X)|, |Λ1/2q′′XX(t,X)|2

)
is the 1-proper weight of the vector-valued symbol Λ1/2q′X(t, ·). Using Lemma
4.9.2, we get that µ−1Γ is slowly varying, and Lemma 4.9.1 provides the second
part of (3.2.26). From Definition 3.2.11 and (3.2.12), we obtain that

µ(t,X) ≤ CΛ + 〈δ0(t,X)〉2 ≤ C ′Λ and Λ1/2q′X(t, ·) ∈ S(µ(t,X), µ−1(t, ·)Γ).

We are left with the proof of |Λ1/2q(t,X)| ≤ Cµ3/2(t,X). Let us consider µ̃(t,X)
the 3/2-proper weight of Λ1/2q(t,X):

µ̃(t,X) = 1 + max
j=0,1,2

|Λ1/2q(j)(t,X)|
2

3−j ,

where all the derivatives are taken with respect to X; if the maximum is realized
for j ∈ {1, 2}, we get from Lemma 3.2.12 and (3.2.27) that

|Λ1/2q(t,X)| ≤ µ̃(t,X)3/2 = (1 + max
j=1,2

|Λ1/2q(j)(t,X)|
2

3−j )
3
2

≤ (1 + max
j=1,2

µ( 3
2−

j
2 )( 2

3−j ))
3
2 ≤ 2µ(t,X)3/2, (3.2.28)

which is the result that we had to prove. We have eventually to deal with the
case where the maximum in the definition of µ̃ is realized for j = 0; note that if
µ̃(t,X) ≤ C0, we obtain

|Λ1/2q(t,X)| ≤ µ̃(t,X)3/2 ≤ C
3/2
0 ≤ C

3/2
0 µ(t,X)3/2,
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so we may also assume µ̃(t,X) > C0. If C0 > 1, we have

C0 < µ̃(t,X) = 1 + (Λ1/2|q(t,X)|) 2
3

entailing (1 − C−1
0 )µ̃(t,X) ≤ |Λ1/2q(t,X)| 23 ≤ µ̃(t,X). Now if h ∈ R2n is such

that |h| ≤ rµ̃(t,X)1/2, we get from the slow variation of the metric µ̃−1Γ, that the
ratio µ̃(t,X+h)/µ̃(t,X) is bounded above and below, provided r is small enough.
Using now that Λ1/2q(t, ·) ∈ S(µ̃3/2(t, ·), µ̃−1(t, ·)Γ), we get by Taylor’s formula

Λ1/2q(t,X + h) = Λ1/2q(t,X) + Λ1/2q′(t,X)h+
1
2
Λ1/2q′′(t,X)h2 +O(γ3|h|3/6),

so that

Λ1/2|q(t,X + h)| ≥ Λ1/2|q(t,X)| − µ̃(t,X)|h| − 1
2
|h|2µ̃(t,X)1/2 − γ3|h|3/6

≥ Λ1/2|q(t,X)| − µ̃(t,X)3/2
(
r +

r2

2
+ γ3

r3

6

)
︸ ︷︷ ︸

=ε(r)

.

This gives Λ1/2|q(t,X + h)| ≥ Λ1/2|q(t,X)| − ε(r)µ̃(t,X)3/2, limr→0 ε(r) = 0, so
that, for r, C−1

0 small enough,

|Λ1/2q(t,X + h)| ≥
(
(1− C−1

0 )3/2 − ε(r)
)
µ̃(t,X)3/2 ≥ 1

2
µ̃(t,X)3/2.

As a consequence, the Γ-ball B
(
X, rµ̃(t,X)1/2

)
is included in X+(t) or in X−(t)

and thus, in the first case (the second case is similar), we have

|X − X+(t)| = 0, |X − X−(t)| ≥ rµ̃(t,X)1/2,

otherwise |X − X−(t)| < rµ̃(t,X)1/2 and

∅ 6= B
(
X, rµ̃(t,X)1/2

)
∩ X−(t) ⊂ X+(t) ∩ X−(t) = ∅,

implying that, with a fixed r0 > 0,

δ0(t,X) ≥ min(Λ1/2, rµ̃(t,X)1/2) ≥ r0µ̃(t,X)1/2 ≥ r0|Λ1/2q(t,X)|1/3,

so that, in both cases, |Λ1/2q(t,X)| ≤ r−3
0 |δ0(t,X)|3 ≤ r−3

0 µ(t,X)3/2. �

Lemma 3.2.14. Let q(t,X), δ0(t,X), µ(t,X) be as above. We define,

ν(t,X) = 〈δ0(t,X)〉2 + |Λ1/2q′X(t,X)µ(t,X)−1/2|2. (3.2.29)

The metric ν−1(t, ·)Γ is slowly varying with structure constants depending only on
a finite number of semi-norms of q in S(Λ,Λ−1Γ). There exists C > 0, depending
only on a finite number of semi-norms of q, such that

ν(t,X) ≤ 2µ(t,X) ≤ CΛ,
ν(t,X)
ν(t, Y )

≤ C(1 + |X − Y |2), (3.2.30)
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and we have
Λ1/2q(t,X) ∈ S(µ(t,X)1/2ν(t,X), ν(t, ·)−1Γ), (3.2.31)

so that the semi-norms of this symbol depend only those of q in S(Λ,Λ−1Γ). More-
over the function µ(t,X) is a weight for the metric ν(t, ·)−1Γ.

Proof. Let us check the two first inequalities in (3.2.30). From

|Λ1/2q′| ≤ µ(t,X) ≤ CΛ,

established in the previous lemma, we get

ν(t,X) ≤ 〈δ0(t,X)〉2 + µ(t,X) ≤ 2µ(t,X) ≤ 2CΛ.

We introduce now the weight µ∗(t,X) = µ̃(t,X) as in Remark 2.2.8 so that the
ratios µ∗(t,X)/µ(t,X) are bounded above and below by some constants depend-
ing only on a finite number of semi-norms of q. That weight µ∗(t,X) belongs to
S(µ, µ−1Γ) = S(µ∗, µ−1

∗ Γ). We notice first that

|Λ1/2(qµ−1/2
∗ )′|2 ≤ 2|Λ1/2q′µ

−1/2
∗ |2 + C1|Λ1/2qµ−1|2

≤ C2|Λ1/2q′µ−1/2|2 + C1|Λ1/2qµ−1/2|

.1︷ ︸︸ ︷
|Λ1/2qµ−3/2|

≤ C2|Λ1/2q′µ−1/2|2 + C3|Λ1/2qµ−1/2|.

Since we have also8

|Λ1/2q′µ−1/2| ∼ |Λ1/2q′µ
−1/2
∗ | . |Λ1/2(qµ−1/2

∗ )′|+ |Λ1/2qµ−1
∗ |

. |Λ1/2(qµ−1/2
∗ )′|+ |Λ1/2qµ

−3/2
∗ |1/2︸ ︷︷ ︸

.1

|Λ1/2qµ
−1/2
∗ |1/2

we get that

ν̃(t,X) = 1+max
(
|Λ1/2q′X(t,X)µ(t,X)−1/2|2, |Λ1/2q(t,X)µ(t,X)−1/2|

)
(3.2.32)

is equivalent to the 1-proper weight of the symbol Λ1/2q(t,X)µ∗(t,X)−1/2 in
S(µ, µ−1Γ). As a consequence, from the lemma 4.9.2, we get that (ν̃ + 〈δ0〉2)−1Γ
is slowly varying.
We need only to prove that

|Λ1/2q(t,X))µ(t,X)−1/2| ≤ Cν(t,X). (3.2.33)

In fact, from (3.2.33), we shall obtain

ν(t,X) ≤ ν̃(t,X) + 〈δ0(t,X)〉2 ≤ (C + 1)ν(t,X)
8Below, the inequality a . b means that a ≤ Cb where C is a constant depending only on a

finite number of semi-norms of q. The equivalence a ∼ b stands for a . b and b . a.
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so that the metrics (ν̃ + 〈δ0〉2)−1Γ and ν−1Γ are equivalent and thus both slowly
varying (that property will also give the last inequality in (3.2.30) from Lemma
4.9.1). Moreover, from Lemma 3.2.12, we have

Λ1/2q(t,X)µ∗(t,X)−1/2 ∈ S(ν̃, ν̃−1Γ),

so that

Λ1/2(qµ−1/2
∗ )(k) .{
ν1−k/2 for k ≤ 2, since Λ1/2qµ

−1/2
∗ ∈ S(ν̃; , ν̃−1Γ) and ν̃ . ν,

µ1−k/2 . ν1−k/2 for k ≥ 2, since Λ1/2qµ
−1/2
∗ ∈ S(µ;µ−1Γ) and ν . µ,

which implies that
Λ1/2qµ

−1/2
∗ ∈ S(ν, ν−1Γ).

Moreover, we have µ1/2
∗ ∈ S(µ1/2

∗ , ν−1Γ) since, using ν . µ, we get

|(µ1/2
∗ )(k)| . µ

1−k
2 . µ

1
2 ν−k/2,

entailing Λ1/2q ∈ S(µ1/2ν, ν−1Γ), i.e. (3.2.31). On the other hand, µ is slowly
varying for ν−1Γ, since

|X − Y | � ν(t,X)1/2(. µ(t,X)1/2) implies |X − Y | � µ(t,X)1/2

and thus µ(t,X) ∼ µ(t, Y ), which proves along with (3.2.26) that µ is a weight for
ν−1Γ.
Let us now check (3.2.33). This inequality is obvious if

|Λ1/2qµ−1/2| ≤ |Λ1/2q′µ−1/2|2.

Note that if ν̃(t,X) ≤ C0, we obtain |Λ1/2qµ−1/2| ≤ C0 ≤ C0ν so we may also
assume ν̃(t,X) > C0. If C0 > 1, we have C0 < ν̃(t,X) = 1 + (Λ1/2|q|µ−1/2)
entailing

(1− C−1
0 )ν̃(t,X) ≤ |Λ1/2qµ−1/2| ≤ ν̃(t,X).

Now if h ∈ R2n is such that |h| ≤ rν̃(t,X)1/2, we get from the slow variation of
the metric ν̃−1Γ, that the ratio ν̃(t,X + h)/ν̃(t,X) is bounded above and below,
provided r is small enough. Using now that Λ1/2qµ

−1/2
∗ ∈ S(ν̃, ν̃−1Γ), we get by

Taylor’s formula

Λ1/2q(t,X + h)µ−1/2
∗ (t,X + h) = Λ1/2q(t,X)µ−1/2

∗ (t,X) + ε(r)ν̃(t,X),

with limr→0 ε(r) = 0, so that, for r, C−1
0 small enough,

|Λ1/2q(t,X + h)µ−1/2
∗ (t,X + h)| ≥

(
(1− C−1

0 )− ε(r)
)
ν̃(t,X) ≥ 1

2
ν̃(t,X).
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As a consequence, the Γ-ball B(X, rν̃(t,X)1/2) is included in X+(t) or in X−(t) and
thus, in the first case (the second case is similar) |X −X+(t)| = 0, |X −X−(t)| ≥
rν̃(t,X)1/2, implying that, with a fixed r0 > 0,

δ0(t,X) ≥ min(Λ1/2, rν̃(t,X)1/2) ≥ r0ν̃(t,X)1/2 ≥ r0|Λ1/2q(t,X)µ(t,X)−1/2|1/2,

so that, in both cases, |Λ1/2q(t,X)µ(t,X)−1/2| ≤ C0|δ0(t,X)|2 ≤ C0ν(t,X). The
proof of the lemma is complete. �

We wish now to discuss the normal forms attached to the metric ν−1(t, ·)Γ
for the symbol q(t, ·). In the sequel of this section, we consider that t is fixed.

Definition 3.2.15. Let 0 < r1 ≤ 1/2 be given. With ν defined in (3.2.29), we shall
say that
(1) Y is a nonnegative (resp. nonpositive) point at level t if δ0(t, Y ) ≥ r1ν(t, Y )1/2,
(resp. δ0(t, Y ) ≤ −r1ν(t, Y )1/2).
(2) Y is a gradient point at level t if |Λ1/2q′Y (t, Y )µ(t, Y )−1/2|2 ≥ ν(t, Y )/4 and
δ0(t, Y )2 < r21ν(t, Y ).
(3) Y is a negligible point in the remaining cases |Λ1/2q′Y (t, Y )µ(t, Y )−1/2|2 <
ν(t, Y )/4 and δ0(t, Y )2 < r21ν(t, Y ). Note that this implies ν(t, Y ) ≤ 1+r21ν(t, Y )+
ν(t, Y )/4 ≤ 1 + ν(t, Y )/2 and thus ν(t, Y ) ≤ 2.

Note that if Y is a nonnegative point, from (3.2.20) we get, for T ∈ R2n,
|T | ≤ 1, 0 ≤ r ≤ r1/4,

δ0
(
t, Y + rν1/2(t, Y )T

)
≥ δ0(t, Y )− 2rν1/2(t, Y ) ≥ r1

2
ν1/2(t, Y ),

and from (3.2.22), this implies that q(t,X) ≥ 0 on the ball B(Y, rν1/2(t, Y )).
Similarly if Y is a nonpositive point, q(t,X) ≤ 0 on the ball B(Y, rν1/2(t, Y )).
Moreover if Y is a gradient point, we have |δ0(t, Y )| < r1ν(t, Y )1/2 so that, if
Y ∈ X+(t), we have min(|Y − X−(t)|,Λ1/2) < r1ν(t, Y )1/2 and if r1 is small
enough, since ν . Λ, we get that |Y − X−(t)| < r1ν(t, Y )1/2 which implies that
there exists Z1 ∈ X−(t) such that |Y −Z1| < r1ν(t, Y )1/2. On the segment [Y,Z1],
the Lipschitz continuous function is such that δ0(t, Y ) > 0 (Y ∈ X+(t) cf. Lemma
3.2.10) and δ0(t, Z1) < 0 (Z1 ∈ X−(t)); as a result, there exists a point Z (on that
segment) such that δ0(t, Z) = 0 and thus q(t, Z) = 0. Naturally the discussion for
a gradient point Y in X−(t) is analogous. If the gradient point Y belongs to X0(t),
we get right away q(t, Y ) = 0, also from the lemma 3.2.10. The function

f(T ) = Λ1/2q
(
t, Y + r1ν

1/2(t, Y )T
)
µ(t, Y )−1/2ν(t, Y )−1 (3.2.34)

satisfies for r1 small enough with respect to the semi-norms of q and c0, C0, C1, C2

fixed positive constants, |T | ≤ 1, from (3.2.31),

|f(T )| ≤ |S − T |C0r1 ≤ C1r
2
1, |f ′(T )| ≥ r1c0, |f ′′(T )| ≤ C2r

2
1.
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The standard analysis (see our appendix 4.9.5) of the Beals-Fefferman metric [8]
shows that, on B(Y, r1ν1/2(t, Y ))

q(t,X) = Λ−1/2µ1/2(t, Y )ν1/2(t, Y )e(t,X)β(t,X), (3.2.35)

1 ≤ e ∈ S(1, ν(t, Y )−1Γ), β ∈ S(ν(t, Y )1/2, ν(t, Y )−1Γ), (3.2.36)

β(t,X) = ν(t, Y )1/2(X1 + α(t,X ′)), α ∈ S(ν(t, Y )1/2, ν(t, Y )−1Γ). (3.2.37)

Lemma 3.2.16. Let q(t,X) be a smooth function satisfying (3.2.12), (3.2.13) and
let t ∈ [−1, 1] be given. The metric gt on R2n is defined as ν(t,X)−1Γ where ν
is defined in (3.2.29). There exists r0 > 0, depending only on a finite number of
semi-norms of q in (3.2.12) such that, for any r ∈]0, r0], there exists a sequence of
points (Xk) in R2n, and sequences of functions (χk), (ψk) satisfying the properties
in Theorem 4.3.7 such that there exists a partition of N,

N = E+ ∪ E− ∪ E0 ∪ E00

so that, according to Definition 3.2.15, k ∈ E+ means that Xk is a nonnegative
point, (k ∈ E−:Xk nonpositive point; k ∈ E0:Xk gradient point, k ∈ E00:Xk

negligible point).

Proof. This lemma is an immediate consequence of the definition 3.2.15, of The-
orem 4.3.7 and of Lemma 3.2.14, asserting that the metric gt is admissible. �

3.2.4 Some lemmas on C3 functions

We prove in this section a key result on the second derivative f ′′XX of a real-
valued smooth function f(t,X) such that τ − if(t, x, ξ) satisfies condition (Ψ).
The following claim gives a good qualitative version of what is needed for our
estimates; although we shall not use this result, and the reader may skip the
proof to proceed directly to the more technical Lemma 3.2.19, the very simple
formulation and proof of this claim is a good warm-up for the sequel.

Lemma 3.2.17 (Dencker’s lemma). Let f1, f2 be two real-valued twice differentiable
functions defined on an open set Ω of RN and such that f−1

1 (R∗+) ⊂ f−1
2 (R+) (i.e.

f1(x) > 0 =⇒ f2(x) ≥ 0). If for some ω ∈ Ω, the conditions f1(ω) = f2(ω) =
0, df1(ω) 6= 0, df2(ω) = 0 are satisfied, we have f ′′2 (ω) ≥ 0 (as a quadratic form).

Proof. Using the obvious invariance by change of coordinates of the statement,
we may assume f1(x) ≡ x1 and ω = 0. The assumption is then for x = (x1, x

′) ∈
R× RN−1 in a neighborhood of the origin

f2(0) = 0, df2(0) = 0, x1 > 0 =⇒ f2(x1, x
′) ≥ 0.

Using the second-order Taylor-Young formula for f2, we get f2(x) = 1
2 〈f

′′
2 (0)x, x〉+

ε(x)|x|2, limx→0 ε(x) = 0, and thus for T = (T1, T
′), |T | = 1, ρ 6= 0 small enough,

the implication T1 > 0 =⇒ 〈f ′′2 (0)T, T 〉 + 2ε(ρT ) ≥ 0. Consequently we have
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{S, 〈f ′′2 (0)S, S〉 ≥ 0} ⊃ {S, S1 > 0} and since the larger set is closed and stable by
the symmetry with respect to the origin, we get that it contains also {S, S1 ≤ 0},
which is the result f ′′2 (0) ≥ 0. �

Remark 3.2.18. This claim has the following consequence: take three functions
f1, f2, f3, twice differentiable on Ω, such that, for 1 ≤ j ≤ k ≤ 3, fj(x) > 0 =⇒
fk(x) ≥ 0. Assume that, at some point ω we have f1(ω) = f2(ω) = f3(ω) =
0, df1(ω) 6= 0, df3(ω) 6= 0, df2(ω) = 0. Then one has f ′′2 (ω) = 0. Lemma 3.2.17
gives f ′′2 (ω) ≥ 0 and it can be applied to the couple (−f3,−f2) to get −f ′′2 (ω) ≥ 0.
Notation. The open Euclidean ball of RN with center 0 and radius r will be
denoted by Br. For a k-multilinear symmetric form A on RN , we shall note ‖A‖ =
max|T |=1 |AT k| which is easily seen to be equivalent to the norm

max
|T1|=···=|Tk|=1

|A(T1, . . . , Tk)|

since the symmetrized T1 ⊗ · · · ⊗ Tk can be written a sum of kth powers (see the
appendix 4.2.2).

Lemma 3.2.19. Let R0 > 0 and f1, f2 be real-valued functions defined in B̄R0 . We
assume that f1 is C2, f2 is C3 and for x ∈ B̄R0 ,

f1(x) > 0 =⇒ f2(x) ≥ 0. (3.2.38)

We define the non-negative numbers ρ1, ρ2, by

ρ1 = max
(
|f1(0)| 12 , |f ′1(0)|

)
, ρ2 = max

(
|f2(0)| 13 , |f ′2(0)| 12 , |f ′′2 (0)|

)
, (3.2.39)

and we assume that, with a positive C0,

0 < ρ1, ρ2 ≤ C0ρ1 ≤ R0. (3.2.40)

We define the non-negative numbers C1, C2, C3, by

C1 = 1+C0‖f ′′1 ‖L∞(B̄R0 ), C2 = 4+
1
3
‖f ′′′2 ‖L∞(B̄R0 ), C3 = C2+4πC1. (3.2.41)

Assume that for some κ2 ∈ [0, 1], with κ2C1 ≤ 1/4,

ρ1 = |f ′1(0)| > 0, (3.2.42)

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
≤ κ2|f ′′2 (0)|, (3.2.43)

B(0, κ2
2ρ2) ∩ {x ∈ B̄R0 , f1(x) ≥ 0} 6= ∅. (3.2.44)

Then we have
|f ′′2 (0)−| ≤ C3κ2ρ2, (3.2.45)

where f ′′2 (0)− stands for the negative part of the quadratic form f ′′2 (0). Note that,
whenever (3.2.44) is violated, we get B(0, κ2

2ρ2) ⊂ {x ∈ B̄R0 , f1(x) < 0} (note that
κ2

2ρ2 ≤ ρ2 ≤ R0) and thus

distance
(
0, {x ∈ B̄R0 , f1(x) ≥ 0}

)
≥ κ2

2ρ2. (3.2.46)
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Proof. We may assume that for x = (x1, x
′) ∈ R×RN−1, ρ1 = |f ′1(0)| = ∂f1

∂x1
(0, 0),

∂f1
∂x′ (0, 0) = 0, so that

f1(x) ≥ f1(0) + ρ1x1 −
1
2
‖f ′′1 ‖∞|x|2. (3.2.47)

Moreover, from (3.2.44), we know that there exists z ∈ B(0, κ2
2ρ2) such that

f1(z) ≥ 0. As a consequence, we have 0 ≤ f1(z) ≤ f1(0)+ρ1z1 + 1
2‖f

′′
1 ‖∞κ4

2ρ
2
2 and

thus
f1(x) ≥ ρ1x1 − ρ1κ

2
2ρ2 −

1
2
‖f ′′1 ‖∞(|x|2 + κ4

2ρ
2
2). (3.2.48)

On the other hand, we have

f2(x) ≤ f2(0) + f ′2(0)x+
1
2
f ′′2 (0)x2 +

1
6
‖f ′′′2 ‖∞|x|3

≤ κ3
2ρ

3
2 + κ2

2ρ
2
2|x|+

1
6
‖f ′′′2 ‖∞|x|3 +

1
2
f ′′2 (0)x2

and the implications, for |x| ≤ R0,

ρ1x1 > ρ1κ
2
2ρ2 +

1
2
‖f ′′1 ‖∞(|x|2 + κ4

2ρ
2
2) =⇒ f1(x) > 0 =⇒ f2(x) ≥ 0 =⇒

− 1
2
f ′′2 (0)x2 ≤ κ3

2ρ
3
2 + κ2

2ρ
2
2|x|+

1
6
‖f ′′′2 ‖∞|x|3. (3.2.49)

Let us take x = κ2ρ2y with |y| = 1 (note that |x| = κ2ρ2 ≤ R0); the property
(3.2.49) gives, using ρ2/ρ1 ≤ C0,

y1 > κ2(1 + ‖f ′′1 ‖∞C0) =⇒ −f ′′2 (0)y2 ≤ κ2ρ2(4 +
1
3
‖f ′′′2 ‖∞),

so that

{y ∈ SN−1,−f ′′2 (0)y2 ≤ κ2ρ2(4+
1
3
‖f ′′′2 ‖∞)} ⊃ {y ∈ SN−1, y1 > κ2(1+‖f ′′1 ‖∞C0)}

and since the larger set is closed and stable by symmetry with respect to the origin,
we get, with

C1 = 1 + ‖f ′′1 ‖∞C0, C2 = 4 +
1
3
‖f ′′′2 ‖∞,

the implication

y ∈ SN−1, |y1| ≥ κ2C1 =⇒ −f ′′2 (0)y2 ≤ κ2ρ2C2. (3.2.50)

Let us now take y ∈ SN−1, such that |y1| < κ2C1(≤ 1/4). We may assume y =
y1 ~e1⊕ y2 ~e2, with ~e1, ~e2, orthogonal unit vectors and y2 = (1− y2

1)1/2. We consider
the following rotation in the (~e1, ~e2) plane with ε0 = κ2C1 ≤ 1/4,

R =
(

cos(2πε0) sin(2πε0)
− sin(2πε0) cos(2πε0)

)
, so that |(Ry)1| = |y1 cos(2πε0) + y2 sin(2πε0)|,
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and since ε0 ≤ 1/4,

|(Ry)1| ≥ −|y1|+ (1− y2
1)1/24ε0 ≥ ε0(

√
15− 1) > ε0 = κ2C1.

Moreover the rotation R satisfies ‖R − Id ‖ ≤ 2πε0 = 2πκ2C1. We have, using
(3.2.50) and |(Ry)1| ≥ κ2C1, |y| = 1,

− f ′′2 (0)y2 = −f ′′2 (0)(Ry)2 − 〈f ′′2 (0)(y −Ry), y +Ry〉
≤ −f ′′2 (0)(Ry)2 + |f ′′2 (0)||y −Ry||y +Ry|

≤ κ2ρ2C2 + 2ρ2|y −Ry| ≤ κ2ρ2C2 + 2ρ22πκ2C1.

Eventually, for all y ∈ SN−1, we have

−f ′′2 (0)y2 ≤ κ2ρ2(C2 + 4πC1) = C3κ2ρ2. (3.2.51)

Considering now the quadratic form Q = f ′′2 (0) and its canonical decomposition
Q = Q+ − Q−, we have, for all y ∈ RN , 〈Q−y, y〉 ≤ κ2ρ2C3|y|2 + 〈Q+y, y〉.
Using now the canonical orthogonal projections E± on the positive (resp. negative)
eigenspaces, we write y = E+y ⊕ E−y and we get that

〈Q−y, y〉 = 〈Q−E−y,E−y〉 ≤ C3κ2ρ2|E−y|2 + 〈Q+E−y,E−y〉
= C3κ2ρ2|E−y|2 ≤ C3κ2ρ2|y|2, (3.2.52)

yielding (3.2.45). The proof of Lemma 3.2.19 is complete. �

Lemma 3.2.20. Let f1, f2, f3 be real-valued functions defined in B̄R0 . We assume
that f1, f3 are C2, f2 is C3 and for x ∈ B̄R0 , 1 ≤ j ≤ k ≤ 3,

fj(x) > 0 =⇒ fk(x) ≥ 0. (3.2.53)

We define the non-negative numbers ρ1, ρ2, ρ3 by

ρ1 = max
(
|f1(0)| 12 , |f ′1(0)|

)
ρ3 = max

(
|f3(0)| 12 , |f ′3(0)|

) ρ2 = max
(
|f2(0)| 13 , |f ′2(0)| 12 , |f ′′2 (0)|

)
, (3.2.54)

and we assume that, with a positive C0,

0 < ρ1, ρ3 and ρ2 ≤ C0 min(ρ1, ρ3) ≤ C0 max(ρ1, ρ3) ≤ R0. (3.2.55)

We define the non-negative numbers C1, C2, C3, by

C1 = 1 + C0 max(‖f ′′1 ‖L∞(B̄R0 ), ‖f ′′3 ‖L∞(B̄R0 )), (3.2.56)

C2 = 4 +
1
3
‖f ′′′2 ‖L∞(B̄R0 ), C3 = C2 + 4πC1. (3.2.57)
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Assume that for some κ1, κ3 ∈ [0, 1], and 0 < κ2C3 ≤ 1/2,

|f1(0)|1/2 ≤ κ1|f ′1(0)|, |f3(0)|1/2 ≤ κ3|f ′3(0)|, (3.2.58)

B(0, κ2
2ρ2) ∩ {x ∈ B̄R0 , f1(x) ≥ 0} 6= ∅, (3.2.59)

B(0, κ2
2ρ2) ∩ {x ∈ B̄R0 , f3(x) ≤ 0} 6= ∅. (3.2.60)

Then we have

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
≤ ρ2 ≤ κ−1

2 max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
(3.2.61)

Note that, whenever (3.2.59) or (3.2.60) is violated, we get

B(0, κ2
2ρ2) ⊂ {x ∈ B̄R0 , f1(x) < 0} or B(0, κ2

2ρ2) ⊂ {x ∈ B̄R0 , f3(x) > 0}

and thus

dist
(
0, {x ∈ B̄R0 , f1(x) ≥ 0}

)
≥ κ2

2ρ2 or dist
(
0, {x ∈ B̄R0 , f3(x) ≤ 0}

)
≥ κ2

2ρ2.
(3.2.62)

Proof. This follows almost immediately from the previous lemma and it is analo-
gous to the remark following Lemma 3.2.17: assuming that we have

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
≤ κ2|f ′′2 (0)| (3.2.63)

will yield |f ′′2 (0)| ≤ C3κ2ρ2 by applying Lemma 3.2.19 (note that κ2C1 ≤ κ2
C3
4π ≤

1
8π < 1/4) to the couples (f1, f2) and (−f3,−f2); consequently, if (3.2.63) is sat-
isfied, we get

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
≤ ρ2 ≤ max

(
|f2(0)|1/3, |f ′2(0)|1/2, C3κ2ρ2

)
and since C3κ2 < 1, it yields

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
= ρ2, (3.2.64)

which implies (3.2.61). Let us now suppose that (3.2.63) does not hold, and that
we have κ2|f ′′2 (0)| < max

(
|f2(0)|1/3, |f ′2(0)|1/2

)
. This implies (3.2.61):

max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
≤ ρ2 ≤ κ−1

2 max
(
|f2(0)|1/3, |f ′2(0)|1/2

)
.

The proof of the lemma is complete. �

Remark 3.2.21. We shall apply this lemma to a “fixed” κ2, depending only on the
constant C3 such as κ2 = 1/(2C3).
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3.2.5 Inequalities for symbols

In this section, we apply the results of the previous section to obtain various
inequalities on symbols linked to our symbol q introduced in (3.2.12). Our main
result is the following theorem.

Theorem 3.2.22. Let q be a symbol satisfying (3.2.12), (3.2.13) and δ0, µ, ν as
defined above in (3.2.19), (3.2.25) and (3.2.29). For the real numbers t′, t, t′′, and
X ∈ R2n, we define

N(t′, t′′, X) =
〈δ0(t′, X)〉
ν(t′, X)1/2

+
〈δ0(t′′, X)〉
ν(t′′, X)1/2

, (3.2.65)

R(t,X) = Λ−1/2µ(t,X)1/2ν(t,X)−1/2〈δ0(t,X). (3.2.66)

Then there exists a constant C0 ≥ 1, depending only on a finite number of semi-
norms of q in (3.2.12), such that, for t′ ≤ t ≤ t′′, we have

C−1
0 R(t,X) ≤ N(t′, t′′, X)+

δ0(t′′, X)− δ0(t,X)
ν(t′′, X)1/2

+
δ0(t,X)− δ0(t′, X)

ν(t′, X)1/2
. (3.2.67)

Proof. We are given X ∈ R2n and t′ ≤ t ≤ t′′ real numbers.
First reductions. First of all, we may assume that, for some positive (small) κ to
be chosen later, we have

〈δ0(t′, X)〉 ≤ κν(t′, X)1/2 and 〈δ0(t′′, X)〉 ≤ κν(t′′, X)1/2. (3.2.68)

In fact, otherwise, we have N(t′, t′′, X) > κ and since from (3.2.26), we have
µ(t,X) ≤ CΛ where C depends only on a finite number of semi-norms of q, we
get from (3.2.66), (3.2.29)

R(t,X) ≤ C1/2ν(t,X)−1/2〈δ0(t,X)〉 ≤ C1/2 ≤ C1/2κ−1N(t′, t′′, X),

so that we shall only need
C0 ≥ C1/2κ−1 (3.2.69)

to obtain (3.2.67). Also, we may assume that, with the same positive (small) κ,

ν(t,X) ≤ κ2ν(t′, X) and ν(t,X) ≤ κ2ν(t′′, X). (3.2.70)

Otherwise, we would have for instance ν(t,X) > κ2ν(t′, X) and since t ≥ t′,

R(t,X) ≤ Λ−1/2µ(t,X)1/2κ−1 〈δ0(t,X)〉
ν(t′, X)1/2

≤ C1/2κ−1

(
〈δ0(t′, X)〉+ |

≥0︷ ︸︸ ︷
δ0(t,X)− δ0(t′, X) |

ν(t′, X)1/2

)
≤ C1/2κ−1N(t′, t′′, X) + C1/2κ−1 δ0(t,X)− δ0(t′, X)

ν(t′, X)1/2
,
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which implies (3.2.67) provided that (3.2.69) holds. Finally, we may also assume
that

ν(t,X) ≤ κ2µ(t,X), (3.2.71)

otherwise we would have, using that δ0(t′, X) ≤ δ0(t,X) ≤ δ0(t′′, X) and the
convexity of s 7→

√
1 + s2 = 〈s〉,

R(t,X) ≤ κ−1 〈δ0(t,X)〉
Λ1/2

≤ κ−1 〈δ0(t′, X)〉
Λ1/2

+ κ−1 〈δ0(t′′, X)〉
Λ1/2

and this implies, using ν(t′, X), ν(t′′, X) ≤ CΛ (see (3.2.30)),

R(t,X) ≤ C1/2κ−1 〈δ0(t′, X)〉
ν(t′, X)1/2

+ C1/2κ−1 〈δ0(t′′, X)〉
ν(t′′, X)1/2

,

which gives (3.2.67) provided that (3.2.69) holds. On the other hand, we may
assume that

max
(
〈δ0(t,X)〉, κ1/2|Λ1/2q′(t,X)|1/2

)
≤ 2κµ(t,X)1/2. (3.2.72)

Otherwise, we would have either

µ(t,X)1/2 ≤ 1
2
κ−1〈δ0(t,X)〉 ≤ 1

2
κ−1ν(t,X)1/2 ≤︸︷︷︸

from (3.2.71)

1
2
µ(t,X)1/2

which is impossible, or we would have

µ(t,X)1/2 ≤ 1
2
κ−1/2|Λ1/2q′(t,X)|1/2

from (3.2.29)︷︸︸︷
≤ 1

2
κ−1/2ν(t,X)1/4µ(t,X)1/4

≤︸︷︷︸
from (3.2.71)

1
2
µ(t,X)1/2, (which is also impossible).

The estimate (3.2.72) implies that, for κ < 1/16,

Λ|q′′(t,X)|2 ≤︸︷︷︸
(3.2.25)

µ(t,X) ≤︸︷︷︸
(3.2.25)

〈δ0(t,X)〉2 + |Λ1/2q′(t,X)|+ Λ|q′′(t,X)|2

≤︸︷︷︸
(3.2.72)

(4κ2 + 4κ)µ(t,X) + Λ|q′′(t,X)|2,

and thus

Λ|q′′(t,X)|2 ≤ µ(t,X) ≤ 1
1− 8κ

Λ|q′′(t,X)|2 ≤ 2Λ|q′′(t,X)|2. (3.2.73)
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This implies that

R(t,X) ≤ Λ−1/221/2Λ1/2|q′′(t,X)| 〈δ0(t,X)〉(
〈δ0(t,X)〉2 + Λ|q′(t,X)|2µ(t,X)−1

)1/2
≤ 21/2|q′′(t,X)|. (3.2.74)

Rescaling the symbols. We sum-up our situation, changing the notations so that
X = 0, t′ = t1, t = t2, t

′′ = t3, ν1 = ν(t′, 0), ν2 = ν(t, 0), ν3 = ν(t′′, 0), δj =
δ0(tj , 0), µj = µ(tj , 0). The following conditions are satisfied:

〈δ1〉 ≤ κν
1/2
1 , 〈δ3〉 ≤ κν

1/2
3 ,

ν2 ≤ κ2ν1, ν2 ≤ κ2ν3, ν2 ≤ κ2µ2

R(t2, 0) ≤ 2|q′′(t2, 0)| 〈δ2〉
〈δ2〉+ |q′(t2, 0)|/|q′′(t2, 0)|

≤ 2|q′′(t2, 0)|,

Λ|q′′(t2, 0)|2 ≤ µ2 ≤ 2Λ|q′′(t2, 0)|2,
κ < 1/16, C0 ≥ κ−1C1/2,


(3.2.75)

where κ > 0 is to be chosen later and C depends only on a finite number of
semi-norms of q. We define now the smooth functions f1, f2 defined on R2n by

f1(Y ) = q(t1, Y )Λ1/2µ
−1/2
1 , f2(Y ) = ν

1/2
1 q(t2, Y ), (3.2.76)

and we note (see (3.2.12)-(3.2.27)) that ‖f ′′1 ‖L∞ and ‖f ′′′2 ‖L∞ are bounded above
by semi-norms of q; moreover the assumption (3.2.38) holds for that couple of
functions, from (3.2.13).

Lemma 3.2.23. We define

µ
1/2
12 = max

(
〈δ2〉, |ν1/2

1 q′(t2, 0)|1/2, |ν1/2
1 q′′(t2, 0)|

)
. (3.2.77)

If max
(
〈δ2〉, κ1/2|ν1/2

1 q′(t2, 0)|1/2
)
> 2κµ1/2

12 , then (3.2.67) is satisfied provided
C0 ≥ 3/κ.

Proof. We have either |ν1/2
1 q′′(t2, 0)| ≤ µ

1/2
12 ≤ 1

2κ
−1〈δ2〉 implying

|q′′(t2, 0)| ≤ 1
2κ
〈δ2〉
ν

1/2
1

≤ 1
2κ
〈δ1〉
ν

1/2
1

+
1
2κ

δ2 − δ1

ν
1/2
1

which gives (3.2.67) (using R(t2, 0) ≤ 2|q′′(t2, 0)| in (3.2.75)), provided C0 ≥ 1/κ,
or we have

|ν1/2
1 q′′(t2, 0)| ≤ µ

1/2
12 <

1
2
κ−1/2|ν1/2

1 q′(t2, 0)|1/2,
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implying
|q′′(t2, 0)|2

|q′(t2, 0)|
≤ 1

4κν1/2
1

so that (using R(t2, 0) ≤ 2|q′′(t2, 0)|2〈δ2〉/|q′(t2, 0)|

in (3.2.75)), we get R(t2, 0) ≤ 1
2κ

〈δ2〉
ν
1/2
1

, which gives similarly (3.2.67), provided

C0 ≥ 1/(2κ). �

A consequence of this lemma is that we may assume

max
(
〈δ2〉, κ1/2|ν1/2

1 q′(t2, 0)|1/2
)

≤ 2κµ1/2
12 = 2κmax

(
〈δ2〉, |ν1/2

1 q′(t2, 0)|1/2, |ν1/2
1 q′′(t2, 0)|

)
,

and since κ < 1/4, we get

µ
1/2
12 = |ν1/2

1 q′′(t2, 0)|, max
(
〈δ2〉, κ1/2|ν1/2

1 q′(t2, 0)|1/2
)
≤ 2κ|ν1/2

1 q′′(t2, 0)|.
(3.2.78)

Lemma 3.2.24. The functions f1, f2 defined in (3.2.76) satisfy the assumptions
(3.2.38), (3.2.39), (3.2.40), (3.2.41), (3.2.42), (3.2.43) in Lemma 3.2.19.

Proof. We have already checked (3.2.38). We know from Lemma 3.2.14 that, with
a constant C depending only on a finite number of semi-norms of q (see (3.2.31)),

|f1(0) = q(t1, 0)Λ1/2µ
−1/2
1 |1/2 ≤ Cν

1/2
1 ,

but we may assume here that C ≤ 1/2: if we had |f1(0)| > ν
1/2
1 /2, the function

f1 would be positive (resp.negative) on B(0, r0ν
1/2
1 ), with some fixed r0 > 0 and

consequently we would have |δ1| ≥ r0ν
1/2
1 . But we know that 〈δ1〉 ≤ κν

1/2
1 , so we

can choose a priori κ small enough so that |δ1| ≥ r0ν
1/2
1 does not occur. From

(3.2.75), we have 〈δ1〉 ≤ κν
1/2
1 , the latter implying f ′1(0) 6= 0 from (3.2.29) since

κ2 < 3/4 and more precisely

ρ1 = |f ′1(0)| ≥ (1− κ2)1/2ν1/2
1 ≥ ν

1/2
1 /2. (3.2.79)

Moreover we have, from (3.2.31) and ν2 ≤ κ2ν1 in (3.2.75),

max(|ν1/2
1 q′(t2, 0)|1/2, |ν1/2

1 q′′(t2, 0)|) ≤ µ
1/2
12 ≤ C1ν

1/2
1 ,

with a constant C1 depending only on a finite number of semi-norms of q and thus

max(|f ′2(0)|1/2, |f ′′2 (0)|) ≤ 2C1ρ1. (3.2.80)

Moreover, we have from Lemma 3.2.14, Λ1/2|q(t2, 0)|µ−1/2
2 ≤ C2ν2, so that with

constants C2, C3 depending only on a finite number of semi-norms of q, using
(3.2.72), we get

|f2(0)| ≤ ν
1/2
1 C2ν2Λ−1/2µ

1/2
2 ≤ ν

1/2
1 C3ν2 ≤ C3κ

2ν
3/2
1 .
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That property and (3.2.80), (3.2.79) give (3.2.40) with R0 = Cρ1, where C depends
only on a finite number of semi-norms of q. We have already seen that the constants
occurring in (3.2.41) are bounded above by semi-norms of q and that (3.2.42) holds.
Let us now check (3.2.43). We already know that, from (3.2.78),

|f ′2(0)|1/2 = |ν1/2
1 q′(t2, 0)|1/2 ≤ 2κ1/2|ν1/2

1 q′′(t2, 0)| = 2κ1/2|f ′′2 (0)|. (3.2.81)

If we have |ν1/2
1 q(t2, 0)| ≥ κ1/2µ

3/2
12 then for |h| ≤ κ1/3µ

1/2
12 , we get, using ν1 . Λ

and Taylor’s formula along with (3.2.77), (3.2.78),

|ν1/2
1 q(t2, h)| ≥ κ1/2µ

3/2
12 − 4κ4/3µ

3/2
12 − 1

2
κ2/3µ

3/2
12 − Cν

1/2
1 Λ−1/2κµ

3/2
12

= µ
3/2
12 (κ1/2 − 4κ4/3 − κ2/3

2
− C ′κ) ≥ µ

3/2
12 κ

1/2/2 > 0,

provided κ is small enough with respect to a constant depending only on a finite
number of semi-norms of q; that inequality implies that the ball B(0, κ1/3µ

1/2
12 ) is

included in X+(t2) or in X−(t2) implying that |δ0(t2, 0) = δ2| ≥ κ1/3µ
1/2
12 which

is incompatible with (3.2.78), provided κ < 2−3/2, since (3.2.78) implies |δ2| ≤
2κµ1/2

12 . Eventually, we get

|f2(0)|1/3 = |ν1/2
1 q(t2, 0)|1/3 ≤ κ1/6µ

1/2
12 = κ1/6|f ′′2 (0)| (3.2.82)

and with (3.2.82) we obtain (3.2.43) with

κ2 = κ1/6. (3.2.83)

The proof of Lemma 3.2.24 is complete. �

End of the proof of Theorem 3.2.22. To apply Lemma 3.2.19, we have to suppose
(3.2.44). In that case we get

ν
1/2
1 |q′′(t2, 0)−| = |f ′′2 (0)−| ≤ Cκ2ρ2 = Cκ1/6ν

1/2
1 |q′′(t2, 0)|,

i.e. |q′′(t2, 0)−| ≤ Cκ1/6|q′′(t2, 0)|. (3.2.84)

If (3.2.44) is not satisfied, we obtain, according to (3.2.46), (3.2.83) and µ12 =
ν

1/2
1 |q′′(t2, 0)|,

δ0(t1, 0) = δ1 ≤ −κ1/3ν
1/2
1 |q′′(t2, 0)|,

which gives 1
3R(t2, 0) ≤ |q′′(t2, 0)| ≤ κ−1/3 |δ1|

ν
1/2
1

and (3.2.67) provided C0 ≥ 3κ−1/3.

If we introduce now the smooth functions F1, F2 defined on R2n by

F1(Y ) = −q(t3, Y )Λ1/2µ
−1/2
3 , F2(Y ) = −ν1/2

3 q(t2, Y ), (3.2.85)
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starting over our discussion, we see that (3.2.67) is satisfied, provided

κ ≤ κ0 and C0 ≥ γ0κ
−1, (3.2.86)

where κ0, γ0 are positive constants depending only on the semi-norms of q, except
in the case where we have (3.2.84) and

|q′′(t2, 0)+| ≤ Cκ1/6|q′′(t2, 0)|. (3.2.87)

Naturally, since |q′′(t2, 0)| = |q′′(t2, 0)+| + |q′′(t2, 0)−|, the estimates (3.2.84),
(3.2.87) cannot be both true for a κ small enough with respect to a constant
depending on a finite number of semi-norms of q and a non-vanishing q′′(t2, 0)
(that vanishing is prevented by the penultimate line in (3.2.75)). The proof of
Theorem 3.2.22 is complete. �

Remark 3.2.25. The reader may find our proof quite tedious, but referring him
to the simpler remark following Lemma 3.2.17, we hope that he can find there
some motivation to read the details of our argument, which is the rather natural
quantitative statement following from that remark. On the other hand, Theorem
3.2.22 is analogous to one of the key argument provided by N. Dencker in [35] in
which he proves, using our notations in the theorem,

R(t,X) . N(t′, t′′, X) + δ0(t′′, X)− δ0(t′, X) (3.2.88)

which is weaker than our (3.2.67). In particular, R (and N) looks like a symbol of
order 0 (weight 1) whereas the right-hand-side of (3.2.88) contains the difference
δ0(t′′, X) − δ0(t′, X), which looks like a symbol of order 1/2. Our theorem gives
a stronger and in some sense more homogeneous version of N. Dencker’s result,
which will lead to improvements in the remainder’s estimates. Also, we note the
(inhomogeneous) estimate

Λ−1/2µ(t,X)1/2ν(t,X)−1/2 . N(t′, t′′, X),

which is in fact a consequence of our proof, but is not enough to handle the
remainder’s estimate below in our proof, and which will not be used: in fact (3.2.67)
implies

Λ−1/2µ1/2ν−1/2 = R〈δ0〉−1

.
N(t′, t′′, X)
〈δ0(t,X)〉

+
δ0(t′′, X)− δ0(t,X)
ν(t′′, X)1/2〈δ0(t,X)〉

+
δ0(t,X)− δ0(t′, X)
ν(t′, X)1/2〈δ0(t,X)〉

.
N(t′, t′′, X)
〈δ0(t,X)〉

+
1

ν(t′′, X)1/2
+

1
ν(t′, X)1/2

. N(t′, t′′, X).
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3.2.6 Quasi-convexity

A differentiable function ψ of one variable is said to be quasi-convex on R if ψ̇(t)
does not change sign from + to − for increasing t (see [75]). In particular, a
differentiable convex function is such that ψ̇(t) is increasing and is thus quasi-
convex.

Definition 3.2.26. Let σ1 : R → R be an increasing function, C1 > 0 and let
ρ1 : R → R+. We shall say that ρ1 is quasi-convex with respect to (C1, σ1) if for
t1, t2, t3 ∈ R,

t1 ≤ t2 ≤ t3 =⇒ ρ1(t2) ≤ C1 max
(
ρ1(t1), ρ1(t3)

)
+ σ1(t3)− σ1(t1). (3.2.89)

When σ1 is a constant function and C1 = 1, this is the definition of quasi-convexity.

Lemma 3.2.27. Let σ1 : R → R be an increasing function and let ω : R → R+. We
define

ρ1(t) = inf
t′≤t≤t′′

(
ω(t′) + ω(t′′) + σ1(t′′)− σ1(t′)

)
. (3.2.90)

Then the function ρ1 is quasi-convex with respect to (2, σ1).

Proof. We consider t1 ≤ t2 ≤ t3 three real numbers. We have

ρ1(t2) = inf
t′≤t2≤t′′

(
ω(t′) + ω(t′′) + σ1(t′′)− σ1(t′)

)
≤ inf
t′≤t1,t3≤t′′

(
ω(t′) + ω(t′′) + σ1(t′′)− σ1(t3) + σ1(t1)− σ1(t′)

)
+ σ1(t3)− σ1(t1)

≤ inf
t′≤t1≤t′′1 ,
t′3≤t3≤t

′′

(
ω(t′) + ω(t′′1) + ω(t′3) + ω(t′′) + σ1(t′′)− σ1(t′3) + σ1(t′′1)− σ1(t′)

)
+ σ1(t3)− σ1(t1)

= ρ1(t1) + ρ1(t3) + σ1(t3)− σ1(t1) ≤ 2 max(ρ1(t1), ρ1(t3)) + σ1(t3)− σ1(t1).

�

The following lemma is due to L. Hörmander [78].

Lemma 3.2.28. Let σ1 : R → R be an increasing function and let ω : R → R+. Let
T > 0 be given. We consider the function ρ1 as defined in Lemma 3.2.27 and we
define

ΘT (t) = sup
−T≤s≤t

{
σ1(s)− σ1(t) +

1
2T

∫ t

s

ρ1(r)dr − ρ1(s)
}
. (3.2.91)

Then we have

2T∂t(ΘT + σ1) ≥ ρ1, and for |t| ≤ T , |ΘT (t)| ≤ ρ1(t). (3.2.92)
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Proof. We have ΘT (t) ≥ −ρ1(t), and

ΘT (t) + σ1(t) = sup
−T≤s≤t

{
σ1(s) +

1
2T

∫ 0

s

ρ1(r)dr − ρ1(s)
}

︸ ︷︷ ︸
increasing with t

+
1

2T

∫ t

0

ρ1(r)dr,

so that ∂t(ΘT +σ1) ≥ 1
2T ρ1. Moreover, from the proof of Lemma 3.2.27, we obtain

for s ≤ r ≤ t that ρ1(r) ≤ ρ1(s) + ρ1(t) + σ1(t)− σ1(s) and thus

1
2T

∫ t

s

ρ1(r)dr ≤
1

t− s

∫ t

s

ρ1(r)dr ≤ ρ1(s) + ρ1(t) + σ1(t)− σ1(s)

which gives ΘT (t) ≤ ρ1(t), ending the proof of the lemma. �

Definition 3.2.29. For T > 0, X ∈ R2n, |t| ≤ T , we define

ω(t,X) =
〈δ0(t,X)〉
ν(t,X)1/2

,

σ1(t,X) = δ0(t,X),

η(t,X) =
∫ t

−T
δ0(s,X)Λ−1/2ds+ 2T,

 (3.2.93)

where δ0, ν are defined in (3.2.19), (3.2.29). For T > 0, (t,X) ∈ R×R2n, we define
Θ(t,X) by the formula (3.2.91)

Θ(t,X) = sup
−T≤s≤t

{
σ1(s,X)− σ1(t,X) +

1
2T

∫ t

s

ρ1(r,X)dr − ρ1(s,X)
}
,

(3.2.94)
where ρ1 is defined by (3.2.90). We define also

m(t,X) = δ0(t,X) + Θ(t,X) + T−1δ0(t,X)η(t,X). (3.2.95)

Theorem 3.2.30. With the notations above for Θ, ρ1,m, with R and C0 defined in
Theorem 3.2.22, we have for T > 0, |t| ≤ T , X ∈ R2n,Λ ≥ 1,

|Θ(t,X)| ≤ ρ1(t,X) ≤ 2
〈δ0(t,X)〉
ν(t,X)1/2

, |σ1(t,X)| = |δ0(t,X)|, (3.2.96)

C−1
0 R(t,X) ≤ ρ1(t,X) ≤ 2T

∂

∂t

(
Θ(t,X) + σ1(t,X)

)
, (3.2.97)

0 ≤ η(t,X) ≤ 4T,
d

dt

(
δ0η
)
≥ δ20Λ−1/2, |η′X(t,X)| ≤ 4TΛ−1/2, (3.2.98)

T
d

dt
m ≥ 1

2
ρ1 + δ20Λ−1/2 ≥ 1

2C0
R+ δ20Λ−1/2 ≥ 1

23/2C0
〈δ0〉2Λ−1/2. (3.2.99)
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Proof. It follows immediately from the previous results:the first estimate in(3.2.96)
is (3.2.92), whereas the second is due to ρ1 ≤ 2ω, which follows from (3.2.90). The
equality in (3.2.96) follows from Definition 3.2.29. The first inequality in (3.2.97)
is a consequence of (3.2.90) and (3.2.67) and the second is (3.2.92). The first two
inequalities in (3.2.98) are a consequence of |δ0(t,X)| ≤ Λ1/2 which follows from
definition 3.2.11. The third inequality reads

d

dt

(
δ0η
)

= δ̇0η + δ0η̇ ≥ δ0η̇ = δ20Λ−1/2,

and the fourth inequality in (3.2.98) follows from (3.2.20). Let us check finally
(3.2.99): since m = δ0 + Θ + T−1δ0η, (3.2.92) and the already proven (3.2.98)
imply T d

dtm ≥ 1
2ρ1 + δ20Λ−1/2 and (3.2.97)(proven) gives

1
2
ρ1 + δ20Λ−1/2 ≥ 1

2C0
R+ δ20Λ−1/2 =

1
2C0

Λ−1/2µ1/2ν−1/2〈δ0〉+ δ20Λ−1/2

≥︸︷︷︸
from (3.2.30)

1
2C0

Λ−1/2
(
2−1/2〈δ0〉+ δ20

)
≥ 1

23/2C0
Λ−1/2〈δ0〉2,

completing the proof of Theorem 3.2.30. �

3.3 The necessity of condition (Ψ)

In the present section we shall review the classical result due to R. Moyer in two
dimensions ([108]) and to L. Hörmander ([70], see also Section 26.4 in [74]) in the
general case, that condition (Ψ) is indeed necessary for local solvability. That ne-
cessity result was settled before by L. Nirenberg and F. Treves for operators having
symbols whose imaginary part vanishes at a finite order along the Hamiltonian
flow of the real part ([113]).

Theorem 3.3.1. Let Ω be an open subset of Rn, x0 ∈ Ω and P be a principal-type
properly supported pseudodifferential operator on Ω with principal symbol pm. If
P is locally solvable at x0 (Definition 1.2.25), then there is a neighborhood of x0

on which pm satisfies condition (Ψ)(Definition 3.2.1).

This result is a consequence of Corollary 26.4.8 in [74] and there is no need
for reproducing its proof here. Let us also note that the book [74] contains a more
general result involving semi-global solvability.

Definition 3.3.2. Let Ω be an open subset of Rn, K be a compact subset of Ω
and P be a properly supported pseudodifferential operator on Ω . P is said to be
solvable at K if there exist an open neighborhood V of K and a space F of finite
codimension in C∞(Ω), such that

∀f ∈ F , ∃u ∈ D ′(Ω) with Pu = f in V .
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The following result follows from Theorem 26.4.2 in [74].

Theorem 3.3.3. Let Ω be an open subset of Rn, K be a compact subset of Ω and P
be a properly supported pseudodifferential operator on Ω. The following conditions
are equivalent.

(i) P is solvable at K.

(ii) There exists N ∈ N, V an open neighborhood of K such that

∀f ∈ HN
loc(Ω), ∃u ∈ D ′(Ω) with Pu− f ∈ C∞(V ).

Definition 3.3.4. Let Ω be an open subset of Rn, K be a compactly based cone in
Ṫ ∗(Ω) and P be a properly supported pseudodifferential operator on Ω. P is said
to be solvable at K if there exists N ∈ N, such that

∀f ∈ HN
loc(Ω), ∃u ∈ D ′(Ω) with WF (Pu− f) ∩ K = ∅.

A consequence of that definition and of the previous theorem is that solv-
ability at a compact set K ⊂ Ω is equivalent to solvability at K × Sn−1.

We shall give here a short discussion of the steps of the proof in a semi-
classical framework, as it was already done with Theorem 3.1.9, containing a con-
struction of a quasi-mode when the first bracket is negative at a characteristic
point. Let us recall at this point that a function p satisfies condition (Ψ) when
p̄ satisfies condition (Ψ). Thus, disproving local solvability for an operator with
symbol violating condition (Ψ) amounts to disproving an a priori estimate for the
adjoint operator, whose symbol will then violates condition (Ψ).

We consider then a symbol p ∈ S0
scl, i.e. a C∞ function on R2n depending

also on a parameter h ∈ (0, 1] such that

∀α, β ∈ Nn × Nn, sup
(x,ξ,h)∈Rn×Rn×(0,1]

|(∂αx ∂
β
ξ p)(x, ξ, h)|h

−|β| < +∞. (3.3.1)

We shall assume also that there exists a sequence (pj)j≥0 ∈ C∞b (R2n) such that

p(x, ξ, h) ∼
∑
j≥0

hjpj(x, hξ) : ∀N, p(x, ξ, h)−
∑

0≤j<N

hjpj(x, hξ) ∈ hNS0
scl. (3.3.2)

We consider the bicharacteristic curve γ of the real part of p0 starting at (x, ξ) ∈
R2n, i.e.

γ̇(t, x, ξ) = HRe p0(γ(t, x, ξ)), γ(0, x, ξ) = (x, ξ). (3.3.3)

We assume that there exists (x0, ξ0) ∈ R2n such that p0(x0, ξ0) = 0 and that
in any neighborhood V of (x0, ξ0), there exists (x, ξ) ∈ V, t < s ∈ R such that
Re p0(x, ξ) = 0 and γ([t, s], x, ξ) ⊂ V ,

Im p0(γ(t, x, ξ)) > 0 > Im p0(γ(s, x, ξ)). (3.3.4)
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Theorem 3.3.5. Let p ∈ S0
scl be as above with p0 satisfying (3.3.4) near (x0, ξ0).

Then for all neigborhoods V of (x0, ξ0), there exist (uh)h∈(0,1] unit vectors in
L2(Rn) such that

‖p(x, ξ, h)wuh‖L2 = O(h∞),

with WFscl(uh) ⊂ V, i.e. for all (x1, ξ1) /∈ V , there exists a ∈ C∞c (R2n),
a(x1, ξ1) 6= 0, with ‖a(x, hξ)wuh‖L2 = O(h∞).

Using the normal form given in Proposition 4.5.1 and Theorem 4.7.8 on
quantization of semi-classical canonical transformations, we are reduced to proving
the result for p(x, ξ, h) = hξ1 + if(x1, x

′, hξ′). Changing the notations, we need to
construct some approximate null solutions for the evolution equation

Dt + ih−1q(t, x, hξ)w

provided q ∈ C∞b (R × R2n) is real-valued, q(0, 0, 0) = 0 and for all ε > 0, there
exist −ε < t < s < ε, (x, ξ) ∈ B((0, 0), ε) with q(t, x, ξ) > 0 > q(s, x, ξ).

The construction is similar to the one in Theorem 3.1.9 or in Lemma 3.1.10
only in one particular case: t 7→ q(t, x, ξ) has a zero of odd order 2k+1 of constant
multiplicity with respect to the parameters (x, ξ). In that case there is a normal
form given by Theorem 21.3.5 in [73], which reduces the study to the ODE

Dt − ih−1t2k+1.

Even with a finite order vanishing at (x, ξ) = (0, 0), the construction of a quasi-
mode is more complicated. Just to give an example with a third order 0, we may
have

q(t, x, ξ) = −(t− ξ)(t+ x)2, or q(t, x, ξ) = −t3 + x.

In the first case the quasi-mode should be located near t = ξ and in the second
case near t = x1/3 where the change of sign from + to − occurs. In fact, in the
third order 0 case, anything of the following type may occur:

q(t, x, ξ) = −t3 + a2(x, ξ)t2 + a1(x, ξ)t+ a0(x, ξ), aj(0, 0) = 0.

Naturally, leaving the finite order of vanishing increases dramatically the com-
plexity. The general construction of an approximate null solution is based upon a
complex WKB method where one looks for a solution of type

uh ∼ eih
−1φ

∑
j≥0

hjaj

where the phase function φ has a nonnegative imaginary part and should satisfy
approximately some eiconal equation ∂tφ− iq(t, x, ∂xφ) = 0. The reader will find
in the proof of Lemma 26.4.14 of [74] the details of the construction of that phase
function, the key step in the proof.
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3.4 Estimates with loss of k/k + 1 derivative

3.4.1 Introduction

We have seen in the previous section that condition (Ψ) is necessary for local solv-
ability. Starting an investigation of the sufficiency of that condition, we take p the
(complex-valued) principal symbol of a principal-type pseudodifferential operator
P satisfying condition (Ψ). The principal symbol

p = `1 + i`2, `1, `2 real-valued, (3.4.1)

of the adjoint operator P ∗ satisfies condition (Ψ). We have seen already in Theo-
rem 3.1.5 that the first bracket analysis is complete: since condition (Ψ) holds for p̄,
non-vanishing of the Poisson bracket at a characteristic point implies {`1, `2} > 0
and this entails subellipticity with loss of 1/2 derivatives for P ∗ and local solv-
ability for P . The first class of cases that we want to investigate is linked to some
sort of finite-type assumption, related to subellipticity. First we assume that one
of the iterated bracket of the real and imaginary part is not vanishing: we shall
say that the geometry is finite type.

We consider ` = `1 + i`2 a complex-valued function in C∞b . We shall assume
that condition (Ψ) holds for ` in a neighborhood V0 of a point (x0, ξ0) ∈ R2n.
Moreover, we define

`12 = {`1, `2} = −`21, Hj = H`j , (3.4.2)

`112 = H2
1 (`2), `212 = −`221, `221 = H2

2 (`1), `121 = −`112, (3.4.3)
for jk ∈ {1, 2}, `j1,...,jl+1 = Hj1 . . .Hjl(`jl+1), |(j1, . . . , jl)| = l. (3.4.4)

We assume that one of these iterated brackets is nonzero and we define the integer
k so that

for all |J | ≤ k, `J(x0, ξ0) = 0, and
there exists |J | with |J | = k + 1 such that `J(x0, ξ0) 6= 0. (3.4.5)

Remark 3.4.1. Note that

|`| 6= 0 means k = 0, that is ellipticity, (3.4.6)
` = 0, {`1, `2} > 0, means k = 1, (3.4.7)

` = {`1, `2} = 0,H2
`1(`2) 6= 0 or H2

`2(`1) 6= 0, means k = 2. (3.4.8)

We have already seen some of the simplest ODE-like models (3.1.10), (3.1.12) such
as

ξ1 + ixk1 , k ∈ 2N + 1, ξ1 ± ixk1 , k ∈ 2N.

The following simple-looking example is interesting: we consider

`(s, V ) = ξ1 + ixs1
(
ξ2 + V (x1, x2)

)
, s ∈ 2N, ∂x1V ≥ 0, (3.4.9)
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where ∂x1V is a nonzero polynomial. Let us check for instance that for (3.4.9)
with V = x1x

2
2, we have indeed k = 9 at (0, 0): for `1 + i`2 = ξ1 + ix2

1(ξ2 + x1x
2
2),

we have
1
6
H3

1 (`2) = x2
2,

1
2
H2

1 (`2) = ξ2 + 3x1x
2
2 so that

1
24
{
H2

1 (`2),H3
1 (`2)

}
= x2,

{
H2

1 (`2),
{
H2

1 (`2),H3
1 (`2)

}}
6= 0

i.e.
0 6= H2

H2
1 (`2)

(
H3

1 (`2)
)

= H2
{`1,H1(`2)}

(
H3

1 (`2)
)

and since H{`1,H1(`2)} = [H1, [H1,H2]] we get

[H1, [H1,H2]]2H3
1 (`2) 6= 0

which forces HI(`2) 6= 0 with some |I| = 9. We leave for the reader to check that
`J = 0 at (0, 0) for |J | ≤ 8.

3.4.2 The main result on subellipticity

Subellipticity is defined as follows.

Definition 3.4.2. Let Ω be an open subset of Rn, m ∈ R, P ∈ Ψm
ps(Ω) and (x0, ξ0) ∈

Ṫ ∗(Ω). The operator P is subelliptic at (x0, ξ0) with loss of µ derivative if for all
s ∈ R,

u ∈ D ′(Ω), Pu ∈ Hs
(x0,ξ0)

=⇒ u ∈ Hs+m−µ
(x0,ξ0)

. (3.4.10)

The main result on subelliptic equations is proven in Chapter 27 of L. Hör-
mander’s book [74].

Theorem 3.4.3. Let Ω,m, P, (x0, ξ0) be as above and let pm be the principal symbol
of P . For k ∈ N, the operator P is subelliptic at (x0, ξ0) with loss of k

k+1 derivative
if and only if the following conditions are satisfied.

(1) There exists a neighborhood V of (x0, ξ0) such that condition (Ψ) holds for
pm on V .

(2) There exists z ∈ C,N 3 j ≤ k such that Hj
Re(zpm)(Im(zpm))(x0, ξ0) 6= 0.

We shall not reproduce here the proof of that very difficult theorem9 but we
intend to point out that subellipticity with loss of k/(k+ 1) derivatives at (x0, ξ0)

9In L. Hörmander’s contribution to the book Fields medallists’ lectures [4], one can read
the following. “For the scalar case, Egorov [41] found necessary and sufficient conditions for
subellipticity with loss of δ derivatives; the proof of sufficiency was completed in [68]. A slight
modification of the presentation is given in [74], but it is still very complicated technically.
Another approach which also covers systems operating on scalars has been given by Nourrigat
[116] (see also the book [60] by Helffer and Nourrigat), but it is also far from simple so the study
of subelliptic operators may not yet be in a final form”.
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is equivalent to the existence of a classical symbol a of order 0, non-characteristic
at (x0, ξ0) and of a constant C such that, for all u ∈ C∞c (V0)

‖awu‖m− k
k+1

≤ C
(
‖Pu‖0 + ‖u‖m−1

)
, (3.4.11)

where V0 is a neighborhood of x0, thus implying microlocal solvability at (x0, ξ0)
for the adjoint operator P ∗. It means that condition (Ψ) reinforced with a finite
type assumption such as (2) in Theorem 3.4.3 does imply local solvability.

3.4.3 Simplifications under a more stringent condition on the symbol

As it is pointed out in by F. Treves in [140] and by L. Hörmander in Section 27.3
of [74], the proof of (3.4.11) is considerably simplified when the principal symbol
satisfies condition (P )(see Definition 3.2.4) along with the finite-type assumption
(2) in Theorem 3.4.3. We want to display here a short proof in the same spirit,
using a coherent states method, which essentially reduces the problem to an ODE,
via the Wick calculus exposed here in Section 2.4.1. When the geometry is finite-
type, one can get a microlocal reduction to a model

hDt + iq(t, x, hξ)w, q ≥ 0, ∂kt q 6= 0, with k even.

The plan of the proof is quite clear: first we prove an estimate for an ODE with
parameters, such as h d

dt−q(t, x, hξ), then using a nonnegative quantization for the
symbol q, we show that the ODE estimates can be transferred to the semi-classical
level. We go slightly beyond condition (P ) with the following result (here and
thereafter we use Remark 3.1.11 to get a reduction to a semi-classical estimate).

Theorem 3.4.4. Let n be an integer and q(t, x, ξ) be a real-valued symbol in C∞b :
q is defined on R × Rn × Rn, smooth with respect to t, x, ξ and such that, for
all multi-indices α, β, sup |(∂αx ∂

β
ξ q)(t, x, ξ)| < +∞. Assume moreover that τ + iq

satisfies condition (Ψ) and

q(t, x, ξ) = 0 =⇒ dx,ξq(t, x, ξ) = 0, (3.4.12)

for some k ∈ N, inf |∂kt q(t, x, ξ)| > 0. (3.4.13)

Then there exists some positive constants C, h0, such that, for h ∈ (0, h0], for any
u(t, x) ∈ C1

c (R, L2(Rn)),

C‖hDtu+ iq(t, x, hξ)wu‖L2(Rn+1) ≥ h
k

k+1 ‖u‖L2(Rn+1). (3.4.14)

Let us note right now that the condition (3.4.12) is satisfied by nonnegative
(and nonpositive) functions. However that condition may be satisfied by some
functions which may change sign such as q = ta(t, x, ξ), a ≥ 0. In fact, if a = 0
we have da = 0, so that dq = 0; at t = 0, we have dx,ξq = 0.
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Going back to our operator hDt + iq(t, x, hξ)w, we shall first replace it by
the unitary equivalent hDt + iq(t, h1/2x, h1/2ξ)w acting on C1

c (Rt;L2(Rn)). Next,
one can check, using Proposition 2.4.3, that

q(t, h1/2x, h1/2ξ)w = q(t, h1/2x, h1/2ξ)Wick +O(h), in L(L2(Rn)).

Also, defining Φ(t) = Wu(t) ∈ L2(R2n) (see (2.4.2)), we are reduced to proving
an estimate for

P = hDt + iπHq(t, h1/2X)πH ,

where the Toeplitz orthogonal projection πH = WW ∗. Now we see that for Φ ∈
C1
c (Rt;H), with K = H⊥, L2(R2n) norms,

‖(hDt + iq(t, h1/2X))Φ‖2 = ‖PΦ‖2 + ‖πKq(t, h1/2X)Φ‖2

= ‖PΦ‖2 + ‖[πH , q(t, h1/2·)]Φ‖2.

Handling the linear ODE given by P = hDt+iq(t, h1/2X) is a simple matter using
the estimate (3.1.29) in Lemma 3.1.3 and we obtain

C‖PΦ‖‖Φ‖ ≥ 〈|q(t, h1/2X)|Φ,Φ〉+ hk/k+1‖Φ‖2.

The nasty term ‖[πH , q(t, h1/2·)]Φ‖2 can be estimated from above by

h‖∇q(t, h1/2·)Φ‖2 +O(h2)‖Φ‖2,

since the kernel of [πH , q(t, h1/2·)] is, with the notation (2.4.4),

Π(X,Y )
(
q(t, h1/2Y )− q(t, h1/2X)

)
= Π(X,Y )h1/2∇q(t, h1/2Y )(Y −X)

−Π(X,Y )
∫ 1

0

(1− θ)h∇2q(t, h1/2(Y + θ(X − Y )))dθ(X − Y )2.

Moreover, thanks to Lemma 4.3.10 and to the assumption (3.4.12), we have

〈|∇q(t, h1/2X)|2Φ,Φ〉 ≤ 2〈|q(t, h1/2X)|Φ,Φ〉 sup |∇2q(t, ·)|,

yielding

〈|q(t, h1/2·)|Φ,Φ〉+ hk/k+1‖Φ‖2

≤ C1‖PΦ‖‖Φ‖+ C1‖[πH , q(t, h1/2·)]Φ‖‖Φ‖
≤ C1‖PΦ‖‖Φ‖+ C2〈|q(t, h1/2·)|Φ,Φ〉1/2h1/2‖Φ‖+ C3h‖Φ‖2︸ ︷︷ ︸

can be absorbed in the lhs, first line above.

,

completing the proof of the theorem.
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3.5 Estimates with loss of one derivative

3.5.1 Local solvability under condition (P )

Statement of the result

Theorem 3.5.1. Let Ω be an open subset of Rn, m ∈ R, x0 ∈ Ω and P ∈ Ψm
ps(Ω) a

principal-type pseudodifferential operator with a principal symbol satisfying condi-
tion (P ) (Definition 3.2.4) in a neighborhood of x0. Then P is locally solvable at
x0 with loss of one derivative.

A most important consequence of that theorem is the fact that for differential
operators, condition (Ψ) is equivalent to local solvability since from Remark 3.2.5
condition (P ) is equivalent to condition (Ψ) for differential operators, whereas
the necessity is given by Theorem 3.3.1. The previous result was proven in 1970
by L. Nirenberg and F. Treves in [114] under an analyticity assumption for the
principal symbol, or more precisely under some factorization hypothesis which
holds under an analyticity assumption and is not true in the C∞ category (see
here the example (3.2.11)). That analyticity assumption was removed in 1973 by
R. Beals and C. Fefferman in [8], who invented a new calculus of pseudodifferential
operators, based upon a Calderón-Zygmund decomposition of a family of symbols
in the phase space. The decomposition of the symbol is such that the calculus
is tailored on the symbol under scope. We give the details of the construction
below, using the metrics devices introduced by L. Hörmander and exposed here
in Chapter 2. The main step to proving the previous result is the following semi-
classical theorem (see Remark 3.1.11).

Theorem 3.5.2. Let q : R× Rn × Rn × (0, 1] 7→ R be a function such that

∀α, β ∈ Nn, Cαβ = sup
(t,x,ξ,h)∈

R×Rn×Rn×(0,1]

|(∂αx ∂
β
ξ q)(t, x, ξ, h)|h

−|β| < +∞, (3.5.1)

∀(t, s, x, ξ, h) ∈ R× R× Rn × Rn × (0, 1], q(t, x, ξ, h)q(s, x, ξ, h) ≥ 0. (3.5.2)

Then there exist positive constants T,C, h0 depending only on the (Cαβ) such that
for all v ∈ S (Rn+1) with v(t, x) = 0 for |t| ≥ T , 0 < h ≤ h0,

hT−1‖v‖L2(Rn+1) ≤ C‖hDtv + iq(t, x, ξ, h)wv‖L2(Rn+1). (3.5.3)

First reductions

The operators q(t, x, ξ, h)w and q(t, h1/2x, h−1/2ξ, h)w are unitarily equivalent and,
defining for (t,X) ∈ R × R2n, Q(t,X) = h−1q(t, h1/2x, h−1/2ξ, h), we may thus
assume, omitting the h dependence of Q that for all k ∈ N, with Λ = h−1

|(∂kXQ)(t,X)| ≤ CkΛ1− k
2 , (3.5.4)
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where the Ck depend only on the (Cαβ) above. It means that Q ∈ S(Λ,Λ−1Γ),
where Γ is the standard Euclidean norm on R2n. Following Lemma 3.2.12, we
define for X ∈ R2n

λ(t,X) = 1 + max
(
|Q(t,X)|, |∂XQ(t,X)|2

)
, λ(X) = sup

t∈R
λ(t,X). (3.5.5)

According to Lemma 3.2.12, we have 1 ≤ λ(t,X) ≤ 1+γΛ where γ is a semi-norm
of Q in S(Λ,Λ−1Γ), depending thus only on the (Ck) of (3.5.4) which implies

1 ≤ λ(X) ≤ 1 + γΛ. (3.5.6)

We know also from the same lemma that the metrics λ(t,X)−1Γ are slowly varying
with structure constants depending only on γ. In particular we know that there
exists r0 > 0, C0 > 0 such that

|X − Y | ≤ r0λ(t,X)1/2 =⇒ C−1
0 ≤ λ(t,X)

λ(t, Y )
≤ C0.

As a result, |X − Y | ≤ r0
2 λ(X)1/2 implies |X − Y | ≤ r0λ(t,X)1/2, provided

λ(X)/4 ≤ λ(t,X) for some t and this gives

1
4
λ(X) ≤ λ(t,X) ≤ C0λ(t, Y ) ≤ C0λ(Y )

and the slow variation of λ(X)−1Γ according to Remark 2.2.2. Since λ(X) ≥ 1,
Lemma 2.2.21 implies that λ(X)−1Γ is indeed admissible. Moreover, for all t ∈ R,
Q(t, ·) ∈ S(λ(X), λ(X)−1Γ) uniformly with respect to t: this is a consequence of
Lemma 3.2.12 for the derivatives of order ≤ 2 and (3.5.6) along with (3.5.4) give
for k > 2, |(∂kXQ)(t,X)| ≤ CkΛ1− k

2 ≤ Ckλ(X)1−
k
2 (1 + γ)(k−2)/2. We have proven

the following result.

Lemma 3.5.3. With Γ standing for the Euclidean norm on R2n, λ(X) defined by
(3.5.5), the metric λ(X)−1Γ is admissible with structure constants depending only
on the (Ck) in (3.5.4) and for all t ∈ R, Q(t, ·) ∈ S(λ(X), λ(X)−1Γ) with for all
k ∈ N, γk = sup(t,X,Λ)∈R1+2n×[1,+∞) |(∂kXQ)(t,X)|λ(X)

k
2−1 < +∞ depends only

on the (Cl). Moreover, we have

for j = 0, 1, |(∂jXQ)(t,X)| ≤ λ(X)1−
j
2 . (3.5.7)

Classification of points

That metric is so well-tailored to the symbol Q that we can classify the points in
R2n according to the respective size of the quantities

sup
t∈R

|Q(t,X)|, sup
t∈R

|Q′X(t,X)|2, 1.
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Let 0 < r < 1 be given. A point X will be called an r-elliptic point whenever

rλ(X) < sup
t∈R

|Q(t,X)|. (3.5.8)

In that case, we find t0 ∈ R such that rλ(X) < |Q(t0, X)| ≤ λ(X) and with
S ∈ R2n, |S| = 1, ρ ≥ 0

Q(t0, X + ρλ(X)1/2S) = Q(t0, X) +Q′X(t0, X)Sρλ(X)1/2 +O(1)ρ2λ(X)

and thus using (3.5.7),

|Q(t0, X + ρλ(X)1/2S)| ≥ rλ(X)− ρλ(X)− 1
2
γ2ρ

2λ(X) ≥ r

2
λ(X)

if
r/2 > ρ+ ρ2γ2/2. (3.5.9)

As a consequence, there exists ρr > 0 (depending only on r and γ2) such that,
for Y ∈ UX,ρr

(the λ(X)−1Γ ball with center X and radius ρr, see the notation
(2.2.8)),

|Q(t0, Y )| ≥ r

2
λ(X).

Assuming that Q(t0, X) > 0 (resp. < 0), we get that Q(t0, Y ) > 0 (resp. < 0) on
UX,ρr and the condition (3.5.2) shows that, for all t ∈ R, we have Q(t, Y ) ≥ 0 on
UX,ρr (resp. Q(t, Y ) ≤ 0 on UX,ρr ). We say that X ∈ R2n is an r-nondegenerate
point if

sup
t∈R

|Q(t,X)| ≤ rλ(X) ≤ r1/2λ(X) < sup
t∈R

|Q′X(t,X)|2. (3.5.10)

In particular, an r-nondegenerate point is not an r-elliptic point and the same
discussion as above gives that there exists t0 ∈ R such that, for all Y ∈ UX,ρ,

|Q(t0, Y )| ≤ 2rλ(X), |Q′X(t0, Y )|2 ≥ r1/2

2
λ(X),

provided
4ρ4γ4

2 ≤ r and ρ+ γ2ρ
2/2 ≤ r. (3.5.11)

For r given in (0, 1), it is possible to find ρr > 0 depending only on r and γ2,
satisfying the latter conditions as well as (3.5.9). Defining now for S ∈ R2n

F (S) = Q(t0, X + λ(X)1/2S)λ(X)−1

we get that |F (0)| ≤ r, |F ′(0)|2 ≥ r1/2/2, ‖F ′′‖L∞ ≤ γ2 and thus

|(1+γ2)−1F ′(0)|2 ≥ (1+γ2)−12−1r−1/2|(1+γ2)−1F (0)|, ‖(1+γ2)−1F ′′‖L∞ ≤ 1
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so that we can apply Lemma 4.9.14 to the function S 7→ (1+γ2)−1F (S), provided

r < (1 + γ2)−22−14. (3.5.12)

As a result, using also Remark 4.9.15, we find that for |S| ≤ r1/42−1/22−5(1+γ2)−1,

F (S) = e(S)(S1 + α(S′)), e ≥ r1/42−1/22−5(1 + γ2)−1,

with e ∈ C∞b (R2n), α ∈ C∞b (R2n−1), with semi-norms controlled by those of F .
Finally we choose r ∈ (0, 1) such that (3.5.12) holds, then we choose ρ > 0 such
that (3.5.11) and (3.5.9) are verified. We obtain readily that for Y ∈ UX,ρ

Q(t0, Y ) = e0(Y )
( b(Y )︷ ︸︸ ︷
Y1 −X1 + β(Y ′ −X ′)

)
λ(X)1/2, e0(Y ) ≥ c0 > 0, (3.5.13)

|e(k)0 (Y )|+ |β(k)(Y ′)|λ(X)−1/2 ≤ C ′kλ(X)−k/2, (3.5.14)

where c0, C ′k depend only on the (Ck) of (3.5.4). Now if UX,ρ 3 Y 7→ Q(t0, Y ) does
not vanish, e.g. stays positive, we know from condition (3.5.2) that for all t ∈ R,
Q(t, Y ) stays nonnegative on UX,ρ. On the other hand, if X is an r-nondegenerate
point and if Y 7→ Q(t0, Y ) vanishes on UX,ρ, it does on the smooth hypersurface
≡ b(Y ) = 0 (with db(Y ) 6= 0) and we have for Y ∈ UX,ρ,

±Q(t0, Y ) > 0 ⇐⇒ ±b(Y ) > 0.

As a consequence, the condition (3.5.2) implies that

for all t ∈ R, ± b(Y ) > 0 =⇒ ±Q(t, Y ) ≥ 0,

and this gives that

Q(t, Y ) = a(t, Y )b(Y ), 0 ≤ a ∈ S(1, λ−1Γ), b ∈ S(λ, λ−1Γ) on UX,ρ, (3.5.15)

since from the discussion above we have that b(Y ) = Y1 − B(Y ′) and thus since
Q(t, B(Y ′), Y ′) ≡ 0, Taylor expansion from the point (B(Y ′), Y ′) gives the factor-
ization (3.5.15).

If X is neither r-elliptic, nor r-nondegenerate, we shall call it negligible and
it satisfies supt∈R |Q(t,X)| ≤ rλ(X), supt∈R |Q′X(t,X)|2 ≤ r1/2λ(X) so that if
r ≤ 1/4 as we may also assume, we get λ(X) ≤ 1 + r1/2λ(X) and thus

λ(X) ≤ 2. (3.5.16)

Localization

We consider now v ∈ C∞c (Rt;L2(Rnx)), supp v ⊂ [−T, T ] and (ϕZ(x, ξ))Z∈R2n a
partition of unity in R2n related to the admissible metric λ−1Γ. According to
Lemma 2.5.3, we have

‖v(t)‖2L2(Rn) ∼
∫

R2n

‖ϕwZv(t)‖2L2(Rn) λ(Z)−ndZ︸ ︷︷ ︸edZ
.
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Theorem 2.2.7 allows us to choose the support of ϕY in UY,r with r > 0 as small
as we wish, so that we can assume that r is small enough for the properties of the
previous section to be satisfied. Defining

L = Dt + iQ(t,X)w, Q(t) = Q(t,X)w, (3.5.17)

we claim that it is enough to prove

‖ϕwZv(t)‖L2Rn) ≤ C0

∫
R
‖LϕwZv(t)‖L2(Rn)dt+ C ′0

∫
R
‖ψwZv(t)‖L2(Rn)dt, (3.5.18)

where (ψZ)Z∈R2n is a uniformly confined family of symbols. In fact, assuming first
C ′0 = 0, the latter inequality along with Lemma 2.5.3 implies that

‖v(t)‖2L2(Rn) ≤ C1

∫
R2n

‖ϕwZv(t)‖2L2(Rn)d̃Z

≤ C1C
2
0

∫
R2n

(∫
R
‖LϕwZv(t)‖L2(Rn)dt

)2

d̃Z

≤ C1C
2
0

∫
R2n

(∫
R

(
‖[Q(t), ϕwZ ]v(t)‖L2(Rn) + ‖ϕwZLv(t)‖L2(Rn)

)
dt

)2

d̃Z

≤ C1C
2
0

∫
R2n

(∫
R
‖[Q(t), ϕwZ ]v(t)‖2L2(Rn)dt+

∫
R
‖ϕwZLv(t)‖2L2(Rn)dt

)
2T d̃Z

≤ C2T

∫
R
‖v(t)‖2L2(Rn)dt+ C2T

∫
R
‖Lv(t)‖2L2(Rn)dt,

since [Q(t), ϕwZ ] is L2 bounded from the calculus with the metric λ−1Γ (note that
Q(t, ·) ∈ S(λ, λ−1Γ), ϕZ ∈ S(1, λ−1Γ)) but also∫

R2n

[Q(t), ϕwZ ]∗[Q(t), ϕwZ ]d̃Z

is L2 bounded from Cotlar’s lemma and the confinement estimates: the family(
Q(t, ·)]ϕZ − ϕZ]Q(t, ·)

)
Z∈R2n is a uniformly confined family of symbols for the

metric λ−1Γ (see Definition 2.3.14 and Proposition 2.3.16). As a consequence we
obtain from (3.5.18), taking now into account the last term in factor of C ′0,(

1− 2(C2T
2 + C3C

′
0
2
T )
)
sup
t∈R

‖v(t)‖2L2(Rn) ≤ C2T‖Lv‖2L2(Rn+1),

which implies (3.5.3) for T small enough. We note also that(
Q(t, ·)]ϕZ

)
(X) = Q(t,X)ϕZ(X) + rZ(X), rZ ∈ S(1, λ(Z)−1Γ),

but also
∫
r̄wZr

w
Z d̃Z is L2 bounded since the family (rZ)Z∈R2n is a uniformly con-

fined family of symbols. Note also that, if for each Z ∈ R2n, X ∈ suppϕZ ,

Q(t,X) = Q(t,X,Z), Q(t, ·, Z) ∈ S(λ(Z), λ(Z)−1Γ),
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then
Q(t, ·, Z)]ϕZ = Q(t, ·)]ϕZ + sZ ,

where (sZ)Z∈R2n is a uniformly confined family of symbols. Eventually, it will be
enough to prove

‖v(t)‖L2(Rn) ≤ C

∫
R
‖Dtv + iQ(t, ·, Z)wv‖L2(Rn)dt+ C

∫
R
‖v(t)‖L2(Rn). (3.5.19)

A priori estimates

We shall of course use the classification of points above: when Z is an r-elliptic
point, we know that Q(t,X,Z) is nonnegative (or nonpositive) for all t,X. Lemma
4.3.21 along with Gårding’s inequality (Theorem 2.5.4) is providing the easy an-
swer (see also the short discussion with the example (3.1.1)). When Z is a negli-
gible point, we know that the symbol X 7→ Q(t,X,Z) is bounded as well as all its
derivatives since λ(Z) ≤ 2 and thus Lemma 4.3.21 is also enough to handle that
case. If Z is an r-nondegenerate point, we have

Q(t,X,Z) = a(t,X)b(X), a(t,X) ≥ 0,

a(t,X), b(X)λ(Z)−1 ∈ S(1, λ(Z)−1Γ),

λ(Z)−1/2b(X) = X1 + β(X2, . . . , X2n), β ∈ S(λ(Z)1/2, λ(Z)−1Γ).

To simplify notations, we consider Z as fixed and note λ = λ(Z). Using the
“Sharp Egorov principle” as given in Theorem 4.7.8, we are reduced to proving for
v ∈ C∞c (R;L2(Rn)),

sup
t∈R

‖v(t)‖L2(Rn) ≤ C

∫
R
‖Dtv + iλ1/2

(
X1a0(t,X)

)w
v‖L2(Rn)dt,

with a nonnegative smooth a0 defined on Rt × R2n
X such that |∂kXa0| ≤ γkλ

−k/2,
supp a0 ⊂ {X ∈ R2n, |X| ≤ rλ1/2} and λ ≥ 1. We shall use now the metric

g =
|dX1|2(

λ−1/2 + |X1|
)2 +

∑
2≤j≤2n

|dXj |2

λ
. (3.5.20)

The metric g satisfies the uncertainty principle (see (2.2.12)) and its Planck func-
tion is

µ(X) = min(λ, (1 + λ1/2|X1|)) ≥ 1. (3.5.21)

Moreover g is slowly varying since |X1 − Y1| ≤ λ−1/2+|X1|
2 implies

λ−1/2 + |X1|
λ−1/2 + |Y1|

≤ 1 +
|X1 − Y1|
λ−1/2 + |Y1|

≤ 1 +
1
2
λ−1/2 + |X1|
λ−1/2 + |Y1|

=⇒ λ−1/2 + |X1|
λ−1/2 + |Y1|

≤ 2
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and the first inequality is also giving the temperance. We have also for Y ∈
C∞(R; [0, 1]), suppY ⊂ [1/2,+∞),Y = 1 on [1,+∞), nondecreasing,

λ1/2X1a0(t,X) ∈ S(µ, g), Y(λ1/2X1) ∈ S(1, g)

=⇒ [Y(λ1/2X1)w, λ1/2X1a0(t,X)w] ∈ op(S(1, g)),

since for k ≥ 1, Y(k) is supported in [1/2, 1] so that

|Y(k)(λ1/2X1)|λk/2 ≤ ‖Y(k)‖L∞ |X1|−k/21{1/2 ≤ λ1/2|X1| ≤ 1},

and |λ1/2X1a0(t,X)| ≤ Cµ(X), λ−1|dX|2 ≤ g on the support of a0. From the
properties of Y above, we have with Yλ(X1) = Y(λ1/2X1),

1 = Y2
λ + Y̌2

λ + I2
λ, Iλ(X1) = I(λ1/2X1), I ∈ C∞c (R).

We have ‖v(t)‖2L2(Rn) = ‖Ywλ v(t)‖2L2(Rn) + ‖Y̌wλ v(t)L2(Rn)‖2 + ‖Iwλ v(t)‖2L2(Rn), and

Ywλ
(
Dt+iλ1/2

(
X1a0(t,X)

)w) =
(
Dt+iλ1/2

(
X1a0(t,X)

)w)Ywλ +rw0 , r0 ∈ S(1, g),

so that with Ỹ ∈ C∞(R; [0, 1]), supp Ỹ ⊂ [1/4,+∞), Ỹ = 1 on [1/2,+∞),

Ywλ
(
Dt + iλ1/2

(
X1a0(t,X)

)w) =
(
Dt + iλ1/2

(
Ỹλ(X1)X1a0(t,X)

)w)Ywλ + sw0 ,

with s0 ∈ S(1, g). The symbol λ1/2Ỹλ(X1)X1a0(t,X) is nonnegative and belongs
to S(µ, g). We can then apply again Lemma 4.3.21 along with Gårding’s inequality
to get the priori estimate,

‖Ywλ v(t)‖

≤ C

∫
R
‖Ywλ

(
Dtv + iλ1/2(X1a0(t,X))wv(t)

)
‖L2(Rn)dt+ C

∫
R
‖v(t)‖L2(Rn)dt

as well as (using the nonpositivity of λ1/2Ỹλ(−X1)X1a0(t,X)),

‖Y̌λ
w
v(t)‖

≤ C

∫
R
‖Y̌λ

w(
Dtv + iλ1/2(X1a0(t,X))wv(t)

)
‖L2(Rn)dt+ C

∫
R
‖v(t)‖L2(Rn)dt.

These estimates and the similar one with Iλ, even easier to get since

Iλ(X1)λ1/2X1a0(t,X1) ∈ S(1, g)

give the sought estimate (3.5.19). The proof of Theorem 3.5.2 is complete.
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Remark 3.5.4. We have avoided using a Hilbertian lemma such as the Nirenberg-
Treves estimate (Lemma 3.1 of [114], Theorem 26.8.1 in [74]) and we chose a fur-
ther microlocalization with the metric g given by (3.5.20). Although the Hilbertian
lemma referred to above is of great interest, it does not use the complete infor-
mation at hand: nonetheless we know that the imaginary part can be factorized
as a0(t,X)b1(X) with a0 nonnegative of order 0 (i.e. in S(1, λ−1Γ)) and b1 of
order 1 (i.e. in S(λ, λ−1Γ)), but we know also that db 6= 0 at b = 0, so that the
change-of-sign takes place on a smooth hypersurface. A semi-classical canonical
transformation can thus map b to a coordinate and we are left after the quantiza-
tion of that canonical transformation with a degenerate Cauchy-Riemann operator

Dt + iDx1a0(t, x,Dx), a0 ≥ 0, order 0.

Also, we were motivated by the fact that this procedure is highlighting an inter-
esting example of second microlocalization with respect to the hypersurface b = 0
(see [20], [96]).

3.5.2 The two-dimensional case, the oblique derivative problem

Let P be a properly supported pseudodiffferential operator of principal type with
an homogeneous principal symbol satisfying condition (Ψ). The homogeneity in
two dimensions leads to a great simplification since the principal symbol of P ∗ can
be reduced to

τ + iq(t, x)ξ, (t, x, τ, ξ) ∈ R4, near τ = 0, ξ = 1, (3.5.22)
q(t, x) > 0, s > t =⇒ q(s, x) ≥ 0. (3.5.23)

The oblique derivative problem is a classical non-elliptic boundary value problem:
consider for instance an open subset Ω of Rn with smooth boundary ∂Ω and X a
real non-vanishing smooth vector field. The oblique derivative problem is given by{

∆u = 0 in Ω,
Xu = f on ∂Ω.

(3.5.24)

We write X = α ∂
∂ν +T, where α is a smooth real-valued function, ∂

∂ν is the interior
unit normal and T is a real vector field tangential to the boundary. If w is the
restriction of u on the boundary, then u = Gw is the Poisson integral of w and the
oblique derivative problem reduces to XGw = f , which is a pseudodiffferential
equation on ∂Ω. The fact that X is non-vanishing is equivalent to the principal-
type assumption for XG and the ellipticity is equivalent to α non-vanishing, as
for the Neumann problem (α = 1, T = 0). Now if α(m0) = 0 then T (m0) 6= 0, the
problem is no longer elliptic, but still principal type.

After the works of Y.V. Egorov and V.A. Kondrat’ev [42], A. Melin and J.
Sjöstrand [106] gave a construction of a right parametrix for the oblique-derivative
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problem with a transversality assumption: with the present notations, they as-
sumed that the regions {±α > 0} are separated by a smooth manifold to which T
is transverse and points into {α ≤ 0}. This was a very strong geometrical assump-
tion which can be naturally weakened down to condition (Ψ): The condition (Ψ)
for the operator XG can be expressed as follows: if ΦtT is the flow of the vector
field T ,

α(m) < 0, t > 0 =⇒ α(ΦtT (m)) ≤ 0. (3.5.25)

It turns out that the adjoint operator of XG can be reduced locally near a point
where α vanishes to

Dt + iβ(t, x)ω(t, x, ξ), 0 ≤ ω ∈ S1
1,0, β ∈ C∞, (3.5.26)

β(t, x) > 0, s > t =⇒ β(s, x) ≥ 0. (3.5.27)

The local solvability of 2D pseudodifferential operators satisfying condition (Ψ)
and the local solvability of the oblique-derivative problem under condition (Ψ)
were proven by the author in [89], [91].

Theorem 3.5.5. Let Ω be an open subset of R2, m ∈ R, x0 ∈ Ω and P ∈ Ψm
ps(Ω)

a pseudodifferential operator of principal type with a principal symbol satisfying
condition (Ψ) in a neighborhood of x0. Then P is locally solvable at x0 with loss
of one derivative.

Theorem 3.5.6. Let Ω be an open subset of Rn with a smooth boundary ∂Ω and
P a second-order uniformly elliptic operator with real principal symbol. Let T be
a smooth real vector field on ∂Ω and α ∈ C∞(∂Ω, ; R) such that (3.5.25) holds.
Then with ∂

∂ν the unit interior normal, X = α ∂
∂ν + T , G the Dirichlet kernel

(PGw = 0 on Ω, (Gw)|∂Ω = w), the pseudodifferential operator XG is locally
solvable at every point on ∂Ω with loss of one derivative.

Proof of both theorems. The oblique derivative problem and the 2D problem can
be reduced to the study of the semi-classical operator,

Q(t, x, ξ) = α(t, x)Ω(t, x, ξ), Ω ≥ 0, |∂kXΩ| ≤ CkΛ1− k
2 , |∂kxα| ≤ CkΛ−

k
2

with Λ = h−1 and the condition

α(t, x) > 0, s > t =⇒ α(s, x) ≥ 0. (3.5.28)

We define for T > 0 given,

θ(x) = sup{t ∈ [−T, T ], α(t, x) < 0}, (3.5.29)

with θ(x) = −T if α(t, x) ≥ 0 for all t ∈ [−T, T ]. For t ∈ [−T, T ], we have

(t− θ(x))α(t, x) ≥ 0

since it is true when θ(x) = −T and if −T < θ(x) < t ≤ T we have, α(t, x) ≥ 0,
whereas for −T ≤ t < θ(x), there exists s ∈ (t, θ(x)] with α(s, x) < 0 and (3.5.28)
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gives α(t, x) ≤ 0. We calculate with σ(t, x) = sign(t− θ(x)) (the operator σ(t) of
multiplication by the L∞ function σ(t, x) is L2 bounded), using (4) in Proposi-
tion 2.4.3 since t 7→ σ(t, x) is non-decreasing, and replacing Q(t) by αΩw(an L2

bounded round-off),

2 Re〈Dtv + iQ(t)v, iσ(t)v + i
1
2
H(t− t0)v〉 ≥

2 Re〈|α|Ωwv, v〉+
1
2
‖v(t0)‖2 + Re〈H(t− t0)αΩwv, v〉. (3.5.30)

We check

2 Re |α|Ωw

= 2Re
(
α

1/2
+ [α1/2

+ ,Ωw]
)

+ 2 Re
(
α

1/2
− [α1/2

− ,Ωw]
)

+ 2α1/2
+ Ωwα1/2

+ + 2α1/2
− Ωwα1/2

−

= [α1/2
+ , [α1/2

+ ,Ωw]] + [α1/2
− , [α1/2

− ,Ωw]]

+ 2α1/2
+ (Ωw + γ0)α

1/2
+ + 2α1/2

− (Ωw + γ0)α
1/2
− − 2γ0|α|,

so that with ν0 = 1
2H(t− t0)

2 Re |α|Ωw +H(t− t0) ReαΩw

= [α1/2
+ , [α1/2

+ ,Ωw]](1 + ν0) + [α1/2
− , [α1/2

− ,Ωw]](1− ν0)

+ 2α1/2
+ (Ωw + γ0 + ν0)α

1/2
+ + 2α1/2

− (Ωw + γ0 − ν0)α
1/2
− − 2γ0|α|.

Using Gårding’s inequality, we can choose γ0 depending only on the semi-norms
of the nonnegative Ω such that Ωw + γ0 − ν0 ≥ 0. To handle the double brackets,
we shall use the already mentioned following lemma.

Lemma 3.5.7 (Nirenberg-Treves estimate, Lemma 26.8.2 in [74]). Let A,B be
bounded operators on a Hilbert space with B selfadjoint. Then, with operator
norms, we have

‖[B1/2
+ , [B1/2

+ , A]]‖ ≤ 10
3
‖A‖1/4‖[B,A]‖1/2‖[B, [B,A]]‖1/4. (3.5.31)

That lemma and the symbolic calculus in S(Λm,Λ−1Γ) imply that

[α1/2
± , [α1/2

± ,Ωw]]

are L2-bounded. We get thus that

2 Re〈Dtv+iQ(t)v, iσ(t)v+i
1
2
H(t−t0)v〉 ≥

1
2

sup
t
‖v(t)‖2L2(Rn)−C

∫
R
‖v(t)‖2L2(Rn)dt,

entailing the result

C1

∫
R
‖Dtv + iQ(t)v‖L2(Rn)dt ≥ sup

t
‖v(t)‖L2(Rn),

for v ∈ C1
[−T,T ](R;L2(Rn)) and T small enough. �
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Both results are obtained with the optimal loss of one derivative and were
generalized by Hörmander in section 8, Lagrangean change of sign of [77] (we use
here the slightly modified version of [78]).

Theorem 3.5.8. Let q : R× Rn × Rn × (0, 1] → R be a function satisfying (3.5.1)
and such that

q(t, x, ξ, h) > 0, s > t =⇒ q(s, x, η, h) ≥ 0 (3.5.32)

Then there exist positive constants T,C, h0 depending only on the (Cαβ) such that
for all v ∈ S (Rn+1) with v(t, x) = 0 for |t| ≥ T , 0 < h ≤ h0,

hT−1‖v‖L2(Rn+1) ≤ C‖hDtv + iq(t, x, ξ, h)wv‖L2(Rn+1). (3.5.33)

The assumption (3.5.32) is of course stronger than condition (Ψ) for Dt +
iqw, but, as noted above, is fulfilled for operators satisfying condition (Ψ) in two
dimensions as well as for the oblique derivative problem.

3.5.3 Transversal sign changes

Solvability results

In this section, we prove a version of the following two theorems.

Theorem 3.5.9. Let q(t, x, ξ) ∈ C0
(
[−1, 1], C∞(Rnx × Rnξ )

)
such that

q(t, x, ξ) > 0, s > t =⇒ q(s, x, ξ) ≥ 0, (3.5.34)

for s, t ∈ [−1, 1], (x, ξ) ∈ Rn × Rn and such that for all multi-indices α, β,

sup
|t|≤1, (x,ξ)∈R2n

|(∂αx ∂
β
ξ q)(t, x, ξ)|(1 + |ξ|)−1+|β| = γαβ(q) < +∞. (3.5.35)

We assume also that there exists a constant D0 such that, for |ξ| ≥ 1,

|ξ|−1
∣∣∣ ∂q
∂x

(t, x, ξ)
∣∣∣2 + |ξ|

∣∣∣∂q
∂ξ

(t, x, ξ)
∣∣∣2 ≤ D0

∂q

∂t
(t, x, ξ),when q(t, x, ξ) = 0. (3.5.36)

Then, there exist positive constants ρ,C depending only on n and on a finite
number of γαβ(q) in (3.5.35) such that, for v(t, x) ∈ C∞c

(
(−ρ, ρ), S (Rnx)

)
sup
t
‖v(t)‖L2(Rn) ≤ C

∫
‖Dtv + iq(t, x, ξ)wv‖L2(Rn)dt. (3.5.37)

Theorem 3.5.10. Let Ω be an open subset of Rn and let P ∈ Ψm
ps(Ω) of principal

type with a principal symbol pm satisfying condition (Ψ). We assume that there
exists a constant D such that, for (x, ξ) in the cosphere bundle S∗(Ω),

p(x, ξ) = 0 and (dp ∧ dp̄)(x, ξ) 6= 0

=⇒ ‖(dp ∧ dp̄)(x, ξ)‖2 ≤ D|{p̄, p}(x, ξ)|. (3.5.38)

Then, the operator P is locally solvable at any point of Ω with loss of one derivative.
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Condition (3.5.38) is concerned only with the non-singular zero set

Z = {(x, ξ) ∈ S∗(Ω), p = 0, dp ∧ dp̄ 6= 0}, (3.5.39)

and in particular, if Z is empty, we get that condition (Ψ) implies local solvability
with loss of one derivative. Note also that (3.5.38) is invariant by multiplication
by an elliptic factor, and thus is easily shown to be equivalent to (3.5.36) for τ− iq
in these coordinates. Since condition (Ψ) for p implies

i{p̄, p} ≥ 0 at p = 0,

one could replace the last term in the right-hand-side of (3.5.38) by Im{p, p̄}D.
Remark 3.5.11. The existence of a Lipschitz continuous function, homogeneous of
degree 0, θ(x, ξ), so that

(t− θ(x, ξ)) q(t, x, ξ) ≥ 0 (3.5.40)

implies (3.5.36): in fact differentiating the identity 0 = q(θ(x, ξ), x, ξ) we get

0 = q′x(θ(x, ξ), x, ξ) + q′t(θ(x, ξ), x, ξ)θ
′
x = q′ξ(θ(x, ξ), x, ξ) + q′t(θ(x, ξ), x, ξ)θ

′
ξ

and thus

|q′x(θ(x, ξ), x, ξ)|2|ξ|−1 + |q′ξ(θ(x, ξ), x, ξ)|2|ξ|
≤ 2|q′t(θ(x, ξ), x, ξ)|2‖θ′‖2L∞(S∗(Ω))|ξ|

−1

and this gives (3.5.36) at t = θ(x, ξ) since q′t is bounded on S∗(Ω). On the open
set {t 6= θ(x, ξ)}, the function q is of constant sign and thus its gradient vanishes
at q = 0.

The theorems above are proven in a paper of the author ([93]) with a rather
complicated method. We have chosen to display here a simpler proof leading to a
weaker statement where some limitations occur on the size of the constants D0, D
in (3.5.36), (3.5.38). Nevertheless, the proof given here captures the mains ideas
of [93], and relies on the Wick calculus.

Energy estimates

Let qΛ(t,X,Λ) be a smooth function on Rt×R2n
X , defined for Λ ≥ 1, supported in

B = {|t| ≤ 1} × {|X| ≤ Λ1/2}, so that, for each k,

sup
t∈R,X∈R2n

Λ≥1

|Dk
XqΛ(t,X)|Λ−1+ k

2 <∞. (3.5.41)

We omit below the subscript Λ on qΛ. We assume that (3.5.34) holds. We define

θ(X) =
{

inf {t ∈ (−1,+1), q(t,X) > 0}, if this set is not empty,
+1, otherwise. (3.5.42)
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The function θ is bounded measurable (actually, θ is upper semi-continuous). We
set

s(t,X) =

+1, if t > θ(X),
0, if t = θ(X),
−1, if t < θ(X).

(3.5.43)

The function s is bounded measurable and (3.5.34) implies that

s(t,X)q(t,X) = |q(t,X)|. (3.5.44)

Moreover, the distribution derivative
∂s

∂t
is a positive measure satisfying

〈∂s
∂t
,Ψ(t,X)〉S′(R2n+1),S(R2n+1) = 2

∫
R2n

Ψ(θ(X), X)dX. (3.5.45)

We need to examine a couple of properties for the distribution

T =
∑

1≤j≤2n

∂q

∂Xj

∂s

∂Xj
=

∂q

∂X
· ∂s
∂X

. (3.5.46)

First of all, we claim that

supp T ⊂ {(t,X) ∈ B, q(t,X) = 0}. (3.5.47)

In fact, from (3.5.44), the restriction of s to the open set

{q(t,X) > 0} (resp.{q(t,X) < 0}) is 1 (resp.−1).

Thus the support of ∂s/∂Xj is included in {q(t,X) = 0}. Since the restriction of
q to the open set Bc is zero, (3.5.47) is proved. Let χ0 : R → [0, 1] be a smooth
function, equal to 1 on [−1, 1], vanishing outside (−2, 2), and set

T0 = χ0(|q′X |2)T, ω = 1− χ0, T1 = ω(|q′X |2)T. (3.5.48)

We have from (3.5.47), (3.5.48),

supp T1 ⊂ {(t,X) ∈ B, q(t,X) = 0 and |q′X(t,X)| ≥ 1} = K. (3.5.49)

We are able to give an explicit expression for T1. The open set

Ω = {q′X(t,X) 6= 0} ∩ {|q(t,X)| < 1} (3.5.50)

is a neighborhood of the compact K. From (3.5.44) and the fact that the Lebesgue
measure of Ω∩{q(t,X) = 0} is zero, the restriction s|Ω of s to Ω is the L∞ function
q/|q|. This proves that

T1|Ω = ω(|q′X |2)q′X ·
∂

∂X

[
q

|q|

]
= 2δ(q)|q′X |2ω(|q′X |2). (3.5.51)

Since Ω is a neighborhood of the support of T1, (3.5.51) determines completely T1.
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Lemma 3.5.12. Let q and s be as above . Using Definition 2.4.1, we set

Q(t) =
∫

R2n

q(t,X)ΣXdX = q(t, ·)Wick, J(t) = s(t, ·)Wick. (3.5.52)

Let u(t, x) ∈ S(R× Rn), set u(t)(x) = u(t, x), and for (t,X) ∈ R× R2n

Φ(t,X) = [Wu(t)](X) = 〈u(t), τXϕ〉L2(Rn). (3.5.53)

The function Φ belongs to S(R×R2n) and, with ω defined in (3.5.48), Ω in (3.5.50),
Ψ ∈ C∞c (Ω, [0, 1]), Ψ ≡ 1 on a neighborhood of K (see (3.5.49)), we have

Re〈Dtu, iJ(t)u(t)〉L2(Rn+1) =
1
2π

∫
R2n

|Φ(θ(X), X)|2dX, (3.5.54)

Re〈Q(t)u(t), J(t)u(t)〉L2(Rn+1) ≥
∫∫

Rt×R2n
X

|q(t,X)||Φ(t,X)|2dtdX

− 1
2π
〈δ(q)|q′X |2ω(|q′X |2),Ψ(t,X)|Φ(t,X)|2〉D′(Ω),D(Ω) − C‖u‖2L2(Rn+1), (3.5.55)

where C is a constant depending only on the dimension and the semi-norms of q.

Proof. Let us first notice that from Definition 2.4.1 and (3.5.45), the left-hand-side
of (3.5.54) is

− 1
4π

∫∫
∂

∂t

[
〈ΣXu(t), u(t)〉L2(Rn)

]
s(t,X) dtdX =

1
2π

∫
R2n

|Φ(θ(X), X)|2dX.

We use (3.5.54) and Lemma 2.4.6 to write, with L2(Rn+1) = L2(Rt, L2(Rn)) dot-
products,

Re〈Q(t)u(t), J(t)u(t)〉 = 〈Re[J(t)Q(t)]u(t), u(t)〉

= 〈
[
|q(t, ·)| − 1

4π
∂q

∂X
(t, ·) · ∂s

∂X
(t, ·)

]Wick

u(t), u(t)〉+ 〈S(t) u(t), u(t)〉,

where ‖S(t)‖L(L2(Rn)) ≤ cnγ2(q). We get then the following inequality, using
(3.5.46), (3.5.48), (3.5.51) and (3.5.53), with Ψ as in the lemma,

Re〈Q(t)u(t), J(t)u(t)〉 ≥
∫∫

Rt×R2n
X

|q(t,X)||Φ(t,X)|2dX

− 1
2π
〈δ(q)|q′X |2ω(|q′X |2),Ψ(t,X)|Φ(t,X)|2〉D′(Ω),D(Ω)

− 1
4π

〈χ0(|q′X |2)
∂q

∂X
(t,X) · ∂s

∂X
(t,X), |Φ(t,X)|2〉S ′(R2n+1),S (R2n+1)

− cnγ2(q)‖u‖2L2(Rn+1).
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To obtain (3.5.55), we need only to check the duality bracket with χ0. This term
is

1
4π

∫∫
s(t,X)

∂

∂X
·
[
χ0(|q′X |2)

∂q

∂X
(t,X)|Φ(t,X)|2

]
dtdX

=
1
4π

∫∫
s(t,X)

∂

∂X
·
[
χ0(|q′X |2)

∂q

∂X
(t,X)

]
|Φ(t,X)|2dtdX

+
1
4π

∫∫
s(t,X) χ0(|q′X |2)

∂q

∂X
(t,X) · ∂

∂X

[
〈ΣXu(t), u(t)〉L2(Rn)

]
dtdX.

(3.5.56)

We calculate

∂

∂X
·
[
χ0(|q′X |2)

∂q

∂X
(t,X)

]
= χ′0(|q′X |2)2q′′XX(q′X , q

′
X)+χ0(|q′X |2) Trq′′XX . (3.5.57)

From (3.5.41) and the fact that the support of χ0 is bounded by 2, we get that
(3.5.57) is bounded by a semi-norm of q. This proves that the absolute value of the
first term in the right-hand-side of (3.5.56) is bounded above by the product of
a semi-norm of q with ‖u‖2L2(Rn+1). We claim that, from Cotlar’s lemma (Lemma
4.7.1) and (2.4.10), we have

‖
∫

R2n

α(Y )
∂

∂Yj
(ΣY ) dY ‖L(L2(Rn)) ≤ ‖α‖L∞(R2n)dn, (3.5.58)

where dn depends only on the dimension : in fact, the Weyl symbol of

∂

∂Yj
(ΣY )

∂

∂Zj
(ΣZ) =

∂2

∂Yj∂Zj
ΣY ΣZ is q

Y Z
(X) = p

Y Z
(X)Lj(Y −X,Z −X),

where Lj is a polynomial of degree 2. Now, we have

|q
Y Z

(X)| ≤ 16π2n/2
√
|p

Y Z
(X)| ≤ 16π2ne−

π
4 |Y−Z|

2
e−π|X−

Y +Z
2 |2 , (3.5.59)

so that the L(L2(Rn)) norm of ∂
∂Yj

(ΣY ) ∂
∂Zj

(ΣZ) is bounded above by the L1(R2n)

norm of its symbol q
Y Z

, which is estimated by 16π2n e−
π
4 |Y−Z|

2
from (3.5.59).

Cotlar’s lemma implies then (3.5.58). We note that

s(t,X)χ0(|q′X |2)
∂q

∂X
(t,X)

is bounded by 2, so that (3.5.58) implies that the absolute value of the second
term in the right-hand-side of (3.5.56) is bounded above by π−1ndn‖u‖2L2(Rn+1).
This concludes the proof of Lemma 3.5.12. �

Theorem 3.5.13. Let q,Q, J, u be as in Lemma 3.5.12. We assume that

q(t,X) = 0 and |q′X(t,X)|2 ≥ 1 =⇒ |q′X(t,X)|2 ≤ q′t(t,X). (3.5.60)
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Then, assuming supp u ⊂ {|t| ≤ T} for a positive T , the following estimate holds
(with L2(Rn+1) dot products and norms)

Re〈Dtu+ iQ(t)u, iJ(t)u+ i
t

T
u〉 ≥ (4πT )−1‖u‖2 − C‖u‖2, (3.5.61)

where C is the constant given in (3.5.55). Thus, for 0 < T ≤ 1
36πC

‖Dtu+ iQ(t)u‖ ≥ (9πT )−1‖u‖. (3.5.62)

Proof. Let (t0, X0) be a point in K (see (3.5.49)). From (3.5.60), q′t(t0, X0) > 0, so
that the implicit function theorem and (3.5.42) give that, in an open neighborhood
of (t0, X0),

q(t,X) = e(t,X)(t− θ(X)) with e > 0 and e, θ ∈ C∞.

This implies that, on this neighborhood,

δ(t− θ(X)) = δ(q)q′t(t,X). (3.5.63)

Eventually, (3.5.63) makes sense and is satisfied in an open neighborhood Ω̃ of K.
Thus, setting Ω0 = Ω∩Ω̃, where Ω is defined in (3.5.50), we obtain, with ω defined
in (3.5.48) and Ψ ∈ C∞c (Ω0, [0, 1]) , Ψ ≡ 1 in a neighborhood of K , Φ given by
(3.5.53),

〈δ(q)q′t(t,X),Ψ(t,X)|Φ(t,X)|2〉D′(Ω0),D(Ω0) ≤
∫

R2n

|Φ(θ(X), X)|2dX. (3.5.64)

Moreover, from the assumption (3.5.60) and (3.5.64), we have

1
2π
〈δ(q)|q′X |2ω(|q′X |2),Ψ(t,X)|Φ(t,X)|2〉D′(Ω0),D(Ω0)

≤ 1
2π
〈δ(q)q′t, ω(|q′X |2)Ψ(t,X)|Φ(t,X)|2〉D′(Ω0),D(Ω0)

≤ 1
2π

∫
R2n

|Φ(θ(X), X)|2dX. (3.5.65)

Inequalities (3.5.64)-(3.5.65) and Lemma 3.5.12 imply that

Re〈Dtu+ iQ(t)u, iJ(t)u+ i
t

T
u〉 ≥

((4πT )−1 − C)‖u‖2 +
∫∫

Rt×R2n
X

[
|q(t,X)|+ t

T
q(t,X)

]
|Φ(t,X)|2dXdt. (3.5.66)

Since u is supported in |t| ≤ T , so is Φ. The inequality (3.5.66) implies (3.5.61).
The estimate (3.5.62) follows from (3.5.61), |t| ≤ T, ‖J(t)‖ ≤ 1. The proof of
Theorem 3.5.13 is complete. �
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3.5.4 Semi-global solvability under condition (P )

We have seen that condition (P ) implies local solvability with loss of one derivative
(section 3.5.1), so that for P of order m satisfying condition (P ) near a point x0,
f ∈ Hs

loc, the equation Pu = f has a solution u ∈ Hs+m−1
loc near x0. However

the neighborhood on which the equation holds depends a priori on s and may
shrink when s increases; as a consequence, that result does not imply that for
f ∈ C∞, there exists a C∞ solution u. That problem was solved by L. Hörmander
in [67] (see also section 26.11 in [74]) where a semi-global existence theory was
also added. Definition 3.3.2 introduced a notion of solvability at a compact set K,
that we shall call semi-global solvability. We shall give here a short description of
some of these results, referring the reader to Chapter 26 of [74] for the proofs and
details.

When p is a smooth complex-valued function defined on a symplectic man-
ifold, we shall say that an integral curve of HRe(ep) where e does not vanish is
a semi-bicharacteristic of p. Let K be a subset of a symplectic manifold M and
p : M→ C a smooth function. We shall say that K is non-trapping for p when for
all m such that p(m) = 0, there exists a semi-bicharacteristic γ(t) of p such that
γ(0) = m and there exist t− < 0 < t+ with γ(t±) /∈ K or p(γ(t±)) 6= 0.

Theorem 3.5.14. Let Ω be an open subset of Rn and P ∈ Ψm
ps(Ω) a pseudodifferen-

tial operator of principal type with a principal symbol pm satisfying condition (P )
on Ω. Let K be a compact subset of Ω such that Ṫ ∗(K) is non trapping for pm.
Then

NK = {u ∈ E ′
K , P

∗u = 0} (3.5.67)

is a finite dimensional subspace of C∞K orthogonal to PD ′(Ω). For every f ∈
Hs
loc(Ω), orthogonal to NK and every t < s + m − 1, one can find u ∈ Ht

loc(Ω)
satisfying the equation Pu = f near K (if s = +∞, one can take t = +∞).

We can note the strict inequality t < s + m − 1 for this semi-global solv-
ability result, a constrast with the real principal type case and also with the
local solvability result under condition (P ). The proof of this result involves a
propagation-of-singularities theorem where various cases are examined. The most
difficult case is exposed in Section 26.10 of [74], The Singularities on One Dimen-
sional Bicharacteristics; to handle the propagation result, a localized form of the
estimates (3.5.3) is required (Proposition 26.10.4 in [74]).

3.6 Condition (Ψ) does not imply solvability with loss of
one derivative

3.6.1 Introduction

So far in this chapter, we have seen that condition (Ψ) is necessary for local
solvability, and various cases in which it is also sufficient. In particular, condition
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(Ψ) along with a finite-type assumption ensures local solvability (see Section 3.4),
and also condition (Ψ) ensures local solvability of differential operators and more
generally of operators satisfying condition (P )(Section 3.5.1). We have shown also
that in two dimensions and for the oblique derivative problem (Section 3.5.2)
condition (Ψ) is also implying local solvability and the case of transversal sign
changes was also investigated in Section 3.5.3. In all the previous cases, condition
(Ψ) implies local solvability with loss of one derivative (or less in the finite-type
case). In this section, we show that condition (Ψ) does not imply solvability with
loss of one derivative for all pseudodifferential equations of principal type.

We begin with an informal introduction to the ideas governing our coun-
terexample. We want to discuss the solvability of an evolution operator

d

dt
+Q(t) (3.6.1)

where each Q(t) is a selfadjoint unbounded operator on a Hilbert space H. This
is equivalent to discussing a priori estimates for

d

dt
−Q(t) = i

(
Dt + iQ(t)

)
. (3.6.2)

It is quite clear that the above problem is far too general, and so we wish to
start our discussion with the simplest non-trivial example: instead of dealing with
infinite-dimensional Hilbert space, let us take H = R2, so that Q(t) is a 2 × 2
symmetric matrix, defining a (bounded!) operator on R2, allowed to depend on
large parameters. Since it could still be complicated, let us assume

Q(t) = H(−t)Q1 +H(t)Q2, (3.6.3)

where H is the Heaviside function (characteristic function of R+), Q1 and Q2 are
2× 2 symmetric matrices. There is of course no difficulty solving the equation

dv

dt
+Q(t)v = f.

However, if we want to get uniform estimates with respect to the size of the coeffi-
cients of Q(t), we have to choose carefully our solutions, even in finite dimension.
When Q1 = Q2, the good fundamental solution is given by

H(t)E+
1 exp−tQ1 −H(−t)E−1 exp−tQ1

where E+
1 , E

−
1 are the spectral projections corresponding to the half-axes. If we go

back to (3.6.3) with Q1 6= Q2, there is a trivial case in which the operator d
dt+Q(t)

is uniformly solvable: the monotone increasing situation Q1 ≤ Q2 yielding the
estimate

‖Dtu+ iQ(t)u‖L2 ≥ ‖Dtu‖L2 , where L2 = L2(R,H). (3.6.4)

We eventually come to our first point: is it true that solvability for (d/dt) +
Q(t) implies the same property for (d/dt) + α(t)Q(t), where α is a nonnegative
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scalar function? This question is naturally linked to condition (Ψ), since whenever
q(t, x, ξ) satisfies (3.2.13) so does a(t, x, ξ)q(t, x, ξ) for a nonnegative symbol a. We
are thus quite naturally led to discuss the uniform solvability of (d/dt)+α(t)Q(t),
with

Q(t) = H(−t)Q1 +H(t− θ)Q2,
Q1 ≤ Q2, 2× 2 symmetric matrices, θ > 0. (3.6.5)

The most remarkable fact about the pair of matrices Q1 ≤ Q2 is the “drift”:
the best way to understand it is to look at Figure 3.2 (E+

j stands also for its
range). The condition Q1 ≤ Q2 implies that the cones {ω, 〈Q2ω, ω〉 < 0} and

Figure 3.2: Position of eigenspaces and cones.

{ω, 〈Q1ω, ω〉 > 0} are disjoint but does not prevent E+
1 and E−2 from getting very

close. Let us define the drift d(Q1, Q2) of the pair Q1, Q2 as the absolute value of
the cotangent of the angle between E+

1 and E−2 so that

d(Q1, Q2) = 0 when E−2 ⊂ E−1 and E+
1 ⊂ E+

2 ,

d(Q1, Q2) = +∞ when E+
1 ∩ E

−
2 6= {0},

d(Q1, Q2) unbounded when the distance between the spheres of E+
1 and E−2 is 0.

It is easy to see that a bounded drift is equivalent to the invertibility of the
nonnegative operator E+

2 + E−1 and this provides the good definition in infinite
dimension. If we consider for instance the following pair of symmetric matrices:

Q1,ν =
(
ν2 0
0 −ν2

)
≤ e−iαν

(
ν3 0
0 −ν

)
eiαν = Q2,ν (3.6.6)
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where ν is a large positive parameter, eiαν the rotation of angle αν , with cos2 αν =
2/ν, the drift goes to infinity with ν since

the square of the distance between the unit spheres
of E+

1 and E−2 is equivalent to 2/ν. (3.6.7)

We now claim the nonuniform solvability of the operator d/dt + Q(t), with Q(t)
given by (3.6.5), Q1, Q2 by (3.6.6). We set-up with ω1 and ω2 unit vectors respec-
tively in E+

1 and E−2 ,

u(t) =


etQ1ω1 on t < 0,
ω1 + t

θ (ω2 − ω1) on 0 ≤ t ≤ θ,
e(t−θ)Q2ω2 on t > θ.

(3.6.8)

We now compute∥∥du
dt
−Q(t)u

∥∥2

L2 =
∫ θ

0

|ω2 − ω1|2

θ2
dt = θ−1|ω2 − ω1|2, (3.6.9)

where | · | stands for the norm on H. On the other hand, since ω1, ω2 are unit
vectors, we get

‖u‖2L2 ≥
∫ θ

0

|ω1 +
t

θ
(ω2 − ω1)|2dt ≥

θ

2
− θ|ω2 − ω1|2 ≥

θ

4
(3.6.10)

if |ω2−ω1|2 ≤ 1/4, an easily satisfied requirement because of (3.6.7). Consequently,
using (3.6.9), (3.6.10), we get

‖u‖−2
L2

∥∥du
dt
−Q(t)u

∥∥2

L2 ≤ θ−2|ω2 − ω1|24. (3.6.11)

Since ω1 and ω2 can be chosen arbitrarily close and independently of the size of the
“hole” θ, we easily get a nonsolvable operator on `2(N) by taking direct sums. Note
that (3.6.11) can be satisfied by a compactly supported u since the eigenvalues
corresponding to ω1 and ω2 are going to infinity with ν in such a way that there
is no difficulty in multiplying u by a cut-off function.

What we have done so far is to get an “abstract” nonsolvable operator ob-
tained by change of time-scale from a monotone-increasing situation; the basic
device for the construction was the unbounded drift of Q1 ≤ Q2. Since we are
interested in pseudodifferential operators, the next question is obviously: Is an un-
bounded drift possible for Q1 ≤ Q2, both of them pseudodifferential? We shall see
that the answer is yes, leading to our counterexample. It is quite interesting to note
that operators satisfying condition (P ) do not drift (in particular differential oper-
ators satisfying condition (Ψ), equivalent to (P ) in the differential case), as shown
by the Beals-Fefferman reduction: After an inhomogeneous microlocalization and
canonical transformation, their procedure leads to an evolution operator

d

dt
+Q(t), with Q(t) = Q(t, x,Dx) and Q(t, x, ξ) = ξ1a(t, x, ξ),
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where a is a nonnegative symbol of order 0 (in a nonhomogeneous class). Then a
Nirenberg-Treves commutator argument gives way to an estimate after multipli-
cation by the sign of ξ1.

Quite noticeable too is the fact that 2-dimensional pseudodifferential op-
erators do not drift, since the sign function is a monotone matrix function on
operators whose symbols are defined on a Lagrangean manifold; the last remark
led the author to a proof of local solvability in two dimensions [89] and for oblique-
derivative-type operators [91].

Our example below shows that subelliptic operators can drift, but in a
bounded way. We shall see that condition (Ψ) prevents the drift from becoming
infinite, but allows unbounded drifting.

We first study the very simple case

Q1 = Dx1 =
1

2iπ
∂

∂x1
≤ Q2 = Dx1 + Λx2

1 = e−2iπ
Λx3

1
3 Dx1e

2iπ
Λx3

1
3 , (3.6.12)

where Λ is a large positive parameter. Consider ω1 a unit vector in E+
1 , i.e.

ω1(x) =
∫
κ1(ξ)e2iπxξdξ, 1 = ‖κ1‖L2 , suppκ1 ⊂ R+, (3.6.13)

and ω2 a unit vector in E−2 , i.e.

ω2(x)e2iπ
Λx3

1
3 =

∫
κ2(−ξ)e2iπxξdξ, 1 = ‖κ2‖L2 , suppκ2 ⊂ R+. (3.6.14)

A convenient way of estimating the drift of the pair (Q1, Q2) is to get an upper
bound smaller than 1 for |〈ω1, ω2〉L2 |: This quantity is 0 if the pair is not drifting,
is 1 if the drift is infinite. Now

〈ω1, ω2〉 =
∫∫∫

κ1(ξ)e2iπx(ξ+η)κ2(η)e2iπ
Λx3
3 dxdηdξ

and thus

〈ω1, ω2〉 =
∫∫

κ1(Λ1/3ξ)Λ1/6κ2(Λ1/3η)Λ1/6A(ξ + η)dηdξ, (3.6.15)

where

A(ξ) =
∫
e2iπ

x3
3 e2iπxξdx is the Airy function. (3.6.16)

Consequently,
sup

ω1∈E+
1 ,ω2∈E−2

‖ω1‖=‖ω2‖=1

|〈ω1, ω2〉| > 0 (3.6.17)
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since for κ1(ξ) = κ2(ξ) = κ(ξΛ−1/3)Λ−1/6 with a nonnegative κ, supported in the
interval [1, 2], 1 = ‖κ‖L2 , (3.6.15) gives

〈ω1, ω2〉 =
∫∫

κ(ξ)κ(η)A(ξ + η)dηdξ =
∫
A(ξ)(κ ∗ κ)(ξ)dξ, (3.6.18)

and the last term is a positive constant, independent of Λ (the Airy function given
by (3.6.16) is positive on R+). Figure 3.3 will be useful for the understanding of
these inequalities. This picture in the (x1, ξ1) symplectic plane shows that even

−2Λ1/3 < ξ+Λx2 < −Λ1/3

ω2

   Λ1/3   < ξ <   2Λ1/3

ω1

Figure 3.3: Localization in the phase space of ω1, ω2.

though ω1 and ω2 are “living” in two faraway strips, one of which is curved, their
dot-product could be large. If we add one dimension to get a homogeneous version,
Λ would be |ξ1|+ |ξ2|, so that the above localizations in the phase space appear as
two different second microlocalizations with respect to the hypersurfaces {ξ1 = 0}
on the one hand and {ξ1+|ξ|x2

1 = 0} on the other hand (see [14], [20]). These second
microlocalizations are somehow incompatible so that the long range interaction
between two faraway boxes coresponding to two different calculi could be large,
as shown by the equality (3.6.18).

However, the pair given by (3.6.12) has a bounded drift, i.e. the quantity
(3.6.17) is bounded above by a number strictly smaller than 1. This implies the
solvability of

d

dt
+ α(t, x,Dx)

[
H(−t)Dx1 +H(t)

(
Dx1 + x2

1

√
D2
x1

+D2
x2

)]
, (3.6.19)

where α(t, x, ξ) is a nonnegative symbol of order 0, flat at t = 0. Since we are not
going to use that result, we leave its proof to he reader with a hint: Compute the
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real parts of

〈Dtu+ iQ(t)u, iH(t− T )E+
2 u〉,

〈Dtu+ iQ(t)u,−iH(T − t)H(t)E−2 u〉, for nonnegative T ,

〈Dtu+ iQ(t)u,−iH(T − t)E−1 u〉,
〈Dtu+ iQ(t)u, iH(t− T )H(−t)E+

1 u〉, for nonpositive T ,

use the bounded drift, meaning E+
2 + E−1 invertible, and the Nirenberg-Treves

commutator argument (see e.g. Lemma 26.8.2 in [74]).
We now start over our discussion on pseudodifferential operators and study

the following case, which turns out to be the generic one, using the microlocaliza-
tion procedure of [8] and the Egorov principle of [45]:

Q1 = Dx1 =
1

2iπ
∂

∂x1
≤ Q2 = Dx1 + V (x1) = e−2iπφ(x1)Dx1e

2iπφ(x1) (3.6.20)

with a nonnegative V = φ′. To follow the lines of the computations starting at
(3.6.12), the problem at hand is to estimate from above

〈ω1, ω2〉 =
∫∫

κ1(ξ)e2iπx(ξ+η)κ2(η)e2iπφ(x)dxdηdξ, (3.6.21)

with
1 = ‖κ1‖L2 = ‖κ2‖L2 , suppκ1 ⊂ R+, suppκ2 ⊂ R+. (3.6.22)

This means estimating from above the L(L2) norm of the product

Π = H(−Dx)e2iπφH(Dx),

where H(Dx) is the Fourier multiplier by the Heaviside function H. If φ is 1
2H(x),

then
iΠ = iH(−Dx)

(
−H(x) +H(−x)

)
H(Dx) = FΩF, (3.6.23)

where F is the Fourier transform and Ω the Hardy operator whose kernel is
H(ξ)H(η)/π(ξ + η) (the norm of Ω is obviously ≤ 1 from (3.6.23)). It is not diffi-
cult to see that the norm of the Hardy operator is exactly 1, as shown in section
4.1.5. As a consequence, we get an unbounded drift for the pair (Dx1 ;Dx1+

1
2δ(x1)),

at least in a formal way; we will approximate the Dirac mass by a sequence of
smooth functions 1

2νW (νx1), where W is nonnegative with integral 1. In order to
get a symbol, we shall perform this approximation at the frequencies equivalent
to 2ν . Moreover, we shall choose carefully the size and regularization of the “hole”
θ depending on this frequency.

Theorem 3.6.1. There exists a C∞ function Q : R3 × R2 → R such that

Q ∈ S1
1,0, i.e sup

(x,ξ′)∈R2×R3
|(∂αx ∂

β
ξ′Q)(x, ξ′)|(1 + |ξ′|)|β|−1 < +∞,
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Q−
∑

0≤j<N

qj ∈ S1−N
1,0 , qj ∈ S1−j

1,0 , qj positively-homogeneous of degree 1− j,

such that q0(x1, x2, x3, ξ1, ξ2) > 0, y3 > x3 =⇒ q0(x1, x2, y3, ξ1, ξ2) ≥ 0, and there
exists a sequence (uk)k≥1 in C∞c (R3) with suppuk ⊂ {x ∈ R3, |x| ≤ 1/k} such
that

lim
k→+∞

‖∂uk
∂x3

−Q(x,D′)uk‖L2(R3) = 0, ‖uk‖L2(R3) = 1. (3.6.24)

3.6.2 Construction of the counterexample

We follow the presentation of [77].

The operator

Let α ∈ C∞(R; R+) vanishing on [−1/2, 1/2] and W ∈ C∞c (R; R+). We define for
t, x ∈ R, H the Heaviside function,

Q(t) = α(t)
(
Dx +H(t)W (x)

)
= α(t)

(
H(

1
2
− t)Q1 +H(t− 1

2
)Q2

)
, (3.6.25)

Q1 = Dx, Q2 = Dx +W (x). (3.6.26)

We set a(t) =
∫ t
0
α(s)ds and we consider a function

σ ∈ C∞(R; [0, 1]), σ′ ≥ 0, σ(t) = 0 on t ≤ −1/2, σ(t) = 1 on t ≥ 1/2. (3.6.27)

We have
∫
σ′(t)2dt ≥ (

∫
|t|≤1/2

σ′(t)dt)2 = 1 and we can choose σ such that∫
σ′(t)2dt ≤ 3/2. (3.6.28)

We define for ω1, ω2 in L2(R) with norm 1,

u(t) =


ea(t)Q1ω1 for t ≤ −1/2,
(1− σ(t))ω1 + σ(t)ω2 for |t| < 1/2,
ea(t)Q2ω2 for t ≥ 1/2,

(3.6.29)

and we have u̇−Q(t)u(t) = σ′(t)(ω2 − ω1) so that∫
R
‖u̇−Q(t)u(t)‖2dt = ‖ω2 − ω1‖2

∫
σ′(t)2dt ≤ 3(1− Re〈ω1, ω2〉). (3.6.30)

On the other hand, we have∫ 1/2

−1/2

‖u(t)‖2dt = 1−
∫ 1/2

−1/2

2σ(t)
(
1− σ(t)

)(
1− Re〈ω1, ω2〉

)
dt

≥ 1− 1
2
(1− Re〈ω1, ω2〉) =

1
2
(
1 + Re〈ω1, ω2〉

)
. (3.6.31)
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The point of the sequel of the construction, following the previous introductory
section 3.6.1, is to find ω1 ∈ E+

1 , ω2 ∈ E−2 , where E+
1 is the subspace corresponding

to the positive spectrum of Q1, E−2 is the subspace corresponding to the negative
spectrum of Q2, with ω2, ω1 very close.

Choice of the function

Let ω1 be an L2(R) function with norm 1 and Fourier transform κ1 supported in
R+. Noting that

Q2 = Dx +W (x) = e−2iπΦ(x)Dxe
2iπΦ(x), Φ(x) =

∫ x

−∞
W (y)dy,

we take ω2 = e−2iπΦ(x)κ̂2(x) where κ2 ∈ L2(R), ‖κ2‖ = 1, suppκ2 ⊂ R+. We have
for any c ∈ C, using 〈ω1, κ̂2〉 = 〈κ1, κ̌2〉 = 0,

〈ω1, ω2〉 =
∫
ω1(x)e2iπΦ(x)κ̂2(x)dx =

∫
ω1(x)

(
e2iπΦ(x) − c

)
κ̂2(x)dx, (3.6.32)

and thus, since ω1, κ2 have L2-norm 1, we get

|〈ω1, ω2〉| ≤ inf
c∈C

‖e2iπΦ − c‖L∞(R). (3.6.33)

Note that the right-hand-side is < 1 if the range of e2iπΦ does not cover a half
circle, that is if

∫
R W (y)dy < 1/2. On the other hand, when

∫
R W (y)dy = 1/2, we

can actually find ω1, ω2 as above so that 〈ω1, ω2〉 is arbitrarily close to 1.

Lemma 3.6.2. Let

W ∈ C∞c ([−1, 1]; R+),
∫
W (y)dy = 1/2, Φ(x) =

∫ x

−∞
W (y)dy, (3.6.34)

and set for ε > 0, x ∈ R,

Uε,±(x) = ±e−( 1
2+ε) Log(x±i) = ±(x± i)−

1
2−ε (3.6.35)

with the logarithm given by (4.1.8) (the argument is in (−π, π)). Then it follows
that

|‖Uε,±‖2L2 − ε−1| ≤ 3, |〈Uε,+, e−2iπΦUε,−〉 − ε−1| ≤ π + 4, (3.6.36)

‖U (k)
ε,±‖2L2 ≤ ‖Uε,±‖2L2

∏
0≤j<k

(
1
2

+ ε+ j)2, (3.6.37)

for X > 0,
∫
|x|≥X

|Uε,±(x)|2dx ≤ 2
1
2+εX−2ε‖Uε,±‖2L2 . (3.6.38)
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Proof. Taylor’s formula implies |(x2 +1)−
1
2−ε− (x2)−

1
2−ε| ≤ ( 1

2 + ε)(x2)−
3
2−ε and

since (we omit the subscript ε of U in the proof)

‖U±‖2L2 = 2
∫ 1

0

(1 + x2)−
1
2−εdx+ 2

∫ +∞

1

x−1−2εdx

+ 2
∫ +∞

1

(
(x2 + 1)−

1
2−ε − (x2)−

1
2−ε
)
dx,

we get

|‖U±‖2L2−ε−1| ≤ 2
∫ 1

0

(1+x2)−
1
2−εdx+(1+2ε)

∫ +∞

1

x−3−2εdx ≤ 2+
1 + 2ε
2 + 2ε

≤ 3,

which is the first estimate in (3.6.36). We check now

〈U+, e
−2iπΦU−〉 = −

∫
|x|≤1

(x+i)−1−2εe2iπΦ(x)dx−
∫
|x|>1

(x+0i)−1−2εe2iπΦ(x)dx

−
∫
|x|>1

(
(x+ i)−1−2ε − (x+ 0i)−1−2ε

)
e2iπΦ(x)dx. (3.6.39)

We have for |x| ≥ 1

(x+ 0i)−1−2εe2iπΦ(x) = e−(1+2ε)(ln |x|+iπH(−x))eiπH(x) = −|x|−1−2εe−2iπεH(−x)

and this implies

−
∫
|x|>1

(x+ 0i)−1−2εe2iπΦ(x)dx =
∫ +∞

1

x−1−2εdx+
∫ −1

−∞
|x|−1−2εdxe−2iπε

=
1
2ε

(1 + e−2iπε) =
1
ε

+
e−2iπε − 1

2ε
. (3.6.40)

Moreover we have |
∫
|x|≤1

(x+ i)−1−2εe2iπΦ(x)dx| ≤ 2, and

|
∫
|x|>1

(
(x+ i)−1−2ε − (x+ 0i)−1−2ε

)
e2iπΦ(x)dx|

≤ (1 + 2ε)
∫
|x|>1

|x|−2−2εdx = 2. (3.6.41)

Collecting the information (3.6.39), (3.6.40), (3.6.41), we obtain

|〈U+, e
−2iπΦU−〉 − ε−1| ≤ π + 2 + 2 = π + 4,

which is the second inequality in (3.6.36). The estimate (3.6.37) follows immedi-
ately from the expression

U
(k)
± (x) = U±(x)(x± i)−k(−1)k

∏
0≤j<k

(
1
2

+ ε+ j)
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and for X > 0, we have∫
|x|≥X

|U±(x)|2dx ≤
∫
|x|≥X

|x|−1−2εdx = ε−1X−2ε,

and ‖U±‖2L2 ≥ 2−
1
2−ε

∫
|x|≥1

|x|−1−2εdx = ε−12−
1
2−ε, so that (3.6.38) holds, com-

pleting the proof of the lemma. �

We set for ε > 0, δ > 0,

Uε,δ± (x) = ±e±2iπδx(x± i)−
1
2−ε = Uε,±(x)e±2iπδx, (3.6.42)

and we have from (4.1.50) that supp Ûε,± ⊂ R± and thus

supp Ûε,δ± ⊂ {ξ,±ξ ≥ δ}. (3.6.43)

Naturally the first estimate in (3.6.36) is unchanged if Uε,± is replaced by Uε,δ± .
We note also that for 0 < ε < 1

17π ,∣∣∣∣∫ (e4iπδx − 1)Uε,+(x)2e2iπΦ(x)dx

∣∣∣∣ = ∣∣∣∣∫ (e4iπδx − 1)(x+ i)−1−2εe2iπΦ(x)dx

∣∣∣∣
≤
∫
|x|≤1/δ

4πδ|x||x|−1−2εdx+
∫
|x|>1/δ

2|x|−1−2εdx ≤ 8π
δ2ε

1− 2ε
+ 4

δ2ε

2ε
< 5/2,

if 0 < δ ≤ ε1/2ε since 8πε(1− 2ε)−1 < 1/2. As a consequence, we have

|‖Uε,δ± ‖2L2 − ε−1| ≤ 3, |〈Uε,δ+ , e−2iπΦUε,δ− 〉 − ε−1| ≤ π + 4 +
5
2
< 10, (3.6.44)

provided 0 < ε <
1

17π
and 0 < δ ≤ ε1/2ε. (3.6.45)

From now on, we assume that condition (3.6.45) is satisfied by the positive pa-
rameters ε, δ. We get in particular from the first inequality in (3.6.44) that

9
10
≤ 1− 3ε ≤ ε‖Uε,δ± ‖2 ≤ 1 + 3ε ≤ 11

10
,

∣∣∣1− 1

ε‖Uε,δ+ ‖‖Uε,δ− ‖

∣∣∣ ≤ 6ε
1− 9ε2

≤ 7ε.

 (3.6.46)

Lemma 3.6.3. Let W and Φ as in Lemma 3.6.2 and set V ε,δ± = Uε,δ± /‖Uε,δ± ‖ where
Uε,δ± is defined by (3.6.42) and ε, δ satisfy (3.6.45). Then we have

‖V ε,δ± ‖ = 1, supp V̂ ε,δ± ⊂ {±ξ ≥ δ}, ‖DkV ε,δ± ‖ ≤ Ck, (3.6.47)

|〈V ε,δ+ , e−2iπΦV ε,δ− 〉 − 1| ≤ 20ε, (3.6.48)

∀X > 0,
∫
|x|>X

|V ε,δ± (x)|2dx ≤ 2X−2ε. (3.6.49)
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Proof. From the first estimate in (3.6.36), (3.6.42) and (3.6.45), we get Uε,δ± 6= 0
and V ε,δ± makes sense with norm 1, whereas the spectrum condition is (3.6.43) and
the derivatives estimates follow from (3.6.37) and |δ| ≤ 1, giving (3.6.47). From
the second inequality in (3.6.44), we get

|〈V ε,δ+ , e−2iπΦV ε,δ− 〉 − 1

ε‖Uε,δ+ ‖‖Uε,δ− ‖
| ≤ 10

‖Uε,δ+ ‖‖Uε,δ− ‖
,

and thus from (3.6.46), we get

|〈V ε,δ+ , e−2iπΦV ε,δ− 〉− 1| ≤ |1− 1

ε‖Uε,δ+ ‖‖Uε,δ− ‖
|+ 10

‖Uε,δ+ ‖‖Uε,δ− ‖
≤ 7ε+

100
9
ε ≤ 20ε,

yielding (3.6.48). Finally (3.6.38) implies (3.6.49) since ε ≤ 1/2. �

A construction with parameters

N.B. In the sequel as above in this section, the norm ‖ · ‖ without subscript will
stand for the L2(R)-norm, unless otherwise specified.

We consider now

χ ∈ C∞c ((−1, 1); [0, 1]), χ = 1 on [−1/2, 1/2], ‖χ′‖L∞ ≤ 3, (3.6.50)

α = 1− χ, a(t) =
∫ t

0

α(s)ds, so that α ∈ C∞(R; [0, 1]), (3.6.51)

α(t) = 1 if |t| ≥ 1, α(t) = 0 if |t| ≤ 1/2, ‖α′‖L∞ ≤ 3, (3.6.52)
a(t)
t
≥ 1

2
if |t| ≥ 2, (3.6.53)

since for t ≥ 2 (resp.≤ −2), we have a(t) =
∫ 1

0
α(s)ds + (t − 1) ≥ t

2 (resp.
a(t) =

∫ −1

0
α(s)ds+ (t+ 1) ≤ t

2 ). Let µ be a positive (large) parameter and define

u(t, x) =


eµa(t)DxV ε,δ+ , if t ≤ −1/2,
(1− σ(t))V ε,δ+ + σ(t)e−2iπΦV ε,δ− , if |t| ≤ 1/2,
eµa(t)(Dx+W )

(
e−2iπΦV ε,δ−

)
= e−2iπΦeµa(t)DxV ε,δ− , if t ≥ 1/2,

(3.6.54)

where σ satisfies (3.6.27), W,Φ, V ε,δ± are given in Lemma 3.6.3, and ε, δ satisfy
(3.6.45). From (3.6.30), (3.6.31) and (3.6.48), it follows that, with µ > 0 and
µQ(t) = µα(t)

(
Dx +H(t)W (x)

)
,∫

R
‖
( d
dt
− µQ(t)

)
u(t)‖2dt ≤ 60ε,

∫ 1/2

−1/2

‖u(t)‖2dt ≥ 1− 10ε. (3.6.55)

Although the previous inequalities look essentially sufficient for our counterexam-
ple, we need also to make sure that they will still hold for a t-compactly supported
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u; for this reason we multiply u by a cut-off function. With χ satisfying (3.6.50),
we get( d

dt
− µQ(t)

)(
χ(t/4)u(t)

)
=

1
4
χ′(

t

4
)︸ ︷︷ ︸

supported in
2 ≤ |t| ≤ 4

u(t) + χ(t/4)
( d
dt
− µQ(t)

)
u(t)︸ ︷︷ ︸

supported in
|t| ≤ 1/2

,

and we note that if |t| ≥ 2, from (3.6.53) and the inclusion in (3.6.47), we obtain
‖u(t)‖ ≤ e−µδ|t|/2 ≤ e−µδ, so that from (3.6.55) and (3.6.50),∫

R
‖
( d
dt
− µQ(t)

)(
χ(
t

4
)u(t)

)
‖2dt ≤ 9

4
e−2µδ + 60ε. (3.6.56)

We need also to multiply by a cut-off function in the x-variable and for this purpose
we set for (large) X > 0 to be chosen later, χ

X
(x) = χ(x/X). When |t| ≤ 1/2, we

have by (3.6.49), (3.6.50),

‖χ
X
u(t)‖2 ≥ ‖u(t)‖2 −

∫
|x|>X/2

|(1− σ(t))V ε,δ+ (x) + σ(t)e−2iπΦV ε,δ− (x)|2dx

≥ ‖u(t)‖2 − 21+2εX−2ε (3.6.57)

and this implies from (3.6.55)∫ 1/2

−1/2

‖χ
X
u(t)‖2dt ≥ 1− 10ε− 4X−2ε. (3.6.58)

We compute also

( d
dt
− µQ(t)

)(
χ

X
χ(
t

4
)u(t)

)
= χ

X

( d
dt
− µQ(t)

)(
χ(
t

4
)u(t)

)
− µα(t)χ(

t

4
)u(t)

1
2iπ

X−1χ′(x/X),

and we have∫
R
‖µα(t)χ(

t

4
)u(t)

1
2iπ

X−1χ′(·/X)‖2dt

≤ µ2X−2 1
4π2

∫
|t|≤4

‖χ′‖2L∞‖u(t)‖2dt ≤ µ2X−2 72
4π2

≤ 2µ2X−2, (3.6.59)

so that from (3.6.56), (3.6.58),∫
R
‖
( d
dt
− µQ(t)

)(
χ

X
χ(
t

4
)u(t)

)
‖2dt ≤ 9

2
e−2µδ + 120ε+ 4µ2X−2, (3.6.60)∫

|t|≤1/2

‖χ
X
χ(t/4)u(t)‖2dt ≥ 1− 10ε− 4X−2ε. (3.6.61)
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To apply the inequalities above, involving several parameters, we have to make
sure that ε,X−2ε, e−µδ, µ2X−2 are all small. We shall choose later on the proper
relationships between all these parameters, and since we want the support to shrink
to the origin, we devise a rescaling.

Rescaling

With u defined by (3.6.54), θ > 0 (small), ν > 0 (large) we define v on R2 by

v(s, y) = ν1/2θ−1/2u(
s

θ
, νy)χ(

s

4θ
)χ(

νy

X
), (3.6.62)

so that supp v ⊂ [−4θ, 4θ]× [−ν−1X, ν−1X]. With

q(t, x, ξ) = α(t)
(
ξ +H(t)W (x)

)
(3.6.63)

the symbol of Q(t) as defined by (3.6.25), we have (e.g. using (2.1.14), but a direct
verification is easier),

(U v)(t, x) = θ1/2ν−1/2v(θt, ν−1x), U unitary on L2(R2),

U ∗(∂t − µq(t, x, ξ)w
)
U = θ∂s − µq(θ−1s, νy, ν−1η)w,

and thus∫∫
R2
|θ∂sv − µq(θ−1t, νy, ν−1η)wv|2dsdy

=
∫∫

R2
|
(
∂t − µq(t, x, ξ)w

)(
χ

X
χ(t/4)u(t)

)
|2dtdx.

As a result, we have with v given by (3.6.62), q by (3.6.63)

Q̃(s) = µθ−1q(θ−1s, νy, ν−1η)w = µθ−1α(θ−1s)ν−1
(
Dy +H(s)νW (νy)

)
,

(3.6.64)

‖∂sv − Q̃(s)v‖2L2(R2) ≤ θ−2
(9
2
e−2µδ + 120ε+ 4µ2X−2

)
, (3.6.65)∫∫

|s|≤θ/2
|v(s, y)|2dsdy ≥ 1− 10ε− 4X−2ε. (3.6.66)

We shall need that the rhs of (3.6.65), ε,X−2ε tend to zero to ensure that v is
almost in the kernel of ∂s − Q̃(s), but also that θ,Xν−1 tend to zero to make
sure that the support of v shrinks to the origin. Last but not least, we need also a
control of the size of the derivatives of the coefficient ofDy in (3.6.64), i.e. µθ−kν−1

is bounded for every fixed nonnegative integer k. We choose for ν large positive
integer,

ε = (Log ν)−1/2, δ = ε
1
2ε , X = ν2/3, θ = (Log ν)−1/8, µ = ν1/3. (3.6.67)
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We have

Log δ = −Log Log ν
4ε

= −1
4
(Log ν)1/2 Log Log ν, (3.6.68)

εθ−2 = (Log ν)−1/4, (µ2X−2θ−2) = ν−2/3(Log ν)1/4, (3.6.69)

e−2µδθ−2 =
(Log ν)1/4

e2µδ
=

(Log ν)1/4

exp
(
2ν1/3(Log ν)−

(Log ν)1/2

4
) , (3.6.70)

so that for ν large enough we have

‖∂sv − Q̃(s)v‖L2(R2) ≤ 11(Log ν)−1/8. (3.6.71)

Using (3.6.66) we get for ν large enough,

1− 11(Log ν)−1/2 ≤ 1− 10(Log ν)−1/2 − 4

ν
4

3(Log ν)1/2
≤ ‖v‖2L2(R2),

which implies for ν large enough

1− 11(Log ν)−1/2 ≤ ‖v‖L2(R2), (3.6.72)

and we have also from (3.6.62), (3.6.50),

supp v ⊂ {(s, y), |s| ≤ 4(Log ν)−1/8, |y| ≤ ν−1/3}. (3.6.73)

Finally, for all k ∈ N, we have µν−1θ−k = ν−2/3(Log ν)k/8 = Ok(ν−1/2).

Proposition 3.6.4. For each ν ∈ N∗, there exist aν ∈ C∞(R; R), bν ∈ C∞(R2; R)
such that, with qν ∈ C∞(R3,R) defined by qν(t, x, ξ) = aν(t)ξ + bν(t, x), we have
qν(t, x, ξ) > 0, s ≥ t =⇒ qν(s, x, ξ) ≥ 0 and

∀(k, l,m) ∈ N3, sup
(t,x)∈R2

ν≥1

(
|(∂kt aν)(t)|+ |(∂lt∂mx bν)(t, x)|ν−1−m)ν1/2 < +∞. (3.6.74)

For each ν ∈ N∗, there exists uν ∈ C∞c (R2) with suppuν ⊂ B(0, rν) and such that
limν→+∞ rν = 0, with

sup
ν≥1

‖∂tuν − qν(t, x,Dx)uν‖L2(R2)(Log ν)1/8 < +∞, ‖uν‖L2(R2) = 1, (3.6.75)

∀k ∈ N, sup
ν≥1

‖∂kxuν‖L2(R2)ν
−k < +∞. (3.6.76)

Proof. We take, according to (3.6.64), (3.6.67), (3.6.51), (3.6.34),

qν(t, x, ξ) = µνθ
−1
ν α(θ−1

ν t)ν−1
(
ξ +H(t)νW (νx)

)
, (3.6.77)

aν(t) = µνθ
−1
ν α(θ−1

ν t)ν−1, bν(t, x) = µνθ
−1
ν α(θ−1

ν t)H(t)W (νx), (3.6.78)
uν = v/‖v‖L2(R2), v is given in (3.6.62). (3.6.79)
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We divide the inequality (3.6.71) by ‖v‖ and using (3.6.72), we get all the results,
except for the very last inequality. Since uν = v/‖v‖L2(R2) and v is given by
(3.6.62), where χ is a “fixed” function, X ≥ 1, we examine the L2 norm of the x-
derivatives of u, and since Φ is also fixed, it amounts to checking the L2(R2

t,ξ)-norm
of

ξkV ε,δ± (ξ)1[−2,2](t) and, using (3.6.53), ξkV ε,δ± (ξ)e−
1
2µ|t||ξ|1{|t| ≥ 2}.

The first is taken care of by (3.6.47) and for the second function, the integral with
respect to t is bounded above by µ−1δ−1

∫
|ξ|2k|V ε,δ± (ξ)|2dξ to which we can also

apply (3.6.47) since

µδ = ν1/3(Log ν)−
1
4 (Log ν)1/2

≥ 1, for ν large enough.

The proof of the lemma is complete. �

Remark 3.6.5. Noting that the function s 7→ H(s)α(s) is C∞ and H(s)α(s) =
H(s)α(s)α(2s), We have also

bν(t, x) = aν(t)α(2tθ−1
ν )H(t)νW (νx) (3.6.80)

so that
qν(t, x, ξ) = aν(t)

(
ξ + α(2tθ−1

ν )H(t)νW (νx)︸ ︷︷ ︸
βν(t,x)

)
. (3.6.81)

From (3.6.78) we have the slight improvement of (3.6.74)

∀k ∈ N, sup
(t,x)∈R2

ν≥1

|(∂kt aν)(t)|ν
7
12 < +∞, (3.6.82)

and also

∀(k, l,m) ∈ N3, sup
(t,x)∈R2

ν≥1

|(∂lt∂mx βν)(t, x)|ν−1−mν−
1
12 < +∞. (3.6.83)

S1
1,0 counterexample

The operator qwν in the proposition above is aν(t)Dx+ bν(t, x) and the derivatives
of aν are bounded as well as those of 2−νbν , so that we can see the symbol qν
as a first-order semi-classical symbol 2ν

(
aν(t)2−νξ1 + bν(t, x1)2−ν

)
with small

parameter 2−ν ; to realize this as a three-dimensional operator, we shall consider
2ν as |ξ2|, following a standard path, with

aν(t)ξ1 + b(t, x1)ξ22−ν = ξ22−νqν(t, x1, 2νξ1/ξ2). (3.6.84)

We shall have of course to multiply that symbol by a suitable cut-off function
localizing near ξ2 ∼ 2ν and also to localize in the x2-variable, say by multiplying
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by χ((x2 − 2ρj)/ρj), which is supported in (ρj , 3ρj); these are disjoint sets if
ρj = 3−j , but the derivatives of the cut-off function are powers of 3j which should
remain small with respect to ν. The balance of the parameters is made precise in
the following statement.

Lemma 3.6.6. Let f be defined on Rt × R2
x × R2

ξ by

f(t, x, ξ) =
∑
j≥1

χ
(
(x2 − 2ρj)/ρj

)(
aνj

(t)ξ1 + bνj
(t, x1)ξ22−νj

)
, (3.6.85)

where χ is given by (3.6.50), aν , bν by Proposition 3.6.4, ρj = 3−j , νj = 2j
2
.

The function f is a real-valued linear function of ξ with C∞(R3
t,x1,x2

) coefficients
whose all derivatives are bounded. If ξ2f(t, x, ξ) > 0 and s ≥ t, then we have
ξ2f(s, x, ξ) ≥ 0.

Proof. The supports of the smooth functions x2 7→ χ
(
(x2 − 2ρj)/ρj

)
are disjoint

and from (3.6.74), for k,m, l ∈ N,

sup
j≥1

|χ(m)
(
(x2 − 2ρj)/ρj

)
ρ−mj ∂kt aνj

(t)| ≤ Ck,m sup
j≥1

(ν−1/2
j ρ−mj ) ≤ Ck,m22m2

,

sup
j≥1

|χ(m)
(
(x2 − 2ρj)/ρj

)
ρ−mj (∂kt ∂

l
x1
bνj

)(t)2−νj | ≤ Ck,m,l sup
j≥1

ν
l+ 1

2
j ρ−mj 2−νj

≤ Ck,m,l sup
j≥1

2j
2(l+ 1

2 )3jm2−2j2

= C ′k,m,l,

so that the first statements on f are valid. Since the supports of χ((x2−2ρj)/ρj) are
disjoint, the last property follows from the same one on qν proven in Proposition
3.6.4 and from (3.6.84). �

Remark 3.6.7. Using the expressions (3.6.81), the estimates (3.6.82), (3.6.83) and
introducing a function χ̃ ∈ C∞c ((−1, 1); [0, 1]) equal to 1 on the support of χ, we
get

f(t, x, ξ) =
∑
j≥1

χ
(
(x2 − 2ρj)/ρj

)
aνj (t)

(
ξ1 + βνj (t, x1)ξ22−νj χ̃

(
(x2 − 2ρj)/ρj

))
,

and thus, since the supports of x2 7→ χ̃
(
(x2 − 2ρj)/ρj

)
are disjoint and χχ̃ = 1,

we get

f(t, x, ξ) =(∑
j≥1

χ
(
(x2 − 2ρj)/ρj

)
aνj

(t)
)(
ξ1 + ξ2

∑
j≥1

χ̃
(
(x2 − 2ρj)/ρj

)
βνj

(t, x1)2−νj

)
= g0(t, x2)

(
ξ1 + ξ2g1(t, x1, x2)

)
(3.6.86)

with g0 ∈ C∞b (R2; R+), g1 ∈ C∞b (R3; R), ∂tg1 ≥ 0. (3.6.87)
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We shall consider below a Fourier multiplier c(Dx) such that

c(ξ) = χ(ξ1/ξ2)H(ξ2)H(ξ22 − ξ21)
(
1− χ(|ξ|2)

)
, (3.6.88)

where χ is given by (3.6.50). The symbol c belongs to S0
1,0 and is homogeneous with

degree 0 for |ξ| ≥ 1 (see Definition 1.2.9) since ξ2 ≥ |ξ1|, |ξ|2 ≥ 1/2 =⇒ ξ2 ≥ 1/2,

so that c(ξ) =

{
χ(ξ1/ξ2)

(
1− χ(|ξ|2)

)
if ξ2 ≥ 1/2,

0 if ξ2 < 1/2.

which is C∞ since it is zero for ξ2 ≤ 1
2 + ε0

4 , assuming suppχ ⊂ [−1 + ε0, 1− ε0]
with 1/2 > ε0 > 0:

1
2
≤ ξ2 ≤

1
2

+
ε0
4
, |ξ|2 ≥ 1

2
, |ξ1| ≤ ξ2(1− ε0)

=⇒ 1
2
≤ ξ22(1 + (1− ε0)2) ≤ (

1
2

+
ε0
4

)2(2− 2ε0 + ε20)

=⇒ 1 ≤ (1 +
ε0
2

)2(1− ε0 +
ε20
2

) = 1− ε20
4

+
ε30
4

+
ε40
8
< 1,

which is impossible so that for 1
2 ≤ ξ2 ≤ 1

2 + ε0
4 , either |ξ|2 < 1

2 or |ξ1| > ξ2(1−ε0)
and in both cases c(ξ) = 0. The operators

c(Dx)f(t, x,Dx), c(Dx)f(t, x, ξ)w, f(t, x,Dx)c(Dx), f(t, x, ξ)wc(Dx),

have the principal symbol c(ξ)f(t, x, ξ), i.e. can be written as
(
c(ξ)f(t, x, ξ)

)w + an
operator with symbol in S0

1,0 which is an asymptotic sum of symbols homogeneous
of degree l, l ∈ Z−. Since ξ2 ≥ 0 on the support of c, the product cf is real-valued,
belongs to S1

1,0, is homogeneous of degree 1 for |ξ| ≥ 1 and satisfies

c(ξ)f(t, x, ξ) > 0, s ≥ t =⇒ c(ξ)f(s, x, ξ) > 0. (3.6.89)

Theorem 3.6.8. Let f be defined in (3.6.85) and c be given by (3.6.88). The pseudo-
differential operator

c(Dx)f(t, x,Dx)

has the homogeneous principal symbol c(ξ)f(t, x, ξ) and its symbol is an asymptotic
sum of homogeneous symbols of degree l ∈ 1+ Z− There exists a sequence (Uj)j≥1

of functions in C∞c (R3) such that

lim
j
‖∂tUj − c(Dx)f(t, x,Dx)Uj‖L2(R3) = 0, (3.6.90)

with ‖Uj‖L2(R3) = 1, suppUj ⊂ B(0, Rj), Rj > 0, lim
j
Rj = 0. (3.6.91)

Note that this theorem implies Theorem 3.6.1.
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Comment. Choosing χ1 ∈ C∞c ((−1, 1); [0, 1]) equal to 1 on the support of χ and
defining

a(t, x2) =
∑
j≥1

χ
(
(x2 − 2ρj)/ρj

)
µνj

θ−1
νj
α(t/θνj

)ν−1
j , (3.6.92)

Ω(x1, x2) =
∑
j≥1

χ1

(
(x2 − 2ρj)/ρj

)
νjW (νjx1)2−νj , (3.6.93)

we get, using that the supports of χ1

(
(x2−2ρj)/ρj

)
are disjoint and Lemma 3.6.6,

that
f(t, x, ξ) = a(t, x2)

(
ξ1 +H(t)Ω(x1, x2)ξ2

)
, (3.6.94)

with

a ∈ C∞b (R2), 0 ≤ Ω ∈ C∞c (R2), 0 ≤ a(t, x2)H(t)Ω(x1, x2) ∈ C∞b (R3).

As a consequence, for t < 0, we have f(t, x, ξ)ξ1 ≥ 0 and for t > 0, we get
f(t, x, ξ)(ξ1 + Ω(x)ξ2) ≥ 0, so that Condition (P ) holds on both sets where ±t >
0. For a given (x, ξ) with ξ2 > 0, a sign change of t 7→ f(t, x, ξ) occurs when
ξ1 < 0 < ξ1 + Ω(x)ξ2 and t should cross the origin. Still with ξ2 > 0, if ξ1 ≥ 0, the
function t 7→ f(t, x, ξ) remains nonnegative and if ξ1 + Ω(x)ξ2 ≤ 0, t 7→ f(t, x, ξ)
remains nonpositive.

Proof of Theorem 3.6.8. The statements on c(Dx)f(t, x, ξ)w are proven in Lemma
3.6.6. Choose a function ψ ∈ C∞c ((−1/2, 1/2)) (so that χψ = ψ) with ‖ψ‖L2(R) = 1
and set

Uj(t, x1, x2) = uνj
(t, x1)ψj(x2), ψj(x2) = ψ

(
2(x2 − 2ρj)/ρj

)
21/2ρ

−1/2
j e2iπ2νjx2

(3.6.95)
where uν is given in Proposition 3.6.4, and ρj , νj in Lemma 3.6.6. We have
‖Uj‖L2(R3) = 1,

suppUj ⊂ {(t, x1, x2) ∈ R3, t2 + x2
1 ≤ r2νj

,
7ρj
4
≤ x2 ≤

9ρj
4
}, (3.6.96)

so that (3.6.91) holds. Since f(t, x,Dx) is a differential operator (in fact a vector
field as proven in Lemma 3.6.6), and the support of x2 7→ χ((x2 − 2ρj)/ρj) is
included in (ρj , 3ρj) = (3−j , 31−j) and [ 7ρj

4 ,
9ρj

4 ] ⊂ (3−j , 31−j) we have, since the
(3−j , 31−j) are disjoint, with aν , bν given in (3.6.78),

(
f(t, x,Dx)Uj

)
(t, x) = χ((x2 − 2ρj)/ρj)aνj

(t)Dx1Uj

+ χ((x2 − 2ρj)/ρj)bνj (t, x1)2−νjDx2Uj . (3.6.97)



3.6. (Ψ) does not imply solvability with loss of one derivative 247

From (3.6.75), we have

∂tUj − f(t, x,Dx)Uj =

ψj∂tuνj
− χ((x2 − 2ρj)/ρj)ψjaνj

D1uνj
− χ((x2 − 2ρj)/ρj)bνj

2−νjDx2(uνj
ψj)

=

bounded in L2(Rx2 )︷ ︸︸ ︷
χ((x2 − 2ρj)/ρj)ψj(x2)

→0 in L2(R2
t,x1

)︷ ︸︸ ︷(
∂tuνj − qνj (t, x1, Dx1)uνj

)
(t, x1)

+ uνj
(t, x1)bνj

(t, x1)︸ ︷︷ ︸
with L2(R2

t,x1
) norm ≤ Cν

1/2
j

from (3.6.75), (3.6.74)

χ((x2 − 2ρj)/ρj)(1− 2−νjDx2)ψj .

Since

χ((x2 − 2ρj)/ρj)(1− 2−νjDx2)ψj

= ψ
(
2(x2 − 2ρj)/ρj

)
21/2ρ

−1/2
j e2iπ2νjx2

− 2−νjψ
(
2(x2 − 2ρj)/ρj

)
21/2ρ

−1/2
j e2iπ2νjx22νj

− 2−νj
2
ρj
ψ′
(
2(x2 − 2ρj)/ρj

)
21/2ρ

−1/2
j e2iπ2νjx2

1
2iπ

= −2−νj
2
ρj
ψ′
(
2(x2 − 2ρj)/ρj

)
21/2ρ

−1/2
j e2iπ2νjx2

1
2iπ

,

we get limj ‖∂tUj − f(t, x,Dx)Uj‖L2(R3) = 0 from the factor 2−νj . Since c(Dx) is
of order 0, thus L2 bounded, we have also

lim
j
‖∂tc(Dx)Uj − c(Dx)f(t, x,Dx)Uj‖L2(R3) = 0,

so that we are left with checking the term
(
c(Dx)− 1

)
∂tUj to verify (3.6.90). We

know that c(ξ)−1 does vanish if ξ2 ≥ max(2|ξ1|, 1/2) and |ξ| ≥ 1. By (3.6.75) and
(3.6.95), we have

∂tUj = ψj(x2)(∂tuνj
)(t, x1) =

bounded in L2(R)︷ ︸︸ ︷
ψj(x2)

→0 in L2(R2)︷ ︸︸ ︷(
∂tuνj

− qν(t, x1, Dx1)uνj

)
+ ψj(x2)

(
aνj

(t)Dx1uνj
+ bνj

(t, x1)uνj

)
,

so that we are reduced to study

Gj(t, x) =
(
c(Dx)− 1

)(
ψj(x2)

(
aνj

(t)Dx1uνj
+ bνj

(t, x1)uνj

)︸ ︷︷ ︸
gj(t,x1)

)
.



248 Chapter 3. Estimates for Non-Selfadjoint Operators

We have since c(ξ) = 1 for ξ2 ≥ 1 + 2|ξ1|,

‖Gj(t, ·)‖2L2(R2) ≤
∫∫

|c(ξ)− 1|2|ψ̂
(ρj

2
(ξ2 − 2νj )

)
|2 ρj

2
dξ2|ĝj(t, ξ1)|2dξ1

≤
∫∫

ξ2≤1+2|ξ1|
|ψ̂
(ρj

2
(ξ2 − 2νj )

)
|2 ρj

2
dξ2|ĝj(t, ξ1)|2dξ1

≤
∫∫

s≤ ρ
2 (1+2|ξ1|−2νj )

|ψ̂
(
s
)
|2ds|ĝj(t, ξ1)|2dξ1.

When |ξ1| ≤ 2νj−2 in the integrand, (for j ≥ 2 we have νj ≥ 16) we have s ≤
−ρj2νj−3 and we can estimate the integral with respect to s by any negative
power of ρj2νj−3. When |ξ1| ≥ 2νj−2, we estimate the integral with respect to s
by ‖ψ̂‖2L2(R) = 1. We have thus

‖Gj(t, ·)‖2L2(R2)

≤ CN,ψ(ρj2νj−3)−N
∫
|ξ1|≤2νj−2

|ĝj(t, ξ1)|2dξ1 +
∫
|ξ1|≥2νj−2

|ĝj(t, ξ1)|2dξ1

≤ C2,ψ(ρj2νj−3)−2

∫
|ξ1|≤2νj−2

|ĝj(t, ξ1)|2dξ1 +
∫
|ξ1|224−2νj |ĝj(t, ξ1)|2dξ1

≤ 2−2νj (ρ−2
j 26C2,ψ‖gj‖2L2(R2) + 24‖Dx1gj‖2L2(R2)).

Thanks to the estimates (3.6.74) and (3.6.76), the term

ρ−2
j 26C2,ψ‖gj‖2L2(R2) + 24‖Dx1gj‖2L2(R2)

is increasing at most polynomially in νj , implying that

lim
j
‖Gj‖L2(R3) = 0,

since using the rν defined in Proposition 3.6.4, we have, with limj rνj
= 0,

‖Gj‖2L2(R3) =
∫
|t|≤rνj

‖Gj(t, ·)‖2L2(R2)dt ≤ 2rνj
sup
|t|≤rνj

‖Gj(t, ·)‖2L2(R2)

≤ C0rνj
νN0
j 2−2νj .

The proof of Theorem 3.6.8 is complete. �

3.6.3 More on the structure of the counterexample

In this section, we provide some more information on the counterexample, and
in particular we show that it could be modified to yield a counterexample with
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some homogeneous principal symbol with respect to the momentum variable in
R3. Going back to (3.6.85), we define

fj(t, x1, x2, ξ1, ξ2) = χ
(
(x2 − 2ρj)/ρj

)(
aνj

(t)ξ1 + bνj
(t, x1)ξ22−νj

)
,

and we see that,

for m1 ≥ 1,
∂m1fj
∂xm1

1

= χ
(
(x2 − 2ρj)/ρj

)∂m1bνj

∂xm1
1

(t, x1)ξ22−νj ,

for m2 ≥ 1,
∂m2fj
∂xm2

2

= χ(m2)
(
(x2 − 2ρj)/ρj

)
ρ−m2
j

(
aνj

(t)ξ1 + bνj
(t, x1)ξ22−νj

)
,

for m1 ≥ 1,m2 ≥ 1,
∂m1+m2fj
∂xm1

1 ∂xm2
2

=χ(m2)
(
(x2 − 2ρj)/ρj

)
ρ−m2
j

∂m1bνj

∂xm1
1

(t, x1)ξ22−νj.

As a consequence, we get from (3.6.74)

for m1 ≥ 1, |∂
m1fj
∂xm1

1

| ≤ |ξ2|ν
1
2+m1

j 2−νj , (3.6.98)

for m2 ≥ 1, |∂
m2fj
∂xm2

2

| ≤ ‖χ(m2)‖L∞
(
|ξ1|ν−1/2

j ρ−m2
j + |ξ2|2−νjν

1/2
j ρ−m2

j

)
,

(3.6.99)

for m1 ≥ 1,m2 ≥ 1, | ∂
m1+m2fj

∂xm1
1 ∂xm2

2

| ≤ |ξ2|‖χ(m2)‖L∞ρ−m2
j ν

1
2+m1

j 2−νj , (3.6.100)

and also repeating the calculations with the derivatives with respect to t and using
again the estimates (3.6.74), we obtain, since

lim
j
ν
−1/2
j ρ−m2

j = lim
j

2−j
2/23jm2 = 0, lim

j
2−νjνm1+1

j ρ−m2
j = lim

j
2−2j2−1

3jm2 = 0,

that
lim
j

(
sup
t,x,ξ

|(∂lt∂m1
x1
∂m2
x2
∂βξ fj)(t, x, ξ)|ξ|

−1+|β||
)

= 0. (3.6.101)

With σ1(ξ, τ) homogeneous of degree 0, supported in

Nκ1 = {(ξ, τ) ∈ R2 × R, |ξ| ≤ κ1|τ |}, with κ1 > 0, (3.6.102)

denoting by σ1 the Fourier multiplier σ1(ξ, τ), we have

σ1DtUj = σ1

(
DtUj + ic(Dx)f(t, x,Dx)

)
Uj)− iσ1c(Dx)f(t, x,Dx)Uj ,

and thus, with L2(R3) norms

‖σ1DtUj‖ ≤ ‖DtUj + ic(Dx)f(t, x,Dx)Uj‖+ ‖σ1c(Dx)f(t, x,Dx)Uj‖. (3.6.103)
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On the other hand, we have from (3.6.97)(
σ1c(Dx)f(t, x,Dx)Uj

)
(t, x)

= c(Dx)
[
σ1, χ((x2 − 2ρj)/ρj)aνj (t)

]
Dx1Uj

+ c(Dx)
[
σ1, χ((x2 − 2ρj)/ρj)bνj (t, x1)2−νj

]
Dx2Uj

+ c(Dx)χ((x2 − 2ρj)/ρj)aνj (t)Dx1σ1Uj

+ c(Dx)χ((x2 − 2ρj)/ρj)bνj
(t, x1)2−νjDx2σ1Uj .

With σ̃1 also homogeneous of degree 0 supported in Nκ2 and equal to 1 near the
support of σ1, we have

Dx1σ1Uj = Dx1〈Dx〉−1σ̃1〈Dx〉D−1
t σ1DtUj

which implies, noting from (3.6.78) that

sup
t,x2

|χ((x2 − 2ρj)/ρj)aνj
(t)| ≤ ν

−1/2
j ≤ 1,

‖Dx1σ1Uj‖ ≤ ‖σ1DtUj‖κ, with κ = sup
(τ,ξ)∈supp fσ1

(1 + |ξ|)|τ |−1, (3.6.104)

and we get similarly from (3.6.78)

‖Dx2σ1Uj‖ ≤ ‖σ1DtUj‖κ sup |W |. (3.6.105)

We thus obtain that

‖σ1c(Dx)f(t, x,Dx)Uj‖ ≤
‖
[
σ1, χ((x2 − 2ρj)/ρj)aνj

(t)
]
Dx1Uj+

[
σ1, χ((x2 − 2ρj)/ρj)bνj

(t, x1)2−νj
]
Dx2Uj‖

+ (1 + sup |W |)κ‖σ1DtUj‖
= ‖
[
σ1, fj(t, x,Dx)

]
Uj‖+ (1 + sup |W |)κ‖σ1DtUj‖. (3.6.106)

From (3.6.103), (3.6.90), we obtain with limj εj = 0

‖σ1DtUj‖ ≤ εj + ‖
[
σ1, fj(t, x,Dx)

]
Uj‖+ (1 + sup |W |)κ‖σ1DtUj‖. (3.6.107)

Since κ depends only on σ̃1, we can choose it such that

(1 + sup |W |)κ ≤ 1/2.

Now the operator [σ1, fj(t, x,Dx)] has a symbol in S0
1,0(R3 × R3) (see Lemma

4.9.16) and thus is bounded on L2(R3); moreover from (3.6.101), the seminorms
of this symbol tend to zero when j goes to infinity and we get from (3.6.107)
and ‖Uj‖L2(R3) = 1 that limj ‖σ1DtUj‖ = 0. Since we have from (3.6.90) that
limj ‖(1− σ1)

(
DtUj + ic(Dx)f(t, x,Dx)Uj

)
‖ = 0, we obtain that

lim
j
‖DtUj + (1− σ1)c(Dx)f(t, x,Dx)Uj‖ = 0. (3.6.108)
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The operator (1−σ1)c(Dx)f(t, x,Dx) has a symbol in S1
1,0(R3×R3), since 1−σ1 is

supported in {(ξ, τ) ∈ R2 ×R, |τ | ≤ C|ξ|} and we may also choose σ1(ξ, τ) valued
in [0, 1], so that the operator Dt+ i(1−σ1)c(Dx)f(t, x,Dx) satisfies condition (Ψ).
We have proven the following extension of Theorem 3.6.1.

Theorem 3.6.9. There exists a C∞ function F : R3 × R3 → R such that

F ∈ S1
1,0, i.e sup

(x,ξ)∈R3×R3
|(∂αx ∂

β
ξ F )(x, ξ)|(1 + |ξ|)|β|−1 < +∞,

F −
∑

0≤j<N

Fj ∈ S1−N
1,0 , Fj ∈ S1−j

1,0 , Fj positively-homogeneous of degree 1− j,

such that

F0(x1, x2, x3, ξ1, ξ2, ξ3) > 0, y3 > x3 =⇒ F0(x1, x2, y3, ξ1, ξ2, ξ3) ≥ 0,

and there exists a sequence (uk)k≥1 in C∞c (R3) with suppuk ⊂ {x ∈ R3, |x| ≤ 1/k}
such that

lim
k→+∞

‖∂uk
∂x3

− F (x,D)uk‖L2(R3) = 0, ‖uk‖L2(R3) = 1. (3.6.109)

Moreover, according to Remark 3.6.7, the principal symbol F0 can be chosen
of the form

F0(x, ξ) = ξ3 + ig0(x3, x2)
(
ξ1 + ξ2g1(x3, x1, x2)

)
σ0(ξ1, ξ2, ξ3), (3.6.110)

with g0 ∈ C∞b (R2; R+), g1 ∈ C∞b (R3; R), ∂x3g1 ≥ 0, (3.6.111)

0 ≤ σ0 ∈ S0
1,0, homogeneous of degree 0, supported in {ξ2 > 0}. (3.6.112)

Remark 3.6.10. Let Ω be an open subset of Rn, x0 ∈ Ω, and P ∈ Ψ1
ps(Ω) a prop-

erly supported pseudodifferential operator. We want to compare the two following
properties. We shall say that P is L2-locally solvable at x0 if

∃V ∈ Vx0 , ∀f ∈ L2
loc(Ω), ∃u ∈ L2

loc(Ω) with Pu = f in V . (3.6.113)

According to Lemmas 1.2.29, 1.2.30, (3.6.113) is equivalent to (1.2.39) for s =
0,m = µ = 1. An other apparently weaker statement is

∀f ∈ L2
loc(Ω), ∃u ∈ L2

loc(Ω),∃V ∈ Vx0 with Pu = f in V . (3.6.114)

Let us show that (3.6.114) implies (3.6.113). First of all, if L0 is a compact neigh-
borhood of x0, since P is properly supported, there exists a compact subsetK0 of Ω
such that supp v ⊂ Kc

0 =⇒ suppPv ⊂ Lc0. As a consequence, taking φ0 ∈ C∞c (Ω)
equal to 1 on a neighborhood of K0 gives

Pu = P (φ0u) + P
(
(1− φ0)u︸ ︷︷ ︸
supported in

Kc
0

)
=⇒

(
Pu
)
| intL0

=
(
P (φ0u)

)
| intL0

.
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In particular, if (3.6.114) holds, we may assume that u ∈ L2
comp(Ω) with suppu ⊂

suppφ0. We consider now for N ∈ N∗,

FN = {f ∈ L2
loc(Ω),∃u ∈ L2

suppφ0
(Ω), Pu = f in B(x0, N

−1), ‖u‖L2 ≤ N}

and the union of the FN is L2
loc(Ω). Moreover each set FN is convex, symmetric

and closed and thus it follows from Baire’s theorem that 0 must be an interior
point of one of the FN , i.e. there exists N1 ∈ N∗,K1 b Ω, R1 > 0 such that

f ∈ L2
loc(Ω), ‖f‖L2(K1) ≤ R1

=⇒ ∃u ∈ L2
suppφ0

(Ω), Pu = f in B(x0, N
−1
1 ), (3.6.115)

which implies (3.6.113). As a result, when (1.2.39) for s = 0,m = µ = 1 is violated,

∃f0 ∈ L2
loc(Ω), ∀u ∈ L2

loc(Ω),∀V ∈ Vx0 , Pu 6= f0 on V . (3.6.116)

Remark 3.6.11. In particular the operator P = ∂x3 + F (x,D) with F given by
Theorem 3.6.9 is a principal type first-order pseudodifferential operator in R3,
satisfying condition (Ψ), that we may also assume properly supported10. From the
previous theorem and remark, there exists f ∈ L2

loc(R3) such that for all V open
neighborhood of 0 in R3, for all u ∈ L2

loc(R3), Pu 6= f in V . A similar argument
gives also that the set of f ∈ L2

loc(R3) such that Pu = f on a neighborhood of 0
for some u ∈ L2

loc(R3) is of first category: this set is the union of the FN and if it
were second category, we would obtain (3.6.115) and thus (3.6.113), that is local
L2-solvability at 0, which does not hold.

3.7 Condition (Ψ) does imply solvability with loss of 3/2
derivatives

3.7.1 Introduction

Statement of the result of that section

Let P be a properly supported principal-type pseudodifferential operator in a C∞
manifold M, with principal (complex-valued) symbol p. The symbol p is assumed
to be a C∞ homogeneous11 function of degree m on Ṫ ∗(M), the cotangent bundle
minus the zero section. The principal type assumption that we shall use here is
that

(x, ξ) ∈ Ṫ ∗(M), p(x, ξ) = 0 =⇒ ∂ξp(x, ξ) 6= 0. (3.7.1)

10Modifying P by an operator R of order −1 (see Proposition 1.2.5) does not change the prop-
erty (3.6.109) since (see (4.3.9)) ‖Ruk‖L2(R3) ≤ C‖uk‖H−1 ≤ C′diameter(supp uk)‖uk‖L2 → 0
when k → +∞.

11Here and in the sequel, “homogeneous” will always mean positively homogeneous.
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Also, the operator P will be assumed of polyhomogeneous type, which means that
its total symbol is equivalent to

p+
∑
j≥1

pm−j ,

where pk is a smooth homogeneous function of degree k on Ṫ ∗(M).

Theorem 3.7.1. Let P be as above, such that its principal symbol p satisfies con-
dition (Ψ)on Ṫ ∗(M) (see Definition 3.2.1). Let s be a real number. Then, for all
x ∈M, there exists a neighborhood V such that

for all f ∈ Hs
loc, there exists u ∈ Hs+m− 3

2
loc such that Pu = f in V .

Proof. The proof of this theorem is given in section 3.7.2. �

Note that our loss of derivatives is equal to 3/2. Section 3.6 proves that
solvability with loss of one derivative does not follow from condition (Ψ), so we
have to content ourselves with a loss strictly greater than one. However, the number
3/2 is not likely to play any significant rôle and one should probably expect a loss
of 1+ε derivatives under condition (Ψ). In fact, for the counterexamples given in
Section 3.6 (see also [92], [77]), it seems (but it has not been proven) that there is
only a “logarithmic” loss, i.e. the solution u should satisfy u ∈ log 〈Dx〉

(
Hs+m−1

)
.

Nevertheless, the methods used in the present article are strictly limited to
providing a 3/2 loss. We refer the reader to our subsection 3.7.2 for an argument
involving a Hilbertian lemma on a simplified model. This is of course in sharp
contrast with operators satisfying condition (P ) such as differential operators sat-
isfying condition (Ψ). Let us recall that condition (P ) is simply ruling out any
change of sign of Im(zp) along the oriented Hamiltonian flow of Re(zp). Under
condition (P ) ([8]) or under condition (Ψ) in two dimensions ([89]), local solvabil-
ity occurs with a loss of one derivative, the “optimal” loss, and in fact the same as
for ∂/∂x1 (see Section 3.5). One should also note that the semi-global existence
theorems of [67] (see also theorem 26.11.2 in [74]) involve a loss of 1+ε derivatives.
However in that case there is no known counterexample which would ensure that
this loss is unavoidable.
Remark 3.7.2. Theorem 3.7.1 will be proved by a multiplier method, involving
the computation of 〈Pu,Mu〉 with a suitably chosen operator M . It is interesting
to notice that, the greater is the loss of derivatives, the more regular should be
the multiplier in the energy method. As a matter of fact, the Nirenberg-Treves
multiplier of [114] is not even a pseudodifferential operator in the S0

1/2,1/2 class,
since it could be as singular as the operator signDx1 ; this does not create any
difficulty, since the loss of derivatives is only 1. On the other hand, in [35], [95],
where estimates with loss of 2 derivatives are handled, the regularity of the mul-
tiplier is much better than S0

1/2,1/2, since we need to consider it as an operator of
order 0 in an asymptotic class defined by an admissible metric on the phase space.
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Remark 3.7.3. For microdifferential operators acting on microfunctions, the suffi-
ciency of condition (Ψ) was proven by J.-M. Trépreau [139](see also [75]), so the
present theorems are concerned only with the C∞ category.

3.7.2 Energy estimates

Some a priori estimates and loss of derivatives

In this section, we prove that, at least when a factorization occurs, it is possible to
prove an energy estimate with loss of 3/2 derivatives (the loss is always counted
with respect to the elliptic case). The factorization assumption is a very strong
one, and is far from being satisfied under condition (Ψ). However, the fact that
a rather straightforward argument does exist under that hypothesis is also an
indication that a natural multiplier can be found. When condition (P ) holds for
Dt + iq(t, x,Dx), the multiplier in the energy method is essentially a quantization
of sign q(t, x, ξ), which can be very singular. A way of reformulating condition (Ψ)
for Dt+ iq(t, x,Dx) is to say that a properly defined sign q(t, x, ξ) is actually non-
decreasing: nevertheless no quantization of that rough function seems at hand
to handle the estimates, but since we have to give up the hope of proving an
estimate with loss of one derivative (see Section 3.6, [92]), we may accept some
smoother multiplier, expressed like the signed distance to the change-of-sign set
(see (3.2.19)). That program has been initially carried out by N. Dencker in [35]
with loss of two derivatives, a loss which was cut off to 3/2 later in the paper [98].
The details of the argument are quite involved and exposed below ; in this section,
we study a far simpler model, which might serve as a motivation for the reader.

Let us study the model-case

L = Dt + iA0B1, A0 ∈ op(S0), B1 ∈ op(S1),

with Sj = Sjscl = S(Λj ,Λ−1|dX|2) (see page 67) and real-valued Weyl symbols
such that A0 ≥ c0Λ−1, Ḃ1 ≥ 0. We compute, using the notation

‖u‖ =
(∫

|u(t)|2dt
)1/2

, |v| = ‖v‖H, H = L2(Rn), |u|∞ = sup
t∈R

|u(t)|,

2 Re〈Lu, iB1u〉 = 〈Ḃ1(t)u(t), u(t)〉+ 2 Re〈A0B1u,B1u〉 ≥ 2c0Λ−1‖B1u‖2.

As a consequence, for suppu ⊂ [−T, T ],

2 Re〈Lu, iB1u〉+ 2 Re〈Lu, iH(t− T0)u〉

≥ c0Λ−1‖B1u‖2 + |u|2∞ + ‖A1/2
0 B1u‖2 + 2 Re〈A1/2

0 B1u, iHT0A
1/2
0 u〉

≥ c0Λ−1‖B1u‖2 + |u|2∞(1− sup
|t|≤T

‖A0(t)‖T )

(for T small enough) ≥ c0Λ−1‖B1u‖2 +
1
2
|u|2∞, (3.7.2)
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so that c−1
0 Λ‖Lu‖2 + c0Λ−1‖B1u‖2 +2‖Lu‖‖u‖ ≥ c0Λ−1‖B1u‖2 + 1

2 |u|
2
∞ and thus

(c−1
0 Λ + 1)‖Lu‖2 + T |u|2∞ ≥ 1

2
|u|2∞

entailing for T ≤ 1/4, (c−1
0 Λ+1)‖Lu‖2 ≥ 1

4 |u|
2
∞, which gives ‖Lu‖ � Λ−1/2‖u‖,

an estimate with loss of 3/2 derivatives.
The next question is obviously: how do we manage to get the estimate A0 ≥

Λ−1? Assuming A0 ≥ −CΛ−1, we can always consider instead A0 +(C+1)Λ−1 ≥
Λ−1; now this modifies the operator L and although our estimate is too weak to
absorb a zeroth order perturbation, it is enough to check that the energy method
is stable by zeroth order perturbation. We consider then

Dt + iA0B1 + S + iR, A0 ≥ Λ−1, S,R ∈ op(S0).

Inspecting the method above, we see that S will not produce any trouble, since we
shall commute it with B1, producing an operator of order 0. The term produced
by R are more delicate to handle: we shall have to deal with

2〈Ru,B1u〉+ 2〈Ru,HT0u〉.

The second term is L2 bounded and can be absorbed. There is no simple way to
absorb the first term, which is of size ‖B1u‖‖u‖, way too large with respect to
the terms that we dominate. However we can consider the L2-bounded invertible
operator U(t) (which is in op(S0) and self-adjoint) such that U(0) = Id and
U̇(t) = −U(t)R(t) so that

L = Dt + iR+ iA0B1 + S = U(t)−1DtU(t) + iA0B1 + S

= U(t)−1
(
Dt + iA0B1 + S

)
U(t)− U(t)−1

[
iA0B1 + S,U(t)

]
= U(t)−1

(
Dt + iA0B1 + S +

[
U(t), iA0B1 + S

]
U(t)−1

)
U(t). (3.7.3)

Now the term
[
U(t), iA0B1

]
U(t)−1 has a real-valued principal symbol in S0 and

amounts to a modification of S, up to unimportant terms of order −1. The term[
U(t), S

]
U(t)−1 is of order −1 and can be absorbed. We have proven the following

lemma.

Lemma 3.7.4. Let Λ ≥ 1 be given. We consider the metric G = |dx|2 + Λ−2|dξ|2
on Rn ×Rn. Let a0(t, x, ξ) be in S(1, G) such that a0(t, x, ξ) ≥ 0. Let b1(t, x, ξ) be
real-valued and in S(Λ, G) such that(

b1(t, x, ξ)− b(s, x, ξ)
)
(t− s) ≥ 0.

Let r(t, x, ξ) be a complex-valued symbol in S(1, G). Assuming that a0, b1, r0 are
continuous functions, there exists a constant C > 0 depending only on the semi-
norms of the symbols a0, b1, r0, such that, for all u ∈ C1

c ([−T, T ], L2(Rn)) with
CT ≤ 1,

C‖Lu‖L2(Rn+1) ≥ Λ−1/2T−1‖u‖L2(Rn+1).
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Preliminaries

Definition 3.7.5. Let T > 0 be given. With m defined in (3.2.95), we define for
|t| ≤ T ,

M(t) = m(t,X)Wick, (3.7.4)
where the Wick quantization is given by the definition 2.4.1.

Lemma 3.7.6. With T > 0 and M given above, we have with ρ1 given in (3.2.90),
R defined in (3.2.66), for |t| ≤ T , Λ ≥ 1,

d

dt
M(t) ≥ 1

2T
ρ1(t,X)Wick +

1
T

(δ20)
Wick

Λ−1/2

≥ 1
2C0T

RWick + T−1(δ20)
Wick

Λ−1/2

≥ 1
23/2C0T

(〈δ0〉2)WickΛ−1/2. (3.7.5)

|Θ(t,X)| ≤ ρ1(t,X) ≤ 2
〈δ0(t,X)〉
ν(t,X)1/2

, (3.7.6)

T−1|δ0(t,X)η(t,X)| ≤ 4|δ0(t,X)|, (3.7.7)

T−1|δ′0X(t,X)η(t,X)|+ T−1|δ0X(t,X)η′X(t,X)| ≤ 12. (3.7.8)

Proof. The derivative in (3.7.5) is taken in the distribution sense, i.e. the first
inequality in (3.7.5) means that (2.4.8) is satisfied with

a(t,X) = m(t,X)− 1
2T

∫ t

−T
ρ1(s,X)ds− 1

T
Λ−1/2

∫ t

−T
δ0(s,X)2ds.

It follows in fact from (3.2.99). The other inequalities in (3.7.5) follow directly
from (3.2.99) and the fact that the Wick quantization is positive (see (2.4.6)). The
inequality (3.7.6) is (3.2.96) and (3.7.7) follows from (3.2.98) whereas (3.7.8) is a
consequence of (3.2.20) (3.2.98) and Definition 3.2.11. �

Lemma 3.7.7. Using the definitions above and the notation (2.4.7), we have

Θ(t, ·) ∗ exp−2πΓ ∈ S
(
〈δ0(t, ·)〉ν(t, ·)−1/2,Γ

)
, (3.7.9)

δ0(t, ·) ∗ exp−2πΓ ∈ S
(
〈δ0(t, ·)〉,Γ

)
, (3.7.10)

δ′0X(t, ·) ∗ exp−2πΓ ∈ S
(
1,Γ
)
, (3.7.11)

T−1η(t, ·) ∗ exp−2πΓ ∈ S
(
1,Γ
)
, (3.7.12)

T−1η(t, ·)′X ∗ exp−2πΓ ∈ S
(
Λ−1/2,Γ

)
, (3.7.13)

with semi-norms independent of T ≤ 1 and of t for |t| ≤ T . According to the
definition 2.2.15, the function X 7→ 〈δ0(t,X)〉 is a Γ-weight.

Proof. The last statement follows from (3.2.20). The inequalities ensuring (3.7.9)–
(3.7.13) are then immediate consequences of the lemmas 3.7.6 and 4.9.3. �
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Stationary estimates for the model cases

Let T > 0 be given and Q(t) = q(t)w given by (3.2.12), (3.2.13). We define M(t)
according to (3.7.4). We consider

Re
(
Q(t)M(t)

)
=

1
2
Q(t)M(t) +

1
2
M(t)Q(t) = P (t). (3.7.14)

We have, omitting now the variable t fixed throughout all this subsection,

P = Re
[
qw
(
δ0(1 + T−1η)

)Wick + qwΘWick
]
. (3.7.15)

[1] Let us assume first that q = Λ−1/2µ1/2ν1/2βe0 with β ∈ S(ν1/2, ν−1Γ), 1 ≤ e0 ∈
S(1, ν−1Γ) and δ0 = β. Moreover, we assume 0 ≤ T−1η ≤ 4, T−1|η′| ≤ 4Λ−1/2,
|Θ| ≤ C〈δ0〉ν−1/2. Here Λ, µ, ν are assumed to be positive constants such that
Λ ≥ µ ≥ ν ≥ 1.

Then using Lemma 4.9.5 with

a1 = βe0, m1 = 〈β〉, a2 = (1 + T−1η)e−1
0 ,m2 = ν−1/2,

we get, with obvious notations,

(δ0e0)Wick(e−1
0 (1 + T−1η)

)Wick =
(
δ0(1 + T−1η)

)Wick + S(〈δ0〉ν−1/2,Γ)
w

and as a consequence from the proposition 2.4.3, we obtain, with

β0 = βe0, η0 = e−1
0 (1 + T−1η), (3.7.16)

the identity(
β0
w + S(ν−1/2, ν−1Γ)

w)
ηWick
0 =

(
δ0(1 + T−1η)

)Wick + S(〈δ0〉ν−1/2,Γ)
w
,

entailing
(
δ0(1 + T−1η)

)Wick = β0
wηWick

0 +S(〈δ0〉ν−1/2,Γ)
w
. As a result, we have

QM = Λ−1/2µ1/2ν1/2βw0 β
w
0 η

Wick
0 + βw0 S(

=Λ−1/2µ1/2〈δ0〉︷ ︸︸ ︷
Λ−1/2µ1/2ν1/2〈δ0〉ν−1/2,Γ)w

+ βw0 S(Λ−1/2µ1/2ν1/2〈δ0〉ν−1/2︸ ︷︷ ︸
=Λ−1/2µ1/2〈δ0〉

,Γ)w.

This implies that, with γ0 = 1/ sup e0 > 0, (so that 1 ≤ e0 ≤ γ−1
0 ), we have

2 ReQM = 2Λ−1/2µ1/2ν1/2βw0 η
Wick
0 βw0 + 2 Reβw0 Λ−1/2µ1/2ν1/2

∈S(ν−1/2,Γ)w.︷ ︸︸ ︷[
βw0 , η

Wick
0

]
+ Reβw0 S(Λ−1/2µ1/2〈δ0〉,Γ)w
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and thus

2 ReQM = 2Λ−1/2µ1/2ν1/2βw0 η
Wick
0 βw0 + Reβw0 S(Λ−1/2µ1/2〈δ0〉,Γ)w

≥︸︷︷︸
since η0 ≥ e−1

0
from η ≥ 0 in (3.2.98)

2Λ−1/2µ1/2ν1/2βw0 γ0β
w
0 + βw0 b

w
0 + b̄w0 β

w
0 , (3.7.17)

with b0 ∈ S(Λ−1/2µ1/2〈δ0〉,Γ). With the notation λ = Λ−1/2µ1/2ν1/2γ0, we use
the identity,

Λ1/2µ1/2ν1/2βw0 γ0β
w
0 + βw0 b

w
0 + b̄w0 β

w
0

=
(
λ1/2βw0 + λ−1/2b̄w0

)(
λ1/2βw0 + λ−1/2bw0

)
−λ−1b̄w0 b

w
0 ,

so that from (3.7.17), we obtain

with b1 real-valued in S(Λ1/2µ−1/2ν−1/2Λ−1µ〈δ0〉2︸ ︷︷ ︸
Λ−1/2µ1/2ν−1/2〈δ0〉2

,Γ),

the inequality
2 ReQM + bw1 ≥ Λ−1/2µ1/2ν1/2γ0β

w
0 β

w
0 . (3.7.18)

Using now (4.9.3), we get, with a “fixed” constant C, that

bw1 ≤ CΛ−1/2µ1/2ν−1/2(1 + β2)Wick

= CΛ−1/2µ1/2ν−1/2 Id+CΛ−1/2µ1/2ν−1/2(β2
0e
−2
0 )Wick

≤ CΛ−1/2µ1/2ν−1/2 Id+CΛ−1/2µ1/2ν−1/2(β2
0)Wick,

and since, from the proposition 2.4.3(2), we have

(β2
0)Wick = (β2

0)
w

+ S(1, ν−1Γ)w = βw0 β
w
0 + S(1, ν−1Γ)w,

the inequality (3.7.17) implies

2 ReQM + CΛ−1/2µ1/2ν−1/2 Id+CΛ−1/2µ1/2ν−1/2β0
wβ0

w

+ S(Λ−1/2µ1/2ν−1/2, ν−1Γ)w

≥ 2 ReQM + bw1 ≥ Λ−1/2µ1/2ν1/2γ0β
w
0 β

w
0 ,

so that

ReQM + S(Λ−1/2µ1/2ν−1/2,Γ)w

≥ βw0 β
w
0 (Λ−1/2µ1/2ν1/2γ0 − C ′Λ−1/2µ1/2ν−1/2). (3.7.19)
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The rhs of (3.7.19) is nonnegative provided ν ≥ C ′γ−1
0 and since C ′γ−1

0 is a fixed
constant, we may first suppose that this condition is satisfied; if it is not the case,
we would have that ν is bounded above by a fixed constant and since ν ≥ 1, that
would imply q ∈ S(Λ−1/2µ1/2,Γ) and P ∈ S(Λ−1/2µ1/2,Γ)w. In both cases, we
get

ReQM + S(Λ−1/2µ1/2ν−1/2,Γ)w ≥ 0. (3.7.20)

[2] Let us assume now that q ≥ 0, q ∈ S(Λ−1/2µ1/2ν, ν−1Γ), γ0ν
1/2 ≤ δ0 ≤

γ−1
0 ν1/2 with a positive fixed constant γ0. Moreover, we assume 0 ≤ T−1η ≤

4, T−1|η′| ≤ 4Λ−1/2, |Θ(X)| ≤ C, Θ real-valued. Here Λ, µ, ν are assumed to be
positive constants such that Λ ≥ µ ≥ ν ≥ 1.

We start over our discussion from the identity (3.7.15):

P = Re
[
qw
(
δ0(1 + T−1η) + Θ

)Wick]
. (3.7.21)

We define
a0 = δ0(1 + T−1η) (3.7.22)

and we note that γ0ν
1/2 ≤ a0 ≤ 5γ−1

0 ν1/2.

Remark 3.7.8. We may assume that ν1/2 ≥ 2C/γ0 which implies C ≤ 1
2γ0ν

1/2 so
that

1
2
γ0ν

1/2 ≤ a0 + Θ ≤ (5γ−1
0 + Cγ0/2)ν1/2. (3.7.23)

In fact if ν1/2 < 2C/γ0 we have
(
δ0(1 + T−1η) + Θ

)Wick ∈ S(1,Γ)w, Λ1/2µ−1/2q ∈
S(1,Γ) and P ∈ S(Λ−1/2µ1/2,Γ)w so that (3.7.20) holds also in that case.

We have the identity

qw
(
δ0(1 + T−1η)

)Wick = qwaWick
0 with

{
γ0ν

1/2 ≤ a0 ≤ 5γ−1
0 ν1/2,

|a′0| ≤ 10 + γ−1
0 4 |δ0|

Λ1/2 ≤ 10 + 4γ−1
0 .

(3.7.24)
The Weyl symbol of (a0 + Θ)Wick, which is

a = (a0 + Θ) ∗ 2n exp−2πΓ, (3.7.25)

belongs to S1(ν1/2, ν−1Γ)(see Definition 4.9.10): this follows from Lemma 4.9.12
and (3.7.24) for a0 ∗ exp−2πΓ and is obvious for Θ ∗ 2n exp−2πΓ which belongs
to S(1,Γ). Moreover the estimates (3.7.23) imply that the symbol a satisfies

1
2
γ0ν

1/2 ≤ a(X)

=
∫

(a0 + Θ)(X + Y )2ne−2π|Y |2dY ≤ (5γ−1
0 + Cγ0/2)ν1/2. (3.7.26)
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As a result, the symbol b = a1/2 belongs to S1(ν1/4, ν−1Γ) and 1/b belongs to
S1(ν−1/4, ν−1Γ): we have

2−1/2γ
1/2
0 ν1/4 ≤ |b| ≤ (5γ−1

0 + Cγ0/2)1/2ν1/4

and moreover a′ = a′0 ∗ 2n exp−2πΓ + Θ ∗ 2n(exp−2πΓ)′, so that, using

|a′| ≤ 10 + 4γ−1
0 + C‖2n(exp−2πΓ)′‖L1(R2n) = C1,

we get 2|b′| = |a′(X)|a(X)−1/2 ≤ 21/2γ
−1/2
0 ν−1/4C1, and the derivatives of a1/2

of order k ≥ 2 are a sum of terms of type

a
1
2−ma(k1) . . . a(km), with k1 + · · ·+ km = k, all kj ≥ 1,

which can be estimated by Cν
1
4−

m
2 ≤ Cν−

1
4 since m ≥ 1. Similarly we obtain that

b−1 ∈ S1(ν−1/4, ν−1Γ). From Lemma 4.9.11, we have

bwbw = aw + S(ν−1/2,Γ)w = (a0 + Θ)Wick + S(ν−1/2,Γ)w,

which means (a0 + Θ)Wick = bwbw + rw0 , r0 ∈ S(ν−1/2,Γ), real-valued.

Using that 1/b belongs to S1(ν−1/4, ν−1Γ), we write, using again Lemma 4.9.11,(
b+

1
2
b−1r0

)w(
b+

1
2
b−1r0

)w = bwbw + rw0 + S(ν−1/4ν−1/2ν−1/4,Γ)w,

which gives,

(a0 + Θ)Wick =
(
b+

1
2
b−1r0

)w(
b+

1
2
b−1r0

)w + S(ν−1,Γ)w. (3.7.27)

Note that b0 = b + 1
2b
−1r0 belongs to S1(ν1/4, ν−1Γ) since it is true for b and

b−1r0 ∈ S(ν−3/4,Γ): we get then

2 Re
(
qw(a0 + Θ)Wick)

= 2bw0 q
wbw0 +

S(Λ−1/2µ1/2ν1/4ν−1/4,Γ)︷ ︸︸ ︷
[ [qw, bw0 ]︸ ︷︷ ︸
S(Λ−1/2µ1/2ν1/2ν−1/4,Γ)

, bw0 ] + Re(qwS(ν−1,Γ)w)

so that
P = bw0 q

wbw0 + S(Λ−1/2µ1/2,Γ)w. (3.7.28)

Using now the Fefferman-Phong inequality ([44], Theorem 18.6.8 in [73]) for the
nonnegative symbol q, we get

bw0 q
wbw0 = bw0 (qw + CΛ−1/2µ1/2ν−1)bw0 + S(Λ−1/2µ1/2ν−1/2,Γ)w

≥ S(Λ−1/2µ1/2ν−1/2,Γ)w,

so that, from (3.7.28) we get eventually

Re(QM) + S(Λ−1/2µ1/2,Γ)w ≥ 0. (3.7.29)
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Stationary estimates

Let T > 0 be given and Q(t) = q(t)w given by (3.2.12), (3.2.13). We define M(t)
according to (3.7.4). We consider

Re
(
Q(t)M(t)

)
=

1
2
Q(t)M(t) +

1
2
M(t)Q(t) = P (t). (3.7.30)

We have, omitting now the variable t fixed throughout all the present subsection,

P = Re
[
qw
(
δ0(1 + T−1η)

)Wick + qwΘWick
]
. (3.7.31)

Lemma 3.7.9. Let p be the Weyl symbol of P defined in (3.7.31) and Θ̃ = Θ ∗
2n exp−2πΓ, where Θ is defined in (3.2.94) (and satisfies (3.2.96)). Then we have

p(t,X) ≡ p0(t,X)

= q(t,X)
(
δ0(1 + T−1η) ∗ 2n exp−2πΓ

)
+ q(t,X)Θ̃(t,X), (3.7.32)

modulo S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ).

Proof. Using the results of Section 3.2.3, we know that the symbol X 7→ q(t,X)
belongs to the class

S(Λ−1/2µ(t,X)1/2ν(t,X), ν(t,X)−1Γ)

as shown in Lemma 3.2.14. In fact from (3.2.31) we know that the symbol q
belongs to S(Λ−1/2µ1/2ν, ν−1Γ), and from (3.7.6) and Lemma 4.9.3, we obtain,
using Theorem 2.3.8 (see also Theorem 18.5.5 in [73]),

q]Θ̃ = qΘ̃ +
1

4iπ

{
q, Θ̃

}
+ S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ).

This implies that Re (q]Θ̃) ∈ qΘ̃ + S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ). On the other hand,
we know that

Re
(
q]

ω︷ ︸︸ ︷[
δ0(1 + T−1η) ∗ exp−2πΓ

])
= qω +

∑
|α|=|β|=2

cαβq
(α)ω(β) + S(Λ−1/2µ1/2ν−1,Γ)

so that it is enough to concentrate our attention on the “products” q′′ω′′. We have(
δ0(1 + T−1η)

)′′ ∗ exp−2πΓ ∈ S(1,Γ)

and since q′′ ∈ S(Λ−1/2µ1/2, ν−1Γ), we get a remainder in S(Λ−1/2µ1/2,Γ), which
is fine as long as 〈δ0〉 ≥ cν1/2. However when 〈δ0〉 ≤ cν1/2, we know that, for a
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good choice of the fixed positive constant c, the function δ0 satisfies the estimates
of S(ν1/2, ν−1Γ), since it is the Γ-distance function to the set of (regular) zeroes
of the function q so that

q′′δ′′0 ∈ S(Λ−1/2µ1/2ν−1/2, ν−1Γ)

which is what we are looking for. However, we are left with

q′′(δ0η ∗ exp−2πΓ)′′T−1.

Since we have
(δ0η)′′ = δ′′0 η + 2δ′0η

′ + δ0η
′′

and
|δ′′0 η + 2δ′0η

′| ≤ CT (ν−1/2 + Λ−1/2),

we have only to deal with the term

δ0η
′′ ∗ exp−2πΓ =

∫
δ0(Y )η′′(Y ) exp−2πΓ(X − Y )dY

= −
∫
δ′0(Y )η′(Y )︸ ︷︷ ︸

.TΛ−1/2

exp−2πΓ(X − Y )dY

−
∫
δ0(Y )η′(Y )︸ ︷︷ ︸
.TΛ−1/2〈δ0〉

4π(X − Y ) exp−2πΓ(X − Y )dY.

For future reference we summarize part of the previous discussion by the following
result.

Lemma 3.7.10. With the notations above, we have∣∣∣(δ0(1 + T−1η) ∗ exp−2πΓ
)∣∣∣ ≤ C〈δ0〉,

∣∣∣∣(δ0(1 + T−1η) ∗ exp−2πΓ
)′∣∣∣∣ ≤ C,∣∣∣∣(δ0(1 + T−1η) ∗ exp−2πΓ

)′′∣∣∣∣ ≤ C〈δ0〉ν−1/2.

Proof of Lemma 3.7.10. Starting over the discussion, we have already seen that
the result is true whenever 〈δ0〉 & ν1/2. Moreover when 〈δ0〉 � ν1/2, we have seen
that |δ′′0 | . ν−1/2 and T−1|η| . 1; moreover we have already checked |η′| . TΛ−1/2

and T−1|δ′0η′| . Λ−1/2 . ν−1/2 as well as |δ0η′′ ∗ exp−2πΓ| . Λ−1/2〈δ0〉 .
〈δ0〉ν−1/2, completing the proof of Lemma 3.7.10. �

Eventually, using Lemma 4.9.3, we get that the first integral above is in
S(TΛ−1/2,Γ) whereas the second belongs to S(TΛ−1/2〈δ0〉,Γ). Finally, it means
that, up to terms in S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ), the operator P (t) has a Weyl sym-
bol equal to the rhs of (3.7.32). The proof of Lemma 3.7.9 is complete. �
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We shall use a partition of unity 1 =
∑
k χ

2
k related to the metric ν(t,X)−1Γ

and a sequence (ψk) as in Theorem 4.3.7. We have, omitting the variable t, with
p0 defined in (3.7.32),

p0(X) =
∑
k

χk(X)2q(X)
∫
δ0(Y )

(
1 + T−1η(Y )

)
2n exp−2πΓ(X − Y )dY

+
∑
k

χk(X)2q(X)
∫

Θ(Y )2n exp−2πΓ(X − Y )dY.

Using the lemma 4.9.6, we obtain, assuming δ0 = δ0k,Θ = Θk, q = qk on Uk

p0 =
∑
k

χ2
kqk
(
δ0k(1 + T−1η) ∗ 2n exp−2πΓ

)
+
∑
k

χ2
kqk
(
Θk ∗ 2n exp−2πΓ

)
+ S(Λ−1/2µ1/2ν−∞,Γ). (3.7.33)

Lemma 3.7.11. With Θ̃k = Θk ∗ 2n exp−2πΓ, dk = δ0k(1 + T−1η) ∗ 2n exp−2πΓ
and qk, χk defined above, we have∑

k

χk]qkdk]χk +
∑
k

χk]qkΘ̃k]χk = p0 + S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ). (3.7.34)

Proof. We already know that |dk| . 〈δ0〉, |d′k| . 1, |d′′k | . 〈δ0〉ν−1/2, so that

|(qkdk)′′ = q′′kdk + 2q′kd
′
k + qkd

′′
k | . Λ−1/2µ1/2

(
〈δ0〉+ ν1/2 + ν1/2〈δ0〉

)
. Λ−1/2µ1/2ν1/2〈δ0〉. (3.7.35)

As a consequence, we get∑
k

χk]qkdk]χk

=
∑
k

(
χkqkdk +

1
4iπ

{χk, qkdk}+ S(ν−1(Λ−1/2µ1/2〈δ0〉ν1/2),Γ)
)
]χk

=
∑
k

(
χkqkdk +

1
4iπ

{χk, qkdk}
)
]χk +

∑
k

S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)]χk

=
∑
k

(
χkqkdk +

1
4iπ

{χk, qkdk}
)
χk +

1
4iπ

∑
k

{
χkqkdk +

1
4iπ

{χk, qkdk} , χk
}

+ S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)

since

|(χkqkdk)′′χ′′k | . Λ−1/2µ1/2(〈δ0〉+ ν1/2 + ν〈δ0〉ν−1/2)ν−1 . 〈δ0〉ν−1/2Λ−1/2µ1/2.
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Using now that χk]qkdk]χk is real-valued, we obtain∑
k

χk]qkdk]χk

=
∑
k

χ2
kqkdk −

1
16π2

∑
k

{{χk, qkdk} , χk}+ S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ). (3.7.36)

We note now that, using (3.7.35), we have

{{χk, qkdk} , χk} = −H2
χk

(qkdk) ∈ S(Λ−1/2µ1/2〈δ0〉ν1/2ν−1,Γ). (3.7.37)

We examine now the term

χk]qkΘ̃k]χk =
(
χkqkΘ̃k

)
]χk +

1
4iπ

{
χk, qkΘ̃k

}
]χk

+ S(ν−1Λ−1/2µ1/2ν〈δ0〉ν−1/2,Γ)]χk.

We have

Re
(
χkqkΘ̃k]χk

)
∈ χ2

kqkΘ̃k + S(ν−1Λ−1/2µ1/2ν〈δ0〉ν−1/2,Γ),
1

4iπ

{
χk, qkΘ̃k

}
∈ iR + S(ν−1/2Λ−1/2µ1/2ν〈δ0〉ν−1/2,Γ).

Since χk]qkΘ̃k]χk is real-valued, we get∑
k

χk]qkΘ̃k]χk =
∑
k

χ2
kqkΘ̃k + S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ). (3.7.38)

Collecting the information (3.7.33),(3.7.36),(3.7.37) and (3.7.38),we obtain(3.7.34)
and the lemma. �

From this lemma and Lemma 3.7.9 we obtain that

Re
(
Q(t)M(t)

)
=
∑
k

χwk
(
qkdk+qkΘ̃k

)w
χwk +S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)w. (3.7.39)

Moreover the same arguments as above in Lemma 3.7.9 give also that

Re(qwk d
w
k + qwk Θ̃w

k ) = (qkdk + qkΘ̃k)w + S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)w. (3.7.40)

Proposition 3.7.12. Let T > 0 be given and Q(t) = q(t)w given by (3.2.12),
(3.2.13). We define M(t) according to (3.7.4). Then, with a partition of unity
1 =

∑
k χ

2
k related to the metric ν(t,X)−1Γ we have

Re (Q(t)M(t)) =
∑
k

χwk Re
(
qwk d

w
k + qwk Θ̃w

k

)
χwk + S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)w

(3.7.41)

and Re (Q(t)M(t)) + S(Λ−1/2µ1/2〈δ0〉ν−1/2,Γ)w ≥ 0. (3.7.42)
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Proof. The equality (3.7.41) follows from (3.7.39), (3.7.40). According to Lemma
3.2.16, we have to deal with four subsets of indices, E±, E0, E00. The classification
in Definition 3.2.15 shows that [1] on page 257 takes care of the cases E0 and
shows that, from (3.7.20),

for k ∈ E0, Re
(
qwk d

w
k + qwk Θ̃w

k ) + S(Λ−1/2µ1/2ν−1/2,Γ)w ≥ 0. (3.7.43)

Furthermore, the estimate (3.7.29) on page 259 shows that

for k ∈ E±, Re
(
qwk d

w
k + qwk Θ̃w

k ) + S(Λ−1/2µ1/2ν−1/2〈δ0〉,Γ)w ≥ 0. (3.7.44)

Moreover if k ∈ E00, the weight ν is bounded above and

qwk d
w
k + qwk Θ̃w

k ∈ S(Λ−1/2µ1/2ν−1/2,Γ)w. (3.7.45)

The equality (3.7.41) and (3.7.43)-(3.7.44)-(3.7.45) give (3.7.42). �

The multiplier method

Theorem 3.7.13. Let T > 0 be given and Q(t) = q(t)w given by (3.2.12)-(3.2.13).
We define M(t) according to (3.7.4). There exist T0 > 0 and c0 > 0 depending only
on a finite number of γk in (3.2.12) such that, for 0 < T ≤ T0, with D(t,X) =
〈δ0(t,X)〉, (D is Lipschitz continuous with Lipschitz constant 2, as δ0 in (3.2.20)
and thus a Γ-weight),

d

dt
M(t) + 2 Re

(
Q(t)M(t)

)
≥ T−1(D2)WickΛ−1/2c0. (3.7.46)

Moreover we have with m defined in (3.2.95), m̃(t, ·) = m(t, ·) ∗ 2n exp−2πΓ,

M(t) = m(t,X)Wick = m̃(t,X)w, with m̃ ∈ S1(D,D−2Γ) + S(1,Γ). (3.7.47)
m(t,X) = a(t,X) + b(t,X), |a/D|+ |a′X |+ |b| bounded, ṁ ≥ 0, (3.7.48)

a = δ0(1 + T−1η), b = Θ̃. (3.7.49)

Proof. From the estimate (3.7.5), we get, with a positive fixed constant C0,

d

dt
M(t) ≥ 1

2C0T
(Λ−1/2µ1/2ν−1/2〈δ0〉)Wick + T−1(δ20)

Wick
Λ−1/2,

and from (3.7.6) and Lemma 4.9.4 we know that, with a fixed (nonnegative) con-
stant C1,

2 Re
(
Q(t)M(t)

)
+ C1(Λ−1/2µ1/2ν−1/2〈δ0〉)Wick ≥ 0.

As a result we get, if 4C1C0T ≤ 1 (we shall choose T0 = 1
4C0(C1+1) ),

d

dt
M(t)+2 Re

(
Q(t)M(t)

)
≥ 1

4C0T
(Λ−1/2µ1/2ν−1/2〈δ0〉)Wick+T−1(δ20)

Wick
Λ−1/2.
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Using (3.2.30)( µ ≥ ν/2), this gives

d

dt
M(t) + 2 Re

(
Q(t)M(t)

)
≥ T−1Λ−1/2(1 + δ20)Wick( 1

25/2C0 + 1
)
,

which is the sought result. �

3.7.3 From semi-classical to local estimates

From semi-classical to inhomogeneous estimates

Let us consider a smooth real-valued function f defined on R×Rn×Rn, satisfiying
(3.2.13) and such that, for all multi-indices α, β,

sup
t∈R

(x,ξ)∈R2n

|(∂αx ∂
β
ξ f)(t, x, ξ)|(1 + |ξ|)−1+|β| = Cαβ <∞. (3.7.50)

Using a Littlewood-Paley decomposition, we have

f(t, x, ξ) =
∑
j∈N

f(t, x, ξ)ϕj(ξ)2, suppϕ0 compact,

for j ≥ 1, suppϕj ⊂ {ξ ∈ Rn, 2j−1 ≤ |ξ| ≤ 2j+1}, sup
j,ξ
|∂αξ ϕj(ξ)|2j|α| <∞.

We introduce also some smooth nonnegative compactly supported functions ψj(ξ),
satisfying the same estimates than ϕj and supported in 2j−2 ≤ |ξ| ≤ 2j+2 for j ≥ 1,
identically 1 on the support of ϕj . For each j ∈ N, we define the symbol

qj(t, x, ξ) = f(t, x, ξ)ψj(ξ) (3.7.51)

and we remark that (3.2.13) is satisfied for qj and the following estimates hold:

|(∂αx ∂
β
ξ qj)| ≤ C ′αβΛ

1−|β|
j , with Λj = 2j .

Note that the semi-norms of qj can be estimated from above independently of j.
We can reformulate this by saying that

qj ∈ S(Λj ,Λ−1
j Γj), with Γj(t, τ) = |t|2Λj + |τ |2Λ−1

j (note Γj = Γσ
j ). (3.7.52)

Lemma 3.7.14. There exists T0 > 0, c0 > 0, depending only on a finite number
of semi-norms of f such that, for each j ∈ N, we can find Dj a Γj–uniformly
Lipschitz continuous function with Lipschitz constant 2, valued in [1,

√
2Λj ], aj , bj

real-valued such that

sup
j∈N,|t|≤T0

X∈R2n

(∣∣∣∣ aj(t,X)
Dj(t,X)

∣∣∣∣+ ‖∇Xaj(t,X)‖Γj
+ |bj(t,X)|

)
<∞. (3.7.53)
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With mj = aj + bj, m̃j(t, ·) = mj(t, ·) ∗ 2n exp−2πΓj, Qj(t) = qj(t)w, we have

Mj(t) = mj(t,X)Wick(Γj) = m̃j(t,X)w,

with m̃j ∈ S1(Dj , D
−2
j Γj) + S(1,Γj), (3.7.54)

(the Wick(Γj) quantization is defined in Definition 4.9.7) the estimate

d

dt
Mj(t) + 2 Re

(
Qj(t)Mj(t)

)
≥ T−1

(
D2
j

)Wick(Γj)Λ−1/2
j c0. (3.7.55)

Proof. It is a straightforward consequence of Definition 4.9.7 and of Theorem
3.7.13: let us check this. Considering the linear symplectic mapping

L : (t, τ) 7→ (Λ−1/2
j t,Λ1/2

j τ),

we see that the symbols qj ◦L belong uniformly to S(Λj ,Λ−1
j Γ0). Applying Theo-

rem 3.7.13 to qj ◦L, we find D a Γ0–uniformly Lipschitz continuous function ≥ 1,
a, b real-valued such that

sup
j∈N,|t|≤T0

X∈R2n

(∣∣∣∣ a(t,X)
D(t,X)

∣∣∣∣+ ‖∇Xa(t,X)‖Γ0 + |b(t,X)|
)
<∞, (3.7.56)

and so that, with

m = a+ b, m̃(t, ·) = m(t, ·) ∗ 2n exp−2πΓ0, Q(t) = (qj(t) ◦ L)w,

we have

M(t) = m(t,X)Wick = m̃(t,X)w, with m̃ ∈ S1(D,D−2Γ0) + S(1,Γ0), (3.7.57)
d

dt
M(t) + 2 Re

(
Q(t)M(t)

)
≥ T−1

(
D2
)Wick(Γ0)Λ−1/2

j c0. (3.7.58)

Now we define the real-valued functions aj = a ◦ L−1, bj = b ◦ L−1, Dj = D ◦ L−1

and we have, since Γ0(S) = Γj(LS),∣∣∣∣ aj(t,X)
Dj(t,X)

∣∣∣∣+ ‖∇Xaj(t,X)‖Γj
+ |bj(t,X)|

=
∣∣∣∣ a(t, L−1X)
D(t, L−1X)

∣∣∣∣+ sup
T∈R2n

|a′j(t,X) · T |
Γj(T )1/2

+ |b(t, L−1X)|

=
∣∣∣∣ a(t, L−1X)
D(t, L−1X)

∣∣∣∣+ sup
T∈R2n

|a′(t,X) · L−1T |
Γj(T )1/2

+ |b(t, L−1X)|

=
∣∣∣∣ a(t, L−1X)
D(t, L−1X)

∣∣∣∣+ ‖a′(t,X)‖Γ0 + |b(t, L−1X)|,
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so that (3.7.56) implies (3.7.53). Considering now mj = aj + bj and for a meta-
plectic U in the fiber of the symplectic L (see Definition 4.9.7), we have

Mj(t) = mj(t,X)Wick(Γj) = U(mj ◦ L)Wick(Γ0)U∗. (3.7.59)

Thus we obtain

d

dt
Mj(t) + 2 Re

(
Qj(t)Mj(t)

)
from (3.7.59) = U

d

dt
(mj ◦ L)Wick(Γ0)U∗

+ 2 Re
(
UU∗qj(t)wU(mj ◦ L)Wick(Γ0)U∗

)
= U

[ d
dt

(mj ◦ L)Wick(Γ0)

+ 2 Re
(
U∗qj(t)wU(mj ◦ L)Wick(Γ0)

)]
U∗

using m=mj◦L

(q◦L)w=U∗qwU

35 = U
[ d
dt

(m)Wick(Γ0) + 2 Re
(
(qj ◦ L)w(m)Wick(Γ0)

)]
U∗

from (3.7.58) ≥ U
[
T−1

(
D2
)Wick(Γ0)Λ−1/2

j c0

]
U∗

from (4.9.8) = T−1UU∗
(
D2 ◦ L−1

)Wick(Γj)
UU∗Λ−1/2

j c0

= T−1
(
D2
j

)Wick(Γj)Λ−1/2
j c0,

which is (3.7.55), completing the proof of the lemma. �

We define now, with ϕj given after (3.7.50), Mj in (3.7.54)

M(t) =
∑
j∈N

ϕwj Λ−1/2
j Mj(t)ϕwj . (3.7.60)

Lemma 3.7.15. With Mj defined in (3.7.54) and ϕj , ψj as above,∑
j

ϕwj Mj(t)
(
(1− ψj)f(t)

)w
ϕwj ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2)w, (3.7.61)

∑
j

ϕwj Mj(t)ϕwj
(
(1− ψj)f(t)

)w ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2)w. (3.7.62)

Proof. Since ψj ≡ 1 on the support of ϕj , we get that, uniformly with respect to
the index j,(

(1− ψj)f(t)
)w
ϕwj ∈ S(〈ξ〉−∞, |dx|2 + 〈ξ〉−2|dξ|2)w. (3.7.63)

Since m̃j ∈ S(Λ1/2
j ,Λj |dx|2 + Λ−1

j |dξ|2), we get that

ψjm̃j ∈ S(〈ξ〉1/2, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2),
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and consequently ϕj]ψjm̃j ∈ S(〈ξ〉1/2, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2) so that

ϕj]ψjm̃j](1− ψj)f(t)]ϕj ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2)
⊂ S(〈ξ〉−∞, |dx|2 + |dξ|2). (3.7.64)

Moreover we have

ϕj](1− ψj)m̃j ∈ S(Λ−∞j ,Λj |dx|2 + Λ−1
j |dξ|2) ⊂ S(Λ−∞j , |dx|2 + |dξ|2)

so that (3.7.63) implies

ϕj](1− ψj)m̃j](1− ψj)f(t)]ϕj ∈ S(〈ξ〉−∞, |dx|2 + |dξ|2)
⊂ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2). (3.7.65)

As a consequence, from (3.7.64) and (3.7.65) we get, uniformly in j, that

ϕj]m̃j](1− ψj)f(t)]ϕj ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2). (3.7.66)

Since ϕj , ψj depend only on the variable ξ, the support condition implies ϕwj ψwj =
ϕwj and we obtain that from (3.7.66)

∑
j

ϕj]m̃j](1− ψj)f(t)]ϕj

=
∑
j

ψj]ϕj]m̃j](1− ψj)f(t)]ϕj]ψj ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2),

completing the proof of (3.7.61). The proof of (3.7.62) follows almost in the same
way: we get as in (3.7.66) that

ϕj]m̃j]ϕj](1− ψj)f(t) ∈ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2).

Now with Φj = ϕj](1 − ψj)f(t), we have Φj ∈ S(〈ξ〉−∞, |dx|2 + 〈ξ〉−2|dξ|2) and
from the formula (4.9.14) we have also

|(∂αx ∂
β
ξ Φj)(x, ξ)| ≤ CαβN2jn(1 + |ξ − suppϕj |)−N (1 + |ξ|),

so that

|(∂αx ∂
β
ξ Φj)(x, ξ)| ≤


CαβN2jn2−j(N−1) if |ξ| ≥ 2j+2,

CαβN2jn2−jN if 2j−2 < |ξ| < 2j+2,

CαβN2jn2−j(N−1) if |ξ| ≤ 2j−2,

implying that
∑
j ϕj]m̃j]Φj belongs to S(〈ξ〉−∞, |dx|2 + 〈ξ〉−2|dξ|2). �
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Lemma 3.7.16. With F (t) = f(t, x, ξ)w, M defined in (3.7.60)), Mj in (3.7.54)

d

dt
M(t)+2Re(M(t)F (t)) =

∑
j

Λ−1/2
j ϕwj

(
Ṁj(t)+2Re

(
Mj(t)

(
ψjf(t)

)w))
ϕwj

+
∑
j

2 Re
(
ϕwj Mj(t)[ϕwj , (ψjf(t))w]Λ−1/2

j

)
+ S(〈ξ〉−∞, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2)w.

Proof. We have

d

dt
M(t) + 2 Re(M(t)F (t))

=
∑
j

ϕwj Ṁj(t)Λ
−1/2
j ϕwj + 2 Re

(
ϕwj Mj(t)Λ

−1/2
j ϕwj F (t)

)
=
∑
j

ϕwj Ṁj(t)Λ
−1/2
j ϕwj + 2 Re

(
ϕwj Λ−1/2

j Mj(t)F (t)ϕwj
)

+ 2 Re
(
ϕwj Λ−1/2

j Mj(t)[ϕwj , F (t)]
)
. (3.7.67)

On the other hand, we have

2 Re
(
ϕwj Λ−1/2

j Mj(t)F (t)ϕwj
)

= 2Re
(
ϕwj Λ−1/2

j Mj(t)
(
ψjf(t)

)w
ϕwj

)
+ 2 Re

(
ϕwj Λ−1/2

j Mj(t)
(
(1− ψj)f(t)

)w
ϕwj

)
and since we have also

2 Re
(
ϕwj Λ−1/2

j Mj(t)[ϕwj , F (t)]
)

= 2 Re
(
ϕwj Λ−1/2

j Mj(t)[ϕwj ,
(
ψjf(t)

)w]
)

+ 2 Re
(
ϕwj Λ−1/2

j Mj(t)[ϕwj ,
(
(1− ψj)f(t)

)w]
)
,

we get the result of the lemma from Lemma 3.7.15 and (3.7.67). �

Lemma 3.7.17. With the above notations, the operator∑
j

Re
(
ϕwj Λ−1/2

j Mj(t)[ϕwj , (ψjf(t))w]
)

(3.7.68)

has a symbol in S(〈ξ〉−1, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2).

Proof. The Weyl symbol of the bracket [ϕwj , (ψjf(t))w] is

1
2iπ

{ϕj , ψjf(t)}+ rj , rj ∈ S(Λ−1
j ,Λ−1

j Γj)

where (rj) is a confined sequence in S(〈ξ〉−1, |dx|2+〈ξ〉−2|dξ|2). As a consequence,
we have ∑

j

ϕwj Λ−1/2
j Mj(t)rwj ∈ S(〈ξ〉−1, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2)w.
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With Ψj = − 1
2π {ϕj , ψjf(t)}(real-valued ∈ S(1,Λ−1

j Γj)), we are left with∑
j

Λ−1/2
j Re(ϕj]m̃j(t)]iΨj)

which belongs to S(〈ξ〉−1, 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2). �

Definition 3.7.18. The symplectic metric Υ on R2n is defined as

Υξ = 〈ξ〉|dx|2 + 〈ξ〉−1|dξ|2. (3.7.69)

With Dj given in Lemma 3.7.14, we define

d(t, x, ξ) =
∑
j

ϕj(ξ)2Dj(t, x, ξ). (3.7.70)

Lemma 3.7.19. The function d(t, ·) is uniformly Lipschitz continuous for the metric
Υ in the strongest sense, namely, there exists a positive fixed constant C such that

C−1|d(t, x, ξ)− d(t, y, η)|

≤ min
(
〈ξ〉1/2, 〈η〉1/2

)
|x− y|+ |ξ − η|

max
(
〈ξ〉1/2, 〈η〉1/2

) . (3.7.71)

Moreover it satisfies d(t, x, ξ) ∈ [1, 2〈ξ〉1/2]. It is thus a weight for that metric Υ.

Proof. Since the ϕj are nonnegative with
∑
j ϕ

2
j = 1, we get from Lemma 3.7.14

that

1 =
∑
j

ϕ2
j ≤

∑
j

ϕ2
jDj = d ≤

∑
j

ϕj(ξ)2Λ
1/2
j 21/2 ≤

∑
j

ϕj(ξ)2〈ξ〉1/22 = 〈ξ〉1/22.

Also, we have

d(t, x, ξ)− d(t, y, η)

=
∑
j

ϕj(ξ)2
(
Dj(t, x, ξ)−Dj(t, y, η)

)
+
∑
j

Dj(t, y, η)
(
ϕj(ξ)2 − ϕj(η)2

)
,

so that, with X = (x, ξ), Y = (y, η), Γj given in (3.7.52),

|d(t, x, ξ)− d(t, y, η)|

≤
∑
j

ϕj(ξ)22Γj(X − Y )1/2 +
∑
j,

ϕj(ξ) 6=0 or ϕj(η) 6=0

21/22j/2|ξ − η|2−jC

.
∑
j

ϕj(ξ)24
(
〈ξ〉1/2|x− y|+ 〈ξ〉−1/2|ξ − η|

)
+ |ξ − η|

∑
j,

ϕj(ξ) 6=0 or ϕj(η) 6=0

2−j/2

. 〈ξ〉1/2|x− y|+ 〈ξ〉−1/2|ξ − η|+ |ξ − η|
(
〈ξ〉−1/2 + 〈η〉−1/2

)
.
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We get thus, if 〈ξ〉 ∼ 〈η〉,

|d(t, x, ξ)− d(t, y, η)| . 〈ξ〉1/2|x− y|+ 〈ξ〉−1/2|ξ − η|. (3.7.72)

If 2j0 ∼ 〈ξ〉 � 〈η〉 ∼ 2k0 , we have

|d(t, x, ξ)− d(t, y, η)| ≤
∑

j,ϕj(ξ) 6=0

ϕj(ξ)22(j+1)/2 +
∑

j,ϕj(η) 6=0

ϕj(η)22(j+1)/2

. 2j0/2 + 2k0/2 ∼ 2k0/2 ∼ |η − ξ|2−k0/2 ∼ 〈η〉−1/2|η − ξ|. (3.7.73)

Eventually, (3.7.73)-(3.7.72) give (3.7.71), completing the proof of the lemma. �

Note also that 〈ξ〉 is a Υ-weight and is even such that

|〈ξ〉1/2 − 〈η〉1/2| ≤ |ξ − η|
〈ξ〉1/2 + 〈η〉1/2

. (3.7.74)

Lemma 3.7.20. With F (t) = f(t, x, ξ)w, M defined in (3.7.60), Mj in (3.7.54),
the positive constant c0 defined in Lemma 3.7.14,

d

dt
M(t) + 2 Re(M(t)F (t)) ≥

c0T
−1
∑
j

ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj + S(〈ξ〉−1,Υ)w. (3.7.75)

The operator M(t) has a Weyl symbol in the class S1(〈ξ〉−1/2d, d−2Υ). Moreover
the selfadjoint operator M(t) satisfies, with a fixed constant C,

M(t)M(t) ≤ C2
∑
j

ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj . (3.7.76)

Proof. The estimate (3.7.75) is a consequence of Lemmas 3.7.16, 3.7.17 and 3.7.14.
From (3.7.60), we get that

M(t) ∈
∑
j

ϕwj S1(DjΛ
−1/2
j , D−2

j Γj)wϕwj ⊂ S1(d〈ξ〉−1/2, d−2Υ)w.

From Lemma 3.7.14 and the finite overlap of the ϕj , we get

‖M(t)u‖2 .
∑
j

Λ−1
j ‖ϕwj Mj(t)ϕwj u‖2 =

∑
j

Λ−1
j 〈ϕwj Mjϕ

w
j u, ϕ

w
j Mjϕ

w
j u〉

=
∑
j

Λ−1
j 〈ϕwj u,Mj(ϕ2

j )
wMj︸ ︷︷ ︸

∈S(D2
j ,Γj)w

ϕwj u〉 .︸︷︷︸
from Lemma 4.9.4

∑
j

〈ϕwj u,
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u〉,

which is (3.7.76). �
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Lemma 3.7.21. Let a be a symbol in S(〈ξ〉−1,Υ). Then, with constants C1, C2

depending on a finite number of semi-norms of a, we have

|〈awu, u〉| ≤ C1‖u‖2H−1/2 ≤ C2

∑
j

〈
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, ϕ

w
j u〉.

Proof. We have, since Dj ≥ 1 and the Wick quantizations are nonnegative∑
j

〈
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, ϕ

w
j u〉 ≥

∑
j

〈
(
Λ−1
j

)Wick(Γj)
ϕwj u, ϕ

w
j u〉

= 〈(
∑
j

Λ−1
j ϕ2

j )
wu, u〉 ∼ ‖u‖2H−1/2 ,

where H−1/2 is the standard Sobolev space of index −1/2. Now, it is a classical
result that

〈awu, u〉 = 〈 (〈ξ〉1/2)waw(〈ξ〉1/2)w︸ ︷︷ ︸
∈S(1,Υ)w⊂L(L2)

(〈ξ〉−1/2)wu, (〈ξ〉−1/2)wu〉

which implies that |〈awu, u〉| . ‖u‖2
H−1/2 . �

Theorem 3.7.22. Let f(t, x, ξ) be a smooth real-valued function defined on R ×
Rn × Rn, satisfiying (3.2.13) and (3.7.50). Let f0(t, x, ξ) be a smooth complex-
valued function defined on R×Rn ×Rn, such that 〈ξ〉f0(t, x, ξ) satisfies (3.7.50).
Then there exists T0 > 0, c0 > 0 depending on a finite number of seminorms of
f, f0, such that, for all T ≤ T0 and all u ∈ C∞c

(
(−T, T );S (Rn)

)
‖Dtu+ if(t, x, ξ)wu+ f0(t, x, ξ)wu‖L2(Rn+1) ≥ c0T

−1

(∫
‖u(t)‖2H−1/2(Rn)dt

)1/2

Proof. (i) We assume first that f0 ≡ 0. Using Lemmas 3.7.20 – 3.7.21, we get

2 Re〈Dtu+ if(t)wu, iM(t)u〉

≥ (c0T−1 − C2)
∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉, (3.7.77)

and from the estimate (3.7.76), provided that

c0/(2C2) ≥ T, (3.7.78)

we get

2‖Dtu+ if(t)wu‖L2(Rn+1)

[∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉

]1/2
C

≥ c0
2T

∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉
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so that, with fixed positive constants c1, c2, using again Lemma 3.7.21

‖Dtu+ if(t)wu‖L2(Rn+1) ≥
c1
T

[∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉

]1/2
≥ c2
T

(∫
‖u(t)‖2H−1/2(Rn)dt

)1/2

,

which is our result. Let us check now the case f0 6≡ 0.
(ii) Let us assume that Im(f0) ∈ S(〈ξ〉−1, 〈ξ〉−1Υ). Going back to the com-

putation in (3.7.77), with (3.7.78) fulfilled, we have

2 Re〈Dtu+ if(t)w + f0(t)wu, iM(t)u〉 ≥ c0
2T

∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉

+ 2 Re〈Re(f0(t))wu, iM(t)u〉+ 2 Re〈Im(f0(t))wu,M(t)u〉.

From the identity 2 Re〈Re(f0(t))wu, iM(t)u〉 = 〈
[
Re(f0(t))w, iM(t)

]
u, u〉 and the

fact that, from Theorem 2.3.8 (see also Theorem 18.5.5 in [73]) we have[
Re(f0(t))w, iM(t)

]
∈ S(〈ξ〉−1/2dd−1〈ξ〉−1/2,Υ)w = S(〈ξ〉−1,Υ)w

we can use Lemma 3.7.21 to control this term by

C
∑
j

〈ϕwj
(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉.

On the other hand, from our assumption on Im f0, we get that

M(t) Im(f0(t))w ∈ S(〈ξ〉−1/2d〈ξ〉−1,Υ)w ⊂ S(〈ξ〉−1,Υ)w,

which can be also controlled by C
∑
j〈ϕwj

(
Λ−1
j D2

j

)Wick(Γj)
ϕwj u, u〉. Eventually, we

obtain the result in that case too, for T small enough.
(iii) We are left with the general case Im(f0) ∈ S(1, 〈ξ〉−1Υ); we note that,

with

ω0(t, x, ξ) =
∫ t

0

Im f0(s, x, ξ)ds, (which belongs to S(1, 〈ξ〉−1Υ)), (3.7.79)

we have

Dt + if(t)w + (Re f0(t))w + i(Im f0(t))w

= (eω0(t))wDt(e−ω0(t))w + if(t)w + (Re f0(t))w

= (eω0(t))w
(
Dt + if(t)w + (Re f0(t))w

)
(e−ω0(t))w

+
(
if(t)− eω0(t)]if(t)]e−ω0(t)

)w + S(〈ξ〉−1, 〈ξ〉−1Υ)w.
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Noting that e±ω0 belongs to S(1, 〈ξ〉−1Υ), we compute

eω0]if]e−ω0 =
(
eω0if +

1
4iπ

{eω0 , if}
)
]e−ω0 + S(〈ξ〉−1, 〈ξ〉−1Υ)

= if +
1

4iπ
{
eω0if, e−ω0

}
+

1
4iπ

{eω0 , if} e−ω0 + S(〈ξ〉−1, 〈ξ〉−1Υ)

= if +
1
2π
{ω0, f}+ S(〈ξ〉−1, 〈ξ〉−1Υ).

We obtain

L = Dt + if(t)w + f0(t)w

= (eω0(t))w
(
Dt + if(t)w + (Re f0(t) +

1
2π
{f, ω0})w

)
(e−ω0(t))w

+ S(〈ξ〉−1, 〈ξ〉−1Υ)w, (3.7.80)

and analogously

L0 = Dt + if(t)w + (Re f0(t) +
1
2π
{f, ω0})w + S(〈ξ〉−1, 〈ξ〉−1Υ)w

= (e−ω0(t))wL(eω0(t))w. (3.7.81)

Using now the fact that the symbol Re f0(t)+ 1
2π {f, ω0} is real-valued and belongs

to S(1, 〈ξ〉−1Υ), we can use (ii) to prove the estimate in the theorem for the
operator

L0 = Dt + if(t)w + (Re f0(t) +
1
2π
{f, ω0})w + S(〈ξ〉−1, 〈ξ〉−1Υ)w.

We note also that eω0]e−ω0 = 1+ t2S(〈ξ〉−2, 〈ξ〉−1Υ) so that, for |t| small enough,

the operators (e±ω0)w are invertible in L2(Rn)
and their inverses are pseudodifferential operators in S(1, 〈ξ〉−1Υ)w.

}
(3.7.82)

From the previous identity and (ii), we get for u ∈ C∞c ((−T, T ),S (Rn))∫ ∥∥∥(e−ω0(t))wL(eω0(t))wu(t)
∥∥∥2

L2(Rn)
dt ≥ c20

T 2

∫
‖u(t)‖2H−1/2(Rn) dt.

Applying this to

u(t) =
(
(eω0(t))w

)−1

v(t), (3.7.83)

we obtain∫ ∥∥∥(e−ω0(t))wLv(t)
∥∥∥2

L2(Rn)
dt ≥ c20

T 2

∫ ∥∥∥∥((eω0(t))w
)−1

v(t)
∥∥∥∥2

H−1/2(Rn)

dt. (3.7.84)
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We have

‖
(
(eω0(t))w

)−1

v(t)‖2H−1/2(Rn)

= ‖(〈ξ〉−1/2)w
(
(eω0(t))w

)−1

(〈ξ〉1/2)w(〈ξ〉−1/2)wv(t)‖2L2(Rn). (3.7.85)

Now the operator (〈ξ〉−1/2)w
(
(eω0(t))w

)−1

(〈ξ〉1/2)w is invertible with inverse

Ω(t) = (〈ξ〉−1/2)w(eω0(t))w(〈ξ〉1/2)w (3.7.86)

which is a bounded operator on L2(Rn) so that

‖v‖L2 = ‖ΩΩ−1v‖L2 ≤ ‖Ω‖L(L2)‖Ω−1v‖L2 . (3.7.87)

As a result, from the inequality (3.7.84), we get

∫ ∥∥∥(e−ω0(t))wLv(t)
∥∥∥2

L2(Rn)
dt ≥ c20

T 2

∫ ∥∥∥Ω(t)−1(〈ξ〉−1/2)wv(t)
∥∥∥2

L2(Rn)
dt

≥ c20
T 2

∫ ∥∥∥(〈ξ〉−1/2)wv(t)
∥∥∥2

L2(Rn)

1
‖Ω(t)‖2

dt ≥ c21
T 2

∫
‖v(t)‖2H−1/2(Rn) dt,

which is the result. The proof of Theorem 3.7.22 is complete. �

Remark 3.7.23. Although Theorem 3.7.22 is providing a solvability result with
loss of 3/2 derivatives for the evolution equation

∂t + f(t, x, ξ)w + f0(t, x, ξ)w,

where f, f0 are satisfying the assumptions of this theorem, the statement does not
seem quite sufficient to handle operators with homogeneous symbols for two rea-
sons. The first one is that the reduction of homogeneous symbols in the cotangent
bundle of a manifold will lead to a model operator like the one above, but only
at the cost of some microlocalization in the cotangent bundle. We need thus to
get a microlocal version of our estimates. The second reason is that the function
f(t, x, ξ) is not a classical symbol in the phase space Rt × Rnx × Rτ × Rnξ and
we have to pay attention to the discrepancy between homogeneous localization in
the phase space R2n+2 and localization in R2n with parameter t. That difficulty
should be taken seriously, since the loss of derivatives is strictly larger than 1; in
fact, commuting a cutoff function with the operator will produce an error of order
0, larger than what is controlled by the estimate. In the next section, we prove a
localized version of the theorem 4.1.9, which will be suitable for future use in the
homogeneous framework.
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From semi-classical to localized inhomogeneous estimates

We begin with a modified version of Lemma 3.7.20, involving a microlocalization
in R2n.

Lemma 3.7.24. Let f(t, x, ξ) be real-valued satisfying (3.2.13) and (3.7.50); we
shall note F (t) = f(t, x, ξ)w. Let M be defined in (3.7.60). We define c1 = c0/C

2,
where c0 is given by lemma 3.7.14 and C appears in (3.7.76). Let ψ(x, ξ) be a
real-valued symbol in S(1, 〈ξ〉−1Υ). We have

d

dt

(
ψwM(t)ψw

)
+ 2 Re

(
ψwM(t)ψwF (t)

)
≥ c1T

−1ψwM(t)M(t)ψw + S(〈ξ〉−1,Υ)w. (3.7.88)

Proof. We compute, using (3.7.75) on the fourth line below,

d

dt

(
ψwM(t)ψw

)
+ 2 Re

(
ψwM(t)ψwF (t)

)
= ψwṀ(t)ψw + ψwM(t)ψwF (t) + F (t)ψwM(t)ψw

= ψw
(
Ṁ(t) + 2 ReM(t)F (t)

)
ψw + ψwM(t)

[
ψw, F (t)

]
+
[
F (t), ψw

]
M(t)ψw

≥ c1T
−1ψwM(t)M(t)ψw + c2ψ

wS(〈ξ〉−1,Υ)wψw

+ ψw
[
M(t),

[
ψw, F (t)

]]
+ ψw

[
ψw, F (t)

]
M(t)−

[
ψw, F (t)

]
M(t)ψw

= c1T
−1ψwM(t)M(t)ψw + c2ψ

wS(〈ξ〉−1,Υ)wψw

+ ψw
[
M(t),

[
ψw, F (t)

]]
+
[
ψw,

[
ψw, F (t)

]]
M(t) +

[
ψw, F (t)

][
ψw,M(t)

]
.

Next we analyze each term on the last line. We have

• ψw
[
M(t),

[
ψw, F (t)

]]
∈ S(d〈ξ〉−1/21d−1〈ξ〉−1/2,Υ)w = S(〈ξ〉−1,Υ)w since

ψw, [ψw, F (t)
]
∈ S(1, 〈ξ〉−1Υ)w, M(t) ∈ S1(d〈ξ〉−1/2, d−2Υ)w,

•
[
ψw,

[
ψw, F (t)

]]
M(t) ∈ S(d〈ξ〉−3/2,Υ)w ⊂ S(〈ξ〉−1,Υ)w since d ≤ 2〈ξ〉1/2

and[
ψw,

[
ψw, F (t)

]]
∈ S(〈ξ〉−1, 〈ξ〉−1Υ)w, M(t) ∈ S1(d〈ξ〉−1/2, d−2Υ)w,

•
[
ψw, F (t)

][
ψw,M(t)

]
∈ S(d〈ξ〉−1/2〈ξ〉−1/2d−1,Υ)w = S(〈ξ〉−1,Υ)w since[

ψw, F (t)
]
∈ S(1, 〈ξ〉−1Υ)w, M(t) ∈ S1(d〈ξ〉−1/2, d−2Υ)w.
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We have proven in particular that

d

dt

(
ψwM(t)ψw

)
+ 2 Re

(
ψwM(t)ψwF (t)

)
= ψw

(
Ṁ(t) + 2 ReM(t)F (t)

)
ψw + S(〈ξ〉−1,Υ)w. (3.7.89)

Also, we have
d

dt

(
ψwM(t)ψw

)
+2Re

(
ψwM(t)ψwF (t)

)
≥c1T−1ψwM(t)M(t)ψw+S(〈ξ〉−1,Υ)w,

which is (3.7.88). �

Theorem 3.7.25. Let f(t, x, ξ) be a smooth real-valued function defined on R ×
Rn × Rn, satisfiying (3.2.13) and (3.7.50). Let f0(t, x, ξ) be a smooth complex-
valued function defined on R×Rn ×Rn, such that 〈ξ〉f0(t, x, ξ) satisfies (3.7.50).
We define

L = Dt + if(t, x, ξ)w + f0(t, x, ξ)w.
Let ψ(x, ξ) ∈ S(1, 〈ξ〉−1Υ) be a real-valued symbol. Then there exists T0 > 0, c0 >
0, C ≥ 0, depending on a finite number of seminorms of f, f0, ψ, such that, for all
T ≤ T0, all u ∈ C∞c

(
(−T, T );S (Rn)

)
, with ω0 given by (3.7.79),

c0

(∫
‖ψwu(t)‖2H−1/2(Rn)dt

)1/2

≤ T‖ψw(e−ω0)wLu‖L2(Rn+1)

+ CT 1/2

(∫
‖u(t)‖2H−1/2(Rn)dt

)1/2

+ C

(∫
‖u(t)‖2H−3/2(Rn)dt

)1/2

. (3.7.90)

Proof. We compute, noting F (t) = f(t, x, ξ)w,

2 Re〈Lu, iψwM(t)ψwu〉 =
〈(
ψwṀ(t)ψw + 2 Re

(
ψwM(t)ψwF (t)

))
u, u

〉
+
〈[(

Re f0(t)
)w
, iψwM(t)ψw

]
u, u

〉
+ 2 Re 〈ψwM(t)ψw Im f0(t)wu, u〉 .

(i) Let us assume that Im(f0) ∈ S(〈ξ〉−1, 〈ξ〉−1Υ). Then we get that

ψwM(t)ψw Im f0(t)w ∈ S(d〈ξ〉−1/2〈ξ〉−1,Υ)w ⊂ S(〈ξ〉−1,Υ)w

and since[(
Re f0(t)

)w
, iψwM(t)ψw

]
∈ S(d〈ξ〉−1/2〈ξ〉−1/2d−1,Υ)w = S(〈ξ〉−1,Υ)w,

the inequality (3.7.75), the identity (3.7.89) and Lemmas 3.7.21, 3.7.24 show that

2 Re〈Lu, iψwM(t)ψwu〉 =
〈(
ψwṀ(t)ψw + 2 Re

(
ψwM(t)ψwF (t)

))
u, u

〉
≥ c1

2
T−1

∫
‖M(t)ψwu(t)‖2L2(Rn)dt+

c0
2
T−1

∫
‖ψwu(t)‖2H−1/2(Rn)dt

− C

∫
‖u(t)‖2H−1/2(Rn)dt.
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As a consequence, we have

2T
∫
‖ψwLu(t)‖L2(Rn)‖M(t)ψwu(t)‖L2(Rn)dt+ CT

∫
‖u(t)‖2H−1/2(Rn)dt

≥ c1
2

∫
‖M(t)ψwu(t)‖2L2(Rn)dt+

c0
2

∫
‖ψwu(t)‖2H−1/2(Rn)dt,

so that, with α > 0,

T

∫ (
Tα−1‖ψwLu(t)‖2L2(Rn) + αT−1‖M(t)ψwu(t)‖2L2(Rn)

)
dt

+ CT

∫
‖u(t)‖2H−1/2(Rn)dt

≥ c1
2

∫
‖M(t)ψwu(t)‖2L2(Rn)dt+

c0
2

∫
‖ψwu(t)‖2H−1/2(Rn)dt.

Choosing α ≤ c1/2 yields the result

T 2α−1

∫
‖ψwLu(t)‖2L2(Rn)dt+ CT

∫
‖u(t)‖2H−1/2(Rn)dt

≥ c0
2

∫
‖ψwu(t)‖2H−1/2(Rn)dt,

which is a better estimate than the sought one.
(ii) Let us deal now with the general case Im(f0) ∈ S(1, 〈ξ〉−1Υ). Using the

definitions (3.7.79), (3.7.81) and the property (3.7.80), we can use (i) above to get
the estimate for L0, so that with a fixed c2 > 0

T‖ψwL0u‖L2(Rn+1) + T 1/2

(∫
‖u(t)‖2H−1/2(Rn)dt

)1/2

≥ c2

(∫
‖ψwu(t)‖2H−1/2(Rn)dt

)1/2

, (3.7.91)

so that T‖ψw(e−ω0)wL(eω0)wu‖L2(Rn+1) + T 1/2

(∫
‖u(t)‖2H−1/2(Rn)dt

)1/2

≥ c2

(∫
‖ψwu(t)‖2H−1/2(Rn)dt

)1/2

. (3.7.92)

Applying this to u(t) given by (3.7.83), we obtain

T‖ψw(e−ω0)wLv‖L2(Rn+1) + T 1/2

(∫ ∥∥∥∥((eω0)w
)−1

v(t)
∥∥∥∥2

H−1/2(Rn)

dt

)1/2

≥ c2

(∫ ∥∥∥∥ψw((eω0)w
)−1

v(t)
∥∥∥∥2

H−1/2(Rn)

dt

)1/2

. (3.7.93)



280 Chapter 3. Estimates for Non-Selfadjoint Operators

Using that ((eω0)w)−1 is a pseudodifferential operator with symbol in S(1, 〈ξ〉−1Υ),
we obtain, using the notation (3.7.86),

T‖ψw(e−ω0)wLv‖L2(Rn+1) + CT 1/2

(∫
‖v(t)‖2H−1/2(Rn)dt

)1/2

≥ c2

(∫
‖Ω(t)−1(〈ξ〉−1/2)wψwv(t)‖2L2(Rn)dt

)1/2

− C1

(∫
‖v(t)‖2H−3/2(Rn)dt

)1/2

, (3.7.94)

so that, using (3.7.87),

T‖ψw(e−ω0)wLv‖L2(Rn+1) + CT 1/2

(∫
‖v(t)‖2H−1/2(Rn)dt

)1/2

+ C1

(∫
‖v(t)‖2H−3/2(Rn)dt

)1/2

≥ c2

(∫ ∥∥∥(〈ξ〉−1/2)wψwv(t)
∥∥∥2

L2(Rn)

1
‖Ω(t)‖2

dt

)1/2

≥ c3

(∫ ∥∥∥(〈ξ〉−1/2)wψwv(t)
∥∥∥2

L2(Rn)
dt

)1/2

= c3

(∫
‖ψwv(t)‖2H−1/2(Rn) dt

)1/2

,

(3.7.95)

which is the result. The proof of the theorem is complete. �

From inhomogeneous localization to homogeneous localization

In this section, we are given a positive integer n, and we define N = n + 1. The
running point of T ∗(RN ) will be denoted by (y, η). We are also given a point
(y0; η0) ∈ RN × SN−1 such that

Y0 = (y0; η0) = (t0, x0; τ0, ξ0) ∈ R× Rn × R× Rn, with τ0 = 0, ξ0 ∈ Sn−1, t0 = 0.
(3.7.96)

We consider F (t, x, ξ) = f(t, x, ξ) − if0(t, x, ξ), with f, f0 satisfying the assump-
tions of Theorem 3.7.25. Let ψ0(ξ) be a function supported in a conic neighborhood
of ξ0 and χ0(τ, ξ) be an homogeneous localization near τ = 0 as in the section 4.9.6
with some positive r0. We consider also a classical first-order pseudodifferential
operator R in RN such that Y0 /∈WFR. We consider the first-order operator

L = Dt + i
(
F (t, x, ξ)ψ0(ξ)χ0(τ, ξ)

)w +R. (3.7.97)

We have

L = Dt + i
(
F (t, x, ξ)ψ0(ξ)

)w + i
(
F (t, x, ξ)ψ0(ξ)

(
χ0(τ, ξ)− 1

))w
︸ ︷︷ ︸

=F1(t,x,τ,ξ)w

+R. (3.7.98)



3.7. (Ψ) implies solvability with loss of 3/2 derivatives 281

Let ψ1(ξ) be a function supported in a conic neighborhood of ξ0 and χ1(τ, ξ) be
an homogeneous localization near τ = 0 as in the section 4.9.6 with some positive
r1 < r0 and such that

suppχ1 ⊂ {χ0 = 1}, supp(ψ1χ1) ⊂ {ψ0χ0 = 1}, (3.7.99)
[−T1, T1]×K1 × suppψ1χ1 ⊂ (WFR)c, (3.7.100)

where T1 > 0 and K1 is a compact neighborhood of x0. Let ψ(x, ξ) be a symbol
satisfying the assumptions of Theorem 3.7.25 and let ρ1 ∈ C∞c (R), such that

suppψ ⊂ K1 × {ψ1 = 1}, supp ρ1 ⊂ [−T1, T1]. (3.7.101)

We can apply Theorem 3.7.25 to the operator L = Dt + i
(
F (t, x, ξ)ψ0(ξ)

)w. We
have, with u ∈ S (RN ),

T1‖ψw(e−ω0)w(L − F1 −R)ρ1χ
w
1 u‖L2(Rn+1)

+ CT
1/2
1

(∫
‖ρ1χ

w
1 u(t)‖2H−1/2(Rn)dt

)1/2

+ C

(∫
‖ρ1χ

w
1 u(t)‖2H−3/2(Rn)dt

)1/2

≥ c0

(∫
‖ψwρ1χ

w
1 u(t)‖2H−1/2(Rn)dt

)1/2

.

We get then

T1‖ψw(e−ω0)wρ1χ
w
1 Lu+ ψw(e−ω0)wρ1[L, χw1 ]u‖L2(Rn+1)

+ T1‖ψw(e−ω0)w[L, ρ1]χw1 u‖L2(Rn+1)

+ T1‖ψw(e−ω0)wFw1 ρ1χ
w
1 u‖L2(Rn+1) + T1‖ψw(e−ω0)wRρ1χ

w
1 u‖L2(Rn+1)

+ CT
1/2
1

∥∥∥(〈ξ〉−1/2)wρ1χ
w
1 u
∥∥∥
L2(Rn+1)

+ C
∥∥∥(〈ξ〉−3/2)wρ1χ

w
1 u
∥∥∥
L2(Rn+1)

≥ c0

(∫
‖ψwρ1χ

w
1 u‖2H−1/2(Rn)dt

)1/2

. (3.7.102)

We assume now that u ∈ S (RN ), suppu ⊂ {(t, x), |t| ≤ T1/2} and also that ρ1 is
1 on [−3T1/4, 3T1/4]. We introduce two admissible12 metrics on R2N ,

G = |dt|2 + |dx|2 +
|dξ|2 + |dτ |2

1 + |ξ|2 + τ2

≤ g = |dt|2 + |dx|2 +
|dξ|2

1 + |ξ|2
+

|dτ |2

1 + |ξ|2 + τ2
. (3.7.103)

(1) The operator [L, χw1 ] has a symbol in S(1, G) which is essentially supported
in the region where |τ | ∼ |ξ|.

12See Lemma 4.9.17.
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(2) The quantity [L, ρ1]χw1 u = [L, ρ1]χw1 ρ2u if ρ2(t) is 1 on [−T1/2, T1/2] and
supported in [−3T1/4, 3T1/4] and thus the operator [L, ρ1]χw1 ρ2 has a symbol
in S((1 + |ξ|+ |τ |)−∞, G).

(3) The operator Fw1 ρ1χ
w
1 is the composition of the symbol F1 ∈ S(〈ξ〉, g) with

the symbol in ρ1]χ1 ∈ S(1, G) and thus is a priori in S(〈ξ〉, g); however,
looking at the expansion, and using (3.7.99), we see that it has a symbol in
S((1 + |ξ|+ |τ |)−∞, G): it is not completely obvious though and we refer the
reader to Lemma 4.9.18 for a complete argument.

(4) The operator ψw(e−ω0)wRρ1χ
w
1 is also the composition of an operator in

S(1, g)w with an operator in S(〈ξ, τ〉, G)w ; however, using (3.7.99), (3.7.100),
(3.7.101) and the section 4.9.7, we see that ψw(e−ω0)wRρ1χ

w
1 has a symbol

in S((1 + |ξ|+ |τ |)−∞, G).

(5) The operator (〈ξ〉s)wρ1χ
w
1 is also the sum of an operator in S(〈τ, ξ〉s, G) plus

a symbol in S((1 + |ξ|+ |τ |)−∞, G).

With R1 of order −∞ (weight 〈ξ, τ〉−∞) for G, E0 of order 0 (weight 1) for G,
supported in

{(t, x, τ, ξ), |t| ≤ T1, x ∈ K1, (τ, ξ) ∈ supp∇χ1, (x, ξ) ∈ suppψ},

we can write now

T1‖ψw(e−ω0)wρ1χ
w
1 Lu+ E0u‖L2(Rn+1) + T1‖R1u‖L2(Rn+1)

+ CT
1/2
1 ‖u‖H−1/2(Rn+1) + C‖u‖H−3/2(Rn+1)

≥ c0

(∫
‖ψwρ1χ

w
1 u‖2H−1/2(Rn)dt

)1/2

. (3.7.104)

Theorem 3.7.26. Let L be the pseudodifferential operator given by (3.7.97) and
Y0 = (y0, η0) be given by (3.7.96). We assume that {Y0} ⊂ ∆0 ⊂ (WFR)c, where
∆0 is a compact-conic neighborhood of Y0. Then, there exists two pseudodifferential
operators Φ0,Ψ0 of order 0 (weight 1) for G, both essentially supported in ∆0 with
Φ0 is elliptic at Y0, and there exists r > 0 such that, for all u ∈ S(RN ), suppu ⊂
{(t, x), |t| ≤ r},

r‖Ψ0Lu‖L2(RN ) + r1/2‖u‖H−1/2(RN ) + ‖u‖H−3/2(RN ) ≥ ‖Φ0u‖H−1/2(RN ). (3.7.105)

Proof. It is a direct consequence of (3.7.104) since, using the ellipticity of L in the
support of the symbol of E0, we get E0 = KL+R2, where K is a pseudodifferential
operator of order 0 such that WFK ⊂ ∆0 and R2 is a pseudodifferential operator
of order −∞ for G. �
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Proof of the solvability result stated in Theorem 3.7.1

Let P be a first-order pseudodifferential operator with principal symbol p satisfying
the assumptions of Theorem 3.7.1 and let (y0, η0) be a point in the cosphere
bundle. If p(y0, η0) 6= 0, then there exists a pseudodifferential operator Φ0 of order
0, elliptic at (y0, η0) such that

‖P ∗u‖0 + ‖u‖−1 ≥ ‖Φ0u‖1. (3.7.106)

In fact, the ellipticity assumption implies that there exist a pseudodifferential
operator K of order −1 and a pseudodifferential operator R of order 0 such that

Id = KP ∗ +R, (y0, η0) /∈WFR.

As consequence, for Φ0 of order 0 essentially supported close enough to (y0, η0),
we get Φ0 = Φ0KP

∗ + Φ0R with Φ0R of order −∞, which gives (3.7.106).
Let us assume now that p(y0, η0) = 0. We know from the assumption (3.7.1)

that ∂ηp(y0, η0) 6= 0 and we may suppose that (∂η Re p)(y0, η0) 6= 0. Using the
Malgrange-Weierstrass theorem, we can find a conic neighborhood of (y0, η0) in
which

p(y, η) =
(
σ + a(s, z, ζ) + ib(s, z, ζ)

)
e0(y, η)

where a, b are real-valued positively homogeneous of degree 1, e0 is homogeneous of
degree 0, elliptic near (y0, η0), (s, z;σ, ζ) ∈ R×Rn×R×Rn a choice of symplectic
coordinates in T ∗(RN ) (N = n + 1), with y0 = (0, 0), η0 = (0, . . . , 0, 1). Noting
that the Poisson bracket

{σ + a, s} = 1

we see that there exists an homogeneous canonical transformation Ξ−1, from a
(conic) neighborhood of (y0, η0) to a conic neighborhood of (0; 0, . . . 0, 1) in RN ×
RN such that

p ◦ Ξ =
(
τ + iq(t, x, ξ)

)
(e ◦ Ξ).

Note in particular that, setting τ = σ + a, t = s, (which preserves the coordinate
s) yields

−∂τq = {t, q} = {s, b} ◦ χ = 0.

We see now that there exists some elliptic Fourier integral operators A,B and E
a pseudodifferential operator of order 0, elliptic at (y0, η0) such that

AEP ∗B = Dt + i(f(t, x, ξ)χ0(τ, ξ))w +R,

BA = Id+S, (y0, η0) ∈ Γ0(conic neighborhood of (y0,η0)) ⊂ (WFS)c,

where f satisfies (3.2.13), R is a pseudodifferential operator of order 0, and χ0

is a nonnegative homogeneous localization near τ = 0. Using the fact that the
coordinate s is preserved by the canonical transformation, we can assume that
A,B are local operators in the t variable, i.e. are such that

u ∈ C∞c , suppu⊂{(t, x) ∈ R×Rn, |t| ≤ r}=⇒suppBu ⊂ {(s, z) ∈ R×Rn, |s| ≤ r}.
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Using the fact that the operator P is polyhomogeneous, one can iterate the use of
the Malgrange-Weierstrass theorem to reduce our case to AEP ∗B = L of the type
given in (3.7.97). We can apply Theorem 3.7.26, giving the existence of a pseu-
dodifferential operator Ψ0 of order 0, elliptic at Ξ−1(y0, η0), essentially supported
in Ξ−1(Γ0) such that for all u ∈ C∞c (RN ), suppu ⊂ {|t| ≤ r},

r‖Ψ0AEP
∗Bu‖0 + r1/2‖u‖−1/2 + ‖u‖−3/2 ≥ ‖Φ0u‖−1/2.

We may assume that A and B are properly supported and apply the previous
inequality to u = Av, whose support in the s variable is unchanged. We get

r‖Ψ0AEP
∗BAv‖0 + r1/2‖Av‖−1/2 + ‖Av‖−3/2 ≥ ‖Φ0Av‖−1/2,

so that

r‖Ψ0AEP
∗v‖0 +Cr1/2‖v‖−1/2 +C1‖v‖−3/2 ≥ ‖Φ0Av‖−1/2 ≥ C−1

2 ‖BΦ0Av‖−1/2,

which gives, for all v ∈ C∞c (RN ), supp v ⊂ {y ∈ RN , |y − y0| ≤ r},

r‖P ∗v‖0 + r1/2‖v‖−1/2 + ‖v‖−3/2 ≥ ‖Φv‖−1/2, (3.7.107)

where Φ = cBΦ0A is a pseudodifferential operator of order 0, elliptic near (y0, η0).
By compactness of the cosphere bundle, one gets, using (3.7.107) or (3.7.106),

‖v‖−1/2 ≤ C
∑

1≤κ≤l

‖Φ0κv‖−1/2+C‖v‖−1 ≤ C1r‖P ∗v‖0+C1r
1/2‖v‖−1/2+C1‖v‖−1,

(3.7.108)
which entails, by shrinking r, the existence of r0 > 0, C0 > 0, such that for
v ∈ C∞c (RN ), supp v ⊂ {y ∈ RN , |y − y0| ≤ r0} = Br0 ,

‖v‖−1/2 ≤ C0‖P ∗v‖0. (3.7.109)

Let s be a real number and P be an operator of orderm, satisfying the assumptions
of Theorem 3.7.1. Let Eσ be a properly supported operator with symbol 〈ξ〉σ.
Then the operator E1−m−sPEs is of first order, satisfies condition (Ψ) and from
the previous discussion, there exists C0 > 0, r0 > 0 such that

‖v‖−1/2 ≤ C0‖EsP ∗E1−m−sv‖0, v ∈ C∞c (RN ), supp v ⊂ Br0 .

We get, with χr supported in Br and χr = 1 on Br/2, with suppu ⊂ Br0/4,

‖χr0Em+s−1χr0/2u‖−1/2 ≤ C0‖EsP ∗E1−m−sχr0Em+s−1χr0/2u‖0
≤ C0‖EsP ∗E1−m−s [χr0 , Em+s−1]χr0/2︸ ︷︷ ︸

S−∞

u‖0 +C0‖EsP ∗E1−m−sEm+s−1︸ ︷︷ ︸
=Id +S−∞

χr0/2u︸ ︷︷ ︸
=u

‖0

≤ C0‖P ∗u‖s + ‖Ru‖0,
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where R is of order −∞. Since we have

χr0Em+s−1χr0/2u = [χr0 , Em+s−1]χr0/2︸ ︷︷ ︸
S−∞

u+ Em+s−1 χr0χr0/2u︸ ︷︷ ︸
=u

,

we get ‖u‖s+m− 3
2
≤ C0‖P ∗u‖s+C1‖u‖s+m−2 and, shrinking the support of u (see

Lemma 1.2.34), we obtain the estimate

‖u‖s+m− 3
2
≤ C2‖P ∗u‖s, (3.7.110)

for u ∈ C∞c with support in a neighborhood of y0. This implies the local solvability
of P , with the loss of derivatives claimed by Theorem 3.7.1, whose proof is now
complete.

3.8 Concluding remarks

3.8.1 A (very) short historical account of solvability questions

In 1957, Hans Lewy [102] constructed a counterexample showing that very simple
and natural differential equations can fail to have local solutions; his example is the
complex vector field (3.1.37) and one can show that there exists some C∞ function
f such that the equation L0u = f has no distribution solution, even locally. A
geometric interpretation and a generalization of this counterexample were given in
1960 by L. Hörmander in [63] and extended in [64] to pseudodifferential operators.
In 1970, L. Nirenberg and F. Treves ([113], [114], [115]), after a study of complex
vector fields in [112] (see also the S. Mizohata paper [107]), refined this condition on
the principal symbol to the so-called condition (Ψ), and provided strong arguments
suggesting that it should be equivalent to local solvability. As matter of fact, the
Nirenberg-Treves conjecture is stating the equivalence between local solvability of
a principal-type pseudodifferential operator and the geometric property condition
(Ψ) of its principal symbol.

The necessity of condition (Ψ) for local solvability of principal-type pseudo-
differential equations was proved in two dimensions by R. Moyer in [108] and in
general by L. Hörmander ([70]) in 1981.

The sufficiency of condition (Ψ) for local solvability of differential equations
was proved by R. Beals and C. Fefferman ([8]) in 1973; they created a new type
of pseudodifferential calculus, based on a Calderón-Zygmund decomposition, and
were able to remove the analyticity assumption required by L. Nirenberg and F.
Treves. For differential equations in any dimension ([8]) and for pseudodifferential
equations in two dimensions (N. Lerner’s [89], see also [91]), it was shown more
precisely that (Ψ) implies local solvability with a loss of one derivative with respect
to the elliptic case: for a differential operator P of order m (or a pseudodifferential
operator in two dimensions), satisfying condition (Ψ), f ∈ Hs

loc, the equation
Pu = f has a solution u ∈ Hs+m−1

loc .
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In 1994, it was proved by N. Lerner in [92] (see also L. Hörmander’s survey
article [77] and [97]) that condition (Ψ) does not imply local solvability with loss
of one derivative for pseudodifferential equations, contradicting repeated claims
by several authors. However in 1996, N. Dencker in [33], proved that these coun-
terexamples were indeed locally solvable, but with a loss of two derivatives. In
2006, N. Dencker [35] proved that condition (Ψ) implies local solvability with loss
of two derivatives, providing the final step in the proof of the Nirenberg-Treves
conjecture. Following the pattern of [35], N. Lerner [98] showed in 2006 that the
loss can actually be limited to 3/2 derivatives.

That short historical summary was only concerned with the C∞ category, but
for microdifferential operators acting on microfunctions, the necessity of condition
(Ψ) for microlocal solvability was proven by M. Sato, T. Kawai and M. Kashiwara
in [127]: when condition (Ψ) is violated for such an operator, it is microlocally
equivalent to Dx1 + ix2k+1

1 Dx2 at (x = 0; ξ1 = 0, ξ2 = 1, 0), which is the model
M2k+1 studied in Section 3.1.1. The sufficiency of condition (Ψ) in that framework
was established by J.-M. Trépreau in [139] (see also [75]).

3.8.2 Open problems

Although the Nirenberg-Treves conjecture is proven, the situation for pseudo-
differential equations in three or more dimensions is not completely satisfactory
and several questions remain.

Question 1. Let P ∈ Ψm
ps(Ω) be a principal type pseudodifferential operator

on Ω whose principal symbol p satisfies condition (Ψ). What is the minimal loss
µ of derivatives for the local solvability of P?

When P is a differential operator (or p satisfies the stronger condition (P ),
see Theorem 3.5.1) or the dimension is 2 (Theorem 3.5.6), or in various other cases
(Sections 3.5.2, 3.5.3), the loss is known to be 1, the smallest possible in general
and the same as for ∂/∂x1. When the geometry is finite-type, i.e. when P ∗ is
subelliptic, local solvability occurs with a loss < 1 (Theorem 3.4.3). We know that

1 < µ ≤ 3
2
, (3.8.1)

with the counterexample of Section 3.6.1 and Theorem 3.6.1 implying the first
inequality, whereas Theorem 3.7.1 implies the other one. Also the construction of
Section 3.6.1 uses heavily the nonanalyticity of the symbol and this leads to the
following question.

Question 2. Let P be a principal type pseudodifferential operator whose prin-
cipal symbol p satisfies condition (Ψ) and is real-analytic. Is P locally solvable with
loss of one derivative?

On the other hand, it remains very unnatural to deal with a principal-type
pseudodifferential operator and to have solvability with a loss > 1. An interesting
question would be as follows.
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Question 3. Is there a geometric condition, say (Ψ]), stronger than condition
(Ψ) on p which is equivalent to local solvability with loss of one derivative?

No hint of such condition is in sight, and the question might be irrelevant if
the loss under condition (Ψ) is in fact 1+ε for all positive ε. It is puzzling however
to note that even for the following simple class of examples

L = Dt + i
(
a0(t, x, ξ)b1(t, x, ξ)

)w + r0(t, x, ξ)w, (3.8.2)

0 ≤ a0 ∈ S0
1,0, ∂tb1 ≥ 0, b1 real-valued ∈ S1

1,0, r0 ∈ S0
1,0,

the methods developed in Section 3.7 (see also the introductory discussion in
section 3.7.2) do not give a better result that ‖Lu‖H0 & ‖u‖H−1/2 , that is an
estimate with loss of 3/2 derivatives. The simplification given by this factorization
is enormous, however if ∂tb1 is not identically 0 (in particular condition (P ) does
not hold), but if a characteristic curve of the real part stays in Im p = 0 (here
b1(t, x0, ξ0) ≡ 0 at some point (x0, ξ0)), no better estimate seems at hand for that
class, except if some very particular geometric structure of the change-of-sign-
set as in Theorem 3.5.8. A more technical question should certainly be answered
before attacking any of the previous questions.

Question 4. Let a ∈ C∞c (R3; R+), b ∈ C∞c (R3; R), ∂tb ≥ 0, µ ∈]1, 3/2[. We
define for h > 0, Lh = h∂t − a(t, x, hD)b(t, x, hD). Does there exist r > 0 such
that

∀h ∈ (0, r], ∀u ∈ C∞c (R2), suppu ⊂ B(r), ‖Lu‖L2(R2) ≥ rhµ‖u‖L2(R2),

where B(r) is the ball in R2 of radius r with center 0? Even the case where
b(t, x, ξ) = ξ+ β(t, x) (say for |x|+ |ξ| ≤ 1), with ∂tβ ≥ 0, does not seem so easy.

Some questions have very satisfactory answers under condition (P ) and they
may also be raised under condition (Ψ).

Question 5. Let P as in Question 1, x0 ∈ Ω. Is it true that for every f ∈ C∞,
there is some u ∈ C∞ such that Pu = f in a neighborhood of x0.

Question 6. Let P as in Question 1, K a compact subset of Ω. Is there a
semiglobal solvability result analogous to Theorem 3.5.14?

The answer to these questions would certainly require as for condition (P )
a detailed study of the propagation of singularities and very little seems to be
known on this point in the general case.

3.8.3 Pseudospectrum and solvability

Some interesting relationships do exist between the analysis of the pseudospectrum
for non-selfadjoint operators (see the short discussion on page 172 with the refer-
ences there) and local solvability of pseudodifferential equations. In particular for
a (possibly unbounded) operator P on L2(Rn) and ε > 0, the ε-pseudospectrum
σε(P ) is defined as

σε(P ) = σ0(P ) ∪ {z ∈ C\σ0(P ), ‖(P − z Id)−1‖ > ε−1}, (3.8.3)
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where σ0(P ) stands for the spectrum of P . That notion is not interesting for
selfadjoint operators since the spectral theorem for normal operators gives in that
case ‖(P − z Id)−1‖ = dist

(
z, σ0(P )

)−1
. This is a drastic contrast with the non-

selfadjoint case, where

1
dist

(
z, σ0(P )

) ≤ ‖(P − z Id)−1‖ ≤ 1
dist

(
z,NP

) , NP = {〈Pu, u〉}u∈D(P )
‖u‖=1

,

and “generically” for a nonnormal operator, dist(z, σ0(P ))−1 � ‖(P − z Id)−1‖
so that the resolvent may be very large far away from the spectrum (NP is the
numerical range). On the other hand the inclusion σε(P ) ⊂ {z ∈ C, |z−NP | < ε} is
in general not very sharp in the sense that the larger set can indeed be much larger
than σε(P ). The description of the set σε(P ) (or some semi-classical versions of it
as in [123]) is closely linked to proving some a priori estimates for the nonselfadjoint
P − z, for instance estimates of type

‖(P − z)v‖ ≥ δ‖v‖, δ > 0, v ∈ D(P ), z /∈ σ0(P ) =⇒ z /∈ σδ(P ).

The latter estimate is indeed some type of injectivity estimate for P−z and when P
is a pseudodifferential operator, that type of estimate is related to some solvability
property of the adjoint operator P ∗− z̄. Conversely, when this injectivity estimate
is violated, in the sense that there exists a sequence (vn) of unit vectors in the
domain of P with limn(P − z)vn = 0, vn is close to a quasi-mode. A great deal of
attention should be paid to the domains of P, P ∗ but there is more than an analogy
between the determination of the pseudospectrum of P and solvability properties
of P ∗−z̄. In the semi-classical setting in particular, the techniques developed in this
chapter provide right away several results on the semi-classical pseudospectrum
(see [123]). One of the important features for the understanding of pseudospectrum
is certainly to investigate the properties of the commutator [P ∗, P ] as we have done
in section 3.1.2. More brackets and global conditions analogous to condition (Ψ)
may also be formulated and developed in this framework.
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Appendix

4.1 Some elements of Fourier analysis

4.1.1 Basics

Let n ≥ 1 be an integer. The Schwartz space S (Rn) is defined as the space of C∞
functions u from Rn to C such that, for all multi-indices1 α, β ∈ Nn,

sup
x∈Rn

|xα∂βxu(x)| < +∞.

A simple example of such a function is e−|x|
2
, (|x| is the Euclidean norm of x) and

more generally if A is a symmetric positive definite n× n matrix the function

vA(x) = e−π〈Ax,x〉

belongs to the Schwartz class. For u ∈ S (Rn), we define its Fourier transform û
as

û(ξ) =
∫

Rn

e−2iπx·ξu(x)dx. (4.1.1)

It is an easy matter to check that the Fourier transform sends S (Rn) into itself2.
Moreover, for A as above, we have

v̂A(ξ) = (detA)−1/2e−π〈A
−1ξ,ξ〉. (4.1.2)

1Here we use the multi-index notation: for α = (α1, . . . , αn) ∈ Nn we define

xα = xα1
1 . . . xαn

n , ∂α
x = ∂α1

x1
. . . ∂αn

xn
, |α| =

X
1≤j≤n

αj .

2Just notice that ξα∂β
ξ û(ξ) =

R
e−2iπxξ∂α

x (xβu)(x)dx(2iπ)|β|−|α|(−1)|β|.
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In fact, diagonalizing the symmetric matrix A, it is enough to prove the one-
dimensional version of (4.1.2), i.e. to check∫

R
e−2iπxξe−πx

2
dx =

∫
R
e−π(x+iξ)2dxe−πξ

2
= e−πξ

2
,

where the second equality can be obtained by taking the derivative with respect to
ξ of

∫
e−π(x+iξ)2dx. Using (4.1.2) we calculate for u ∈ S (Rn) and ε > 0, dealing

with absolutely converging integrals,

uε(x) =
∫
e2iπxξû(ξ)e−πε

2|ξ|2dξ

=
∫∫

e2iπxξe−πε
2|ξ|2u(y)e−2iπyξdydξ

=
∫
u(y)e−πε

−2|x−y|2ε−ndy

=
∫ (

u(x+ εy)− u(x)
)︸ ︷︷ ︸

with absolute value≤ε|y|‖u′‖L∞

e−π|y|
2
dy + u(x).

Taking the limit when ε goes to zero, we get the Fourier inversion formula

u(x) =
∫
e2iπxξû(ξ)dξ. (4.1.3)

We have thus proved that the Fourier transform is an isomorphism of the Schwartz
class and provided the explicit inversion formula (4.1.3). We note also that using
the notation

Dxj
=

1
2iπ

∂

∂xj
, Dα

x =
n∏
j=1

Dαj
xj

with α = (α1, . . . , αn) ∈ Nn, (4.1.4)

we have, for u ∈ S (Rn)

D̂α
xu(ξ) = ξαû(ξ), x̂αu(ξ) = (−1)|α|(Dα

ξ û)(ξ). (4.1.5)

The space of tempered distributions S ′(Rn) is the topological dual of the Fréchet
space S (Rn) and the Fourier transform can be extended to it. Let T be a tempered
distribution ; the Fourier transform T̂ of T is defined by the formula

≺ T̂ , ϕ �S ′,S =≺ T, ϕ̂ �S ′,S . (4.1.6)

The linear form T̂ is obviously a tempered distribution since the Fourier transform
is continuous on S and moreover, the inversion formula (4.1.3) holds on S ′: using
the notation

(Cϕ)(x) = (ϕ̌)(x) = ϕ(−x), for ϕ ∈ S , (4.1.7)
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we define Š for S ∈ S ′ by ≺ Š, ϕ �S ′,S =≺ S, ϕ̌ �S ′,S and we obtain for T ∈ S ′

≺
ˇ̂̂
T, ϕ �S ′,S =≺ ˆ̂

T , ϕ̌ �S ′,S =≺ T̂ , ˆ̌ϕ �S ′,S =≺ T, ˆ̌̂ϕ �S ′,S =≺ T, ϕ �S ′,S ,

where the last equality is due to the fact that ϕ 7→ ϕ̌ commutes with the Fourier
transform and (4.1.3) means ˇ̂̂

ϕ = ϕ, a formula also proven true on S ′ by the
previous line of equality. The formula (4.1.5) is true as well for T ∈ S ′ since, with
ϕ ∈ S and ϕα(ξ) = ξαϕ(ξ), we have

≺ D̂αT , ϕ �S ′,S =≺ T, (−1)|α|Dαϕ̂ �S ′,S =≺ T, ϕ̂α �S ′,S =≺ T̂ , ϕα �S ′,S .

The formula (4.1.1) can be used to define directly the Fourier transform of a
function in L1(Rn) and this gives an L∞(Rn) function which coincides with the
Fourier transform: for a test function ϕ ∈ S (Rn), and u ∈ L1(Rn), we have by
the definition (4.1.6) above and the Fubini theorem

≺ û, ϕ �S ′,S =
∫
u(x)ϕ̂(x)dx =

∫∫
u(x)ϕ(ξ)e−2iπx·ξdxdξ =

∫
ũ(ξ)ϕ(ξ)dξ

with ũ(ξ) =
∫
e−2iπx·ξu(x)dx which is thus the Fourier transform of u. The Fourier

transform can also be extended into a unitary operator of L2(Rn): first for test
functions ϕ,ψ ∈ S (Rn), using the Fubini theorem and (4.1.3), we get

〈ψ̂, ϕ̂〉L2(Rn) =
∫
ψ̂(ξ)ϕ̂(ξ)dξ =

∫∫
ψ̂(ξ)e2iπx·ξϕ(x)dxdξ = 〈ψ,ϕ〉L2(Rn).

Next, the density of S in L2 shows that there is a unique continuous extension F
of the Fourier transform to L2 and that extension is an isometric operator. Now
let u ∈ L2 and ϕ ∈ S and we check, with a sequence (uk) of function of S
converging in L2 to u,

≺ Fu, ϕ �S ′,S = 〈Fu, ϕ̄〉L2 = lim
k
〈ûk, ϕ̄〉L2 = lim

k

∫
uk(x)ϕ̂(x)dx

=≺ u, ϕ̂ �S ′,S =≺ û, ϕ �S ′,S

so that Fu = û. Moreover, for u ∈ L2, we have proven that Fu = û belongs to L2

and we have F 2u = F̂ u = ˆ̂u = ǔ so that F is onto and satisfies F ∗F = IdL2 = FF ∗

and F ∗ = CF = FC with Cu = ǔ.

4.1.2 The logarithm of a nonsingular symmetric matrix

The set C\R− is star-shaped with respect to 1, so that we can define the principal
determination of the logarithm for z ∈ C\R− by the formula

Log z =
∮

[1,z]

dζ

ζ
. (4.1.8)
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The function Log is holomorphic on C\R− and we have Log z = ln z for z ∈ R∗+
and by analytic continuation eLog z = z for z ∈ C\R−. We get also by analytic
continuation, that Log ez = z for | Im z| < π.

Let Υ+ be the set of symmetric nonsingular n × n matrices with complex
entries and nonnegative real part. The set Υ+ is star-shaped with respect to the
Id: for A ∈ Υ+, the segment [1, A] =

(
(1 − t) Id+tA

)
t∈[0,1]

is obviously made
with symmetric matrices with nonnegative real part which are invertible, since for
0 ≤ t < 1, Re

(
(1− t) Id+tA

)
≥ (1 − t) Id > 0 and for t = 1, A is assumed to be

invertible3. We can now define for A ∈ Υ+

LogA =
∫ 1

0

(A− I)
(
I + t(A− I)

)−1
dt. (4.1.9)

We note that A commutes with (I+sA) (and thus with LogA), so that, for θ > 0,

d

dθ
Log(A+ θI) =

∫ 1

0

(
I + t(A+ θI − I)

)−1
dt

−
∫ 1

0

(
A+ θI − I

)
t
(
I + t(A+ θI − I)

)−2
dt,

and since d
dt

{(
I + t(A+ θI − I)

)−1
}

= −
(
I + t(A+ θI − I)

)−2(A+ θI − I), we

obtain by integration by parts d
dθ Log(A+ θI) = (A+ θI)−1. As a result, we find

that for θ > 0, A ∈ Υ+, since all the matrices involved are commuting,

d

dθ

(
(A+ θI)−1eLog(A+θI)

)
= 0,

so that, using the limit θ → +∞, we get that ∀A ∈ Υ+,∀θ > 0, eLog(A+θI) =
(A+ θI), and by continuity

∀A ∈ Υ+, eLogA = A, which implies detA = etrace LogA. (4.1.10)

Using (4.1.10), we can define for A ∈ Υ+,

(detA)−1/2 = e−
1
2 trace LogA = |detA|−1/2e−

i
2 Im(trace LogA). (4.1.11)

• When A is a positive definite matrix, LogA is real-valued and (detA)−1/2 =
|detA|−1/2.

3If A is a n × n symmetric matrix with complex entries such that Re A is positive definite,
then A is invertible: if AX = 0, then,

0 = 〈AX, X̄〉 = 〈A Re X, Re X〉+ 〈A Im X, Im X〉+

=0 since A symmetricz }| {
〈A Re X,−i Im X〉+ 〈Ai Im X, Re X〉

and taking the real part give 〈Re A Re X, Re X〉+ 〈Re A Im X, Im X〉 = 0, implying X = 0 from
the positive-definiteness of Re A.
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• When A = −iB where B is a real nonsingular symmetric matrix, we note
that B = PDP ∗ with P ∈ O(n) and D diagonal. We see directly on the
formulas (4.1.9),(4.1.8) that

LogA = Log(−iB) = P (Log(−iD))P ∗, trace LogA = trace Log(−iD)

and thus, with (µj) the (real) eigenvalues of B, we have Im (trace LogA) =
Im
∑

1≤j≤n Log(−iµj), where the last Log is given by (4.1.8). Finally we get,

Im (trace LogA) = −π
2

∑
1≤j≤n

signµj = −π
2

signB

where signB is the signature of B. As a result, we have when A = −iB, B
real symmetric nonsingular matrix

(detA)−1/2 = |detB|−1/2ei
π
4 signB . (4.1.12)

4.1.3 Fourier transform of Gaussian functions

Proposition 4.1.1. Let A be a symmetric nonsingular n × n matrix with complex
entries such that ReA ≥ 0. We define the Gaussian function vA on Rn by vA(x) =
e−π〈Ax,x〉. The Fourier transform of vA is

v̂A(ξ) = (detA)−1/2e−π〈A
−1ξ,ξ〉, (4.1.13)

where (detA)−1/2 is defined according to the formula (4.1.11). In particular, when
A = −iB with a symmetric real nonsingular matrix B, we get

Fourier(eiπ〈Bx,x〉)(ξ) = v̂−iB(ξ) = |detB|−1/2ei
π
4 signBe−iπ〈B

−1ξ,ξ〉.

Proof. Let us define Υ∗
+ as the set of symmetric n × n complex matrices with a

positive definite real part (naturally these matrices are nonsingular since Ax = 0
for x ∈ Cn implies 0 = Re〈Ax, x̄〉 = 〈(ReA)x, x̄〉, so that Υ∗

+ ⊂ Υ+).
Let us assume first that A ∈ Υ∗

+; then the function vA is in the Schwartz class
(and so is its Fourier transform). The set Υ∗

+ is an open convex subset of Cn(n+1)/2

and the function Υ∗
+ 3 A 7→ v̂A(ξ) is holomorphic and given on Υ∗

+ ∩ Rn(n+1)/2

by (4.1.13). On the other hand the function Υ∗
+ 3 A 7→ e−

1
2 trace LogAe−π〈A

−1ξ,ξ〉

is also holomorphic and coincides with previous one on Rn(n+1)/2. By analytic
continuation this proves (4.1.13) for A ∈ Υ∗

+.
If A ∈ Υ+ and ϕ ∈ S (Rn), we have 〈v̂A, ϕ〉S ′,S =

∫
vA(x)ϕ̂(x)dx so that
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Υ+ 3 A 7→ 〈v̂A, ϕ〉 is continuous and thus4 using the previous result on Υ∗
+,

〈v̂A, ϕ〉 = lim
ε→0+

〈v̂A+εI , ϕ〉 = lim
ε→0+

∫
e−

1
2 trace Log(A+εI)e−π〈(A+εI)−1ξ,ξ〉ϕ(ξ)dξ

(by continuity of Log on Υ+ and domin. cv.) =
∫
e−

1
2 trace LogAe−π〈A

−1ξ,ξ〉ϕ(ξ)dξ,

which is the sought result. �

Lemma 4.1.2. Let n ≥ 1 be an integer and t ∈ R∗. We define the operator

J t = exp 2iπtDx ·Dξ (4.1.14)

on S ′(Rnx × Rnξ ) by (FJ ta)(ξ, x) = e2iπtξ·xâ(ξ, x), where F stands here for the
Fourier transform in 2n dimensions. The operator J t sends also S (Rnx×Rnξ ) into
itself continuously, satisfies (for s, t ∈ R) Js+t = JsJ t and is given by

(J ta)(x, ξ) = |t|−n
∫∫

e−2iπt−1y·ηa(x+ y, ξ + η)dydη. (4.1.15)

We have
J ta = eiπt〈BD,D〉a = |t|−ne−iπt

−1〈B·,·〉 ∗ a, (4.1.16)

with the 2n × 2n matrix B =
(

0 In
In 0

)
. The operator J t sends continuously

C∞b (R2n) into itself.

Proof. We have indeed (FJ ta)(ξ, x) = e2iπtξ·xâ(ξ, x) = eiπt〈BΞ,Ξ〉â(Ξ). Note that
B is a 2n × 2n symmetric matrix with null signature, determinant (−1)n and
that B−1 = B. According to the proposition 4.1.1, the inverse Fourier trans-
form of eiπt〈BΞ,Ξ〉 is |t|−ne−iπt−1〈BX,X〉 so that J ta = |t|−ne−iπt−1〈B·,·〉 ∗ a. Since
the Fourier multiplier eiπt〈BΞ,Ξ〉 is smooth bounded with derivatives polynomially
bounded, it defines a continuous operator from S (R2n) into itself.

In the sequel of the proof, we take t = 1, which will simplify the notations
without corrupting the arguments (see nevertheless the remark 4.1.4). Let us con-
sider a ∈ S (R2n): we have with k ∈ 2N and the polynomial on Rn defined by
Pk(y) = (1 + |y|2)k/2

(Ja)(x, ξ) =
∫∫

e−2iπy·ηPk(y)−1Pk(Dη)
(
Pk(η)−1(Pk(Dy)a)(x+ y, ξ + η)

)
dydη,

4Note that the mapping A 7→ A−1 is an homeomorphism of Υ+: with X = AY ,

Re〈A−1X, X̄〉 = Re〈Y, AY 〉 = Re〈AY, Ȳ 〉 ≥ 0, for A ∈ Υ+.
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so that, with |Tαβ(η)| ≤ Pk(η)−1 and constants cαβ , we obtain

(Ja)(x, ξ) =
∑
|β|≤k
|α|≤k

cαβ

∫∫
e−2iπy·ηPk(y)−1Tαβ(η)(Dα

ξD
β
xa)(x+ y, ξ + η)dydη.

(4.1.17)
Let us denote by J̃a the right-hand-side of (4.1.17). We already know that J̃a = Ja
for a ∈ S (R2n). We also note that, using an even integer k > n, the previous
integral converges absolutely whenever a ∈ C∞b (R2n); moreover we have

‖J̃a‖L∞ ≤ Cn sup
|α|≤n+2
|β|≤n+2

‖Dα
ξD

β
xa‖L∞ ,

and since the derivations are commuting with J and J̃ , we also get that

‖∂γ J̃a‖L∞ ≤ Cn sup
|α|≤n+2
|β|≤n+2

‖Dα
ξD

β
x∂

γa‖L∞ . (4.1.18)

It implies that J̃ is continuous from C∞b (R2n) to itself. Let us now consider a ∈
C∞b (R2n × Rm); we define the sequence (ak) in S (R2n) by

ak(x, ξ) = e−(|x|2+|ξ|2)/k2
a(x, ξ).

We have 〈Ja,Φ〉S ∗(R2n),S (R2n) =∫∫
a(x, ξ)(J−1Φ)(x, ξ)dxdξ = lim

k→+∞

∫∫
ak(x, ξ)(J−1Φ)(x, ξ)dxdξ

= lim
k→+∞

∫∫
(Jak)(x, ξ)Φ̄(x, ξ)dxdξ =

∫∫
(J̃a)(x, ξ)Φ̄(x, ξ)dxdξ,

so that we indeed have J̃a = Ja and from (4.1.18) the continuity property of the
lemma whose proof is now complete. �

Remark 4.1.3. For a ∈ S ′(R2n), the complex conjugate ā is defined by

〈ā,Φ〉S ′,S = 〈a, Φ̄〉S ′,S

and we can check that for t ∈ R, (J ta) = J−t(ā) an obvious formula for a ∈
S (R2n) (from the expression of J t in the previous lemma) which can be extended
by duality to S ′(R2n).
Remark 4.1.4. It will be interesting later on to use the fact that J t sends C∞b (R2n)
into itself “polynomially” with respect to t. The point here is to note that, for
a ∈ S (R2n),

(J ta)(x, ξ) =
∫∫

e−2iπy·ηa(x+ ty, ξ + η)dydη.
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It is then easy to reproduce the proof of the lemma 4.1.2 to obtain

‖∂γJ ta‖L∞ ≤ Cn(1 + |t|)n+2 sup
|α|≤n+2
|β|≤n+2

‖Dα
ξD

β
x∂

γa‖L∞ . (4.1.19)

Lemma 4.1.5. Let n ≥ 1 be an integer and m, t ∈ R. The operator J t sends
continuously Sm1,0(R2n) into itself and for all integers N ≥ 0,

(J ta)(x, ξ) =
∑
|α|<N

t|α|

α!
(Dα

ξ ∂
α
x a)(x, ξ) + rN (t)(x, ξ), rN (t) ∈ Sm−N1,0 ,

rN (t)(x, ξ) = tN
∫ 1

0

(1− θ)N−1

(N − 1)!
(
Jθt(Dξ · ∂x)Na

)
(x, ξ)dθ.

Proof. We apply Taylor’s formula on J t = exp 2iπtDx ·Dξ to get for operators on
S ′(R2n),

J t =
∑

0≤k<N

tk

k!
(Dξ · ∂x)k +

∫ 1

0

(1− θ)N−1

(N − 1)!
Jθt(tDξ · ∂x)Ndθ, (4.1.20)

and since

1
k!

(Dξ · ∂x)k =
∑

α1+···+αn=k
αj∈N

(Dξ1∂x1)
α1

α1!
· · · (Dξn

∂xn
)αn

αn!
,

we obtain the above formulas for a ∈ S ′(R2n). On the other hand, we get from
(1.1.13) that the term Dα

ξ ∂
α
x a belongs to Sm−|α|1,0 . It is thus enough that we show

that J t sends continuously Sm1,0 into itself. For that purpose, we can use the formula
(4.1.17) (and assume that t = 1) in the proof of the lemma 4.1.2; also the same
reasoning as in the proof of this lemma shows that the right-hand-side of (4.1.17)
is meaningful for a ∈ Sm1,0 if k > n + |m| and is indeed the expression of Ja. We
get, for all k ∈ N,

|Ja(x, ξ)| ≤ Ck,n

∫∫
〈y〉−k〈η〉−k〈ξ + η〉mdξdη

so that Peetre’s inequality (1.1.17) yields, for k > n+ |m|, |Ja(x, ξ)| ≤ C ′k,n〈ξ〉m.
The estimates for the derivatives are obtained similarly since they commute with
J . The terms involving integrals of J t can be handled via the remark 4.1.4, which
provides a polynomial control with respect to t. �

Remark 4.1.6. The mapping S ′(R2n) 3 a 7→ a(x,D) is (obviously) linear and
one-to-one: if a(x,D) = 0, choosing v(x) = e−π|x−x0|2 , û(ξ) = e−π|ξ−ξ0|

2
, we get

that the convolution of the distribution ã(x, ξ) = a(x, ξ)e2iπx·ξ with the Gaussian
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function e−π(|x|2+|ξ|2) is zero, so that, taking the Fourier transform shows that the
product of the same Gaussian function with ̂̃a is zero, implying that ã and thus a
is zero. It is a consequence of a version of the Schwartz kernel theorem that the
same mapping S ′(R2n) 3 a 7→ a(x,D) ∈ continuous linear operators from S (Rn)
to S ′(Rn) is indeed onto. However the “onto” part of our statement is highly non
trivial and a version of this theorem can be found in the theorem 5.2.1 of [71].

4.1.4 Some standard examples of Fourier transform

Some examples

Let us consider the Heaviside function defined on R by H(x) = 1 for x > 0,
H(x) = 0 for x ≤ 0 ; it is obviously a tempered distribution, so that we can
compute its Fourier transform. With the notation of this section, we have, with δ0
the Dirac mass at 0, Ȟ(x) = H(−x),

Ĥ + ̂̌H = 1̂ = δ0, Ĥ − ̂̌H = ŝign,
1
iπ

=
1

2iπ
2δ̂0(ξ) = D̂ sign(ξ) = ξŝignξ

so that ξ
(
ŝignξ − 1

iπ pv(1/ξ)
)

= 0 and ŝignξ − 1
iπ pv(1/ξ) = cδ0 with c = 0 since

the lhs is odd. We get

ŝign(ξ) =
1
iπ

pv
1
ξ
,

̂
pv(

1
πx

) = −i sign ξ, Ĥ =
δ0
2

+
1

2iπ
pv(

1
ξ
). (4.1.21)

We have also for a ≤ b real and α > 0,

1̂[a,b](ξ) =
sin
(
π(b− a)ξ

)
πξ

e−iπ(a+b)ξ,
1̂

x2 + α2
=
π

α
e−2πα|ξ|. (4.1.22)

Trivia on the Gamma function and a few formulas

The Gamma function is defined for z ∈ C with Re z > 0 by the formula

Γ(z) =
∫ +∞

0

tz−1e−tdt. (4.1.23)

A simple integration by parts yields

Γ(z + 1) = zΓ(z) (4.1.24)

and we take advantage of that to define for z /∈ Z−,

Γ(z) =
Γ(z + k)∏

0≤j<k(z + j)
, provided k ∈ N such that k + Re z > 0, (4.1.25)



298 Chapter 4. Appendix

which makes sense since, if k1, k2 ∈ N, z ∈ C such that kj + Re z > 0, j = 1, 2, we
have from (4.1.24),

Γ(z + k1)∏
0≤j<k1(z + j)

=
Γ(z + k2)∏

0≤j<k2(z + j)
.

The function Γ is thus a meromorphic function on C with simple poles at −N
with, for k ∈ N,

res(Γ,−k) =
(−1)k

k!
. (4.1.26)

We get also easily that for n ∈ N, Γ(n + 1) = n! and Γ(1/2) =
√
π. The classical

Weierstrass formula5 is

1
Γ(z)

= zeγz
+∞∏
k=1

(1 +
z

k
)e−z/k (4.1.28)

where γ = limN

[(∑
1≤k≤N

1
k

)
− lnN

]
is the Euler-Mascheroni constant; the func-

tion 1/Γ is thus entire and the meromorphic function Γ does not vanish. A straight-
forward consequence of Weierstrass formula is Euler’s reflection formula:

1
Γ(1− z)Γ(z)

=
sin(πz)
π

. (4.1.29)

We have for a > −1, b > 0,∫ +∞

0

xae−bxdx = b−a−1Γ(1 + a). (4.1.30)

Let us compute the Fourier transform of xa+e−bx. We have, for a, b ∈ C,Re a >
−1,Re b > 0, by analytic continuation of (4.1.30), for ξ ∈ R,∫ +∞

0

xae−bxe−2iπxξdx =
∫ +∞

0

xae−x(b+2iπξ)dx = Γ(1 + a)(b+ 2iπξ)−a−1.

(4.1.31)

Some homogeneous distributions and their Fourier transform

We define for a ∈ C,Re a > −1, the distribution χa+ on R by H(x)xa/Γ(1+a), i.e.

〈χa+, ϕ〉D′(R),D(R) = Γ(1 + a)−1

∫ +∞

0

ϕ(x)xadx (4.1.32)

5That formula is easily deduced from the Gauss formula:

for z ∈ C\Z−, Γ(z) = lim
n→+∞

nz n!Q
0≤j≤n(z + j)

, (4.1.27)

which is a consequence of Γ(x) = limn→+∞
R n
0 tx−1(1− t

n
)ndt for x > 0.
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and we note that

for Re a > −1, k ∈ N, χa+ = (
d

dx
)k(χa+k+ ) (4.1.33)

since

(−1)kΓ(1 + a+ k)−1

∫ +∞

0

ϕ(k)(x)xa+kdx

= Γ(1+a+k)−1

∫ +∞

0

ϕ(x)xadx
∏

0≤j<k

(a+k− j) = Γ(1+a)−1

∫ +∞

0

ϕ(x)xadx.

For a ∈ C, k1, k2 ∈ N such that kj + Re a > −1, j = 1, 2, we have from (4.1.33) if
k2 ≥ k1, (χa+k1+ ) = ( ddx )k2−k1(χa+k2+ ) and thus ( ddx )k1(χa+k1+ ) = ( ddx )k2(χa+k2+ ) so
that we may define

χa+ = (
d

dx
)k(χa+k+ ), k ∈ N, such that k + Re a > −1. (4.1.34)

As a consequence, for all ϕ ∈ D(R), the function a 7→ 〈χa+, ϕ〉 is entire on C. We
note in particular that for k ∈ N∗,

χ−k+ = (
d

dx
)kH = δ

(k−1)
0 . (4.1.35)

The distribution χa− is defined as the reflexion of χa+, i.e.

〈χa−, ϕ〉 = 〈χa+, ϕ̌〉, with ϕ̌(x) = ϕ(−x). (4.1.36)

On the other hand, for a ∈ C,Re a > −1, we have

(x+ i0)a = xa+ + eiπaH(−x)|x|a = xa+ + eiπaxa−

and thus (x + i0)a = (χa+ + eiπaχa−)Γ(1 + a). The function a 7→ Γ(1 + a) is
meromorphic on C with simple poles at Z∗−, but the entire (distribution-valued)
function χa+ + eiπaχa− vanishes there since for k ∈ N∗, we have from (4.1.35)

χ−k+ = δ
(k−1)
0 , χ−k− = δ

(k−1)
0 (−1)k−1. (4.1.37)

As a result, for all a ∈ C, the formulas

(x+i0)a = (χa++eiπaχa−)Γ(1+a), (x−i0)a = (χa++e−iπaχa−)Γ(1+a), (4.1.38)

define two distributions on R, depending holomorphically on a. We have also

(x+ i0)−1 =
d

dx
(Log(x+ i0)) =

d

dx

(
ln |x|+ iπH(−x)

)
= pv

1
x
− iπδ0, (4.1.39)



300 Chapter 4. Appendix

and for k ∈ N∗, we have

(x+ i0)−k =
(−1)k−1

(k − 1)!
(
d

dx
)k(ln |x|) + iπ

(−1)k

(k − 1)!
δ
(k−1)
0 , (4.1.40)

(x− i0)−k =
(−1)k−1

(k − 1)!
(
d

dx
)k(ln |x|)− iπ

(−1)k

(k − 1)!
δ
(k−1)
0 . (4.1.41)

Lemma 4.1.7. For any a ∈ C we have, using the previous notations,

χ̂a+(ξ) = e−
iπ(a+1)

2 (2π)−a−1(ξ − i0)−a−1, (4.1.42)

χ̂a−(ξ) = e
iπ(a+1)

2 (2π)−a−1(ξ + i0)−a−1, (4.1.43)

(̂x+i0)a(ξ) = e
iπa
2 (2π)−aχ−a−1

+ , (4.1.44)

(̂x−i0)a(ξ) = e
−iπa

2 (2π)−aχ−a−1
− . (4.1.45)

The distributions χa±, (x± i0)a are homogeneous distributions on R with degree a.

Proof. Assuming (4.1.42), since the reflexion commutes with the Fourier transfor-
mation we get (4.1.43), and also (4.1.45) as well as (4.1.44); note that the reflexion
of (x+ i0)a is eiπa(x− i0)a since for a > 0

〈(x+ i0)a, ϕ(−x)〉 =
∫
ea(ln |x|+iπH(−x))ϕ(−x)dx =

∫
ea(ln |x|+iπH(x))ϕ(x)dx

=
∫
ea(ln |x|−iπH(−x))ϕ(x)dxeiπa = eiπa〈(x− i0)a, ϕ(x)〉

and the identity extends by analytic continuation (the reflexion of (x − i0)a is
e−iπa(x + i0)a). Let us prove (4.1.42): by analyticity, it is enough to get it for
−1 < a < 0. We have

〈xa+, ϕ̂〉 =
∫ +∞

0

xaϕ̂(x)dx = lim
ε→0+

∫∫
H(x)xaϕ(ξ)e−2iπx(ξ−iε)dxdξ

(here we use (4.1.31)) = lim
ε→0+

∫
ϕ(ξ)Γ(a+ 1)(2πε+ 2iπξ)−a−1dξ

= Γ(a+ 1)(2π)−a−1 lim
ε→0+

∫
ϕ(ξ)

(
i(ξ − iε)

)−a−1
dξ

and since for ξ ∈ R,

Log(+0 + iξ) = ln |ξ|+ i
π

2
sign ξ = ln |ξ| − iπH(−ξ) + i

π

2
= Log(ξ − i0) + i

π

2
,

we obtain (4.1.42). The last statement follows from (4.1.34) since xa+k+ is homo-
geneous of degree a + k whenever k + Re a > −1 and also from the fact that
the Fourier transform of an homogeneous distribution on Rn with degree a is
homogeneous with degree −a− n. �
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In particular we recover the formulas

̂(x+i0)−1 = −2iπH, ̂(x−i0)−1 = 2iπȞ, (4.1.46)

for k ∈ N∗, ̂(x+i0)−k = i−k(2π)k
ξk−1
+

(k − 1)!
, ̂(x−i0)−k = ik(2π)k

ξk−1
−

(k − 1)!
, (4.1.47)

and for a, b ∈ C,Re b > 0, we have also from (4.1.31)

( ̂χa
+e

−2πbx)(ξ) = (2π)−a−1e
−iπ(a+1)

2 (ξ − ib)−a−1, (4.1.48)

(χ̂a
−e

2πbx)(ξ) = (2π)−a−1e
iπ(a+1)

2 (ξ + ib)−a−1, (4.1.49)

(̂x+ib)a(ξ) = (2π)−aei
πa
2 χ−1−a

+ e−2πbξ, (4.1.50)

(̂x−ib)a(ξ) = (2π)−ae−i
πa
2 χ−1−a

− e2πbξ, (4.1.51)

and the reader is invited to check that it is indeed consistent with Lemma 4.1.7.

4.1.5 The Hardy Operator

The Hilbert transform H is the selfadjoint operator defined on u ∈ L2(R) by (see
the formulas (4.1.21))

Hu = sign(Dx)u, i.e. Ĥu(ξ) = sign ξ û(ξ), Hu = ipv
1
πx

∗ u. (4.1.52)

It is obvious to see that H is bounded on L2(R) with L(L2(R)) norm equal to 1.
It is also a classical result of harmonic analysis that H is also bounded on Lp(R)
for 1 < p <∞. We are here interested in the Hardy operator Ω defined by

Ω = −iHHȞC = H
1
i
HCH, (4.1.53)

where H is the operator of multiplication by the Heaviside function and C is
defined on L2(R) by (Cκ)(x) = κ(−x). We note that

C2 = Id, C∗ = C, HC = −CH =⇒ Ω∗ = CȞHHi = HiCHH = H
1
i
HCH = Ω.

(4.1.54)
Let us compute the kernel of Ω: we have, writing abusively integrals instead of
brackets of duality,

(Ωu)(x) = −iH(x)
∫∫

e2iπ(x−y)ξ sign ξ H(−y)u(−y)dydξ

= H(x)
1
π

∫
pv

1
x+ y

H(y)u(y)dy

so that the kernel of Ω is H(x)H(y)
π pv 1

x+y , that we may write H(x)H(y)
π(x+y) . It is obvious

from (4.1.53) that the L(L2(R)) norm of Ω is smaller than 1; the following lemma
is stating that in fact that norm is 1.
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Lemma 4.1.8. Let Ω be the Hardy operator defined by (4.1.53). We define for ε > 0

κε(x) = Γ(ε)−1/2e−x/2x
ε−1
2 H(x), (4.1.55)

where Γ stands for the Gamma function. The function κε belongs to L2(R) with
norm 1 and the selfadjoint operator Ω satisfies

1 > 〈Ωκε, κε〉 > 1− ε, ‖Ω‖L(L2(R)) = 1. (4.1.56)

Proof. Note first that Ω is selfadjoint from the expression of its kernel and the
calculation (4.1.54). We have ‖κε‖L2 = 1 and

〈Ωκε, κε〉 = Γ(ε)−1

∫∫
H(x)H(y)
π(x+ y)

e−
x+y

2 (xy)
ε−1
2 dxdy (x = t + s, y = t− s)

= Γ(ε)−1

∫∫
H(t− |s|)

πt
e−t(t2 − s2)

ε−1
2 dtds (s = t sin θ)

=
2
π

∫ π/2

0

cosε θ dθ, and since cos θ ≥ 2

π
(
π

2
− θ) for θ ∈ [0,

π

2
], we get,

≥ (
2
π

)1+ε
∫ π/2

0

(
π

2
− θ)εdθ =

1
1 + ε

> 1− ε.

�

4.2 Some remarks of algebra

4.2.1 On simultaneous diagonalization of quadratic forms

Lemma 4.2.1. Let V be a finite-dimensional real (resp. complex) vector space, and
q0, q1 be bilinear symmetric (resp. sesquilinear Hermitian) forms on V so that q0
is positive-definite (i.e. q0(v, v) ≥ 0, q0(v, v) = 0 ⇐⇒ v = 0). Then there exists a
basis B = (ej)1≤j≤d of V and real scalars (λj)1≤j≤d such that

q0(ej , ek) = δj,k, q1(ej , ek) = λjδj,k. (4.2.1)

N.B. This lemma means that in the Euclidean (resp. Hermitian) vector space V
equipped with the scalar product 〈v, w〉 = q0(v, w), the basis B is orthonormal
and the quadratic form q1 is diagonal in that basis.

Proof. We define on V the scalar product 〈v, w〉 = q0(v, w) (linear in v, anti-linear
in w if V complex), so that (V, 〈·, ·〉) is a finite-dimensional (possibly complex)
Hilbert space. We define the endomorphism A of V by the identity 〈Av,w〉 =
q1(v, w) and we have

〈v,Aw〉 = 〈Aw, v〉 = q1(w, v) = q1(v, w) = 〈Av,w〉

so that A is self-adjoint and thus there exists an orthonormal basis B = (ej)1≤j≤d
of eigenvectors, giving the result. �
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N.B. It is not possible to weaken the assumption on q0 down to q0 non-negative:
in R2

x,y it is not possible to diagonalize simultaneously the quadratic forms x2 and
xy, otherwise, we would find a basis of R2,

e1 =
(
x1

y1

)
, e2 =

(
x2

y2

)
with x1x2 = 0 = x1y2 + x2y1, implying either (x1 = 0, y1 6= 0, x2 = 0) or (x2 =
0, y2 6= 0, x1 = 0 and in both cases e1 ∧ e2 = 0 which is impossible.

The assumption q0 positive-definite is important and cannot be replaced
by non-degenerate: in R2

x,y it is not possible to diagonalize simultaneously the
quadratic forms x2 − y2 and xy. Otherwise, we would find a basis of R2,

e1 =
(
x1

y1

)
, e2 =

(
x2

y2

)
with x1x2−y1y2 = 0 = x1y2 +x2y1, implying e1 orthogonal (for the standard dot-

product on R2) to (x2,−y2) and to (y2, x2) so that the determinant
∣∣∣∣x2 −y2
y2 x2

∣∣∣∣ = 0

and e2 = 0, which is impossible.
Remark 4.2.2. A slightly different point of view would be to consider Q0, Q1 two
n× n symmetric (resp. hermitian) matrices with Q0 positive definite: there exists
R ∈ O(n) (resp. U(n)) such that, R∗Q0R = D, D diagonal with positive entries,
so that

D−1/2R∗Q0RD
−1/2 = Id, D−1/2R∗Q1RD

−1/2 = Q2,

with Q2 symmetric (resp. Hermitian). Then there exists S ∈ O(n) (resp. U(n))
such that

S∗D−1/2R∗Q1RD
−1/2S = S∗Q2S = D2, with D2 diagonal and real,

whereas S∗D−1/2R∗Q0RD
−1/2S = S∗S = Id, proving (more constructively) the

simultaneous diagonalization of Q0, Q1.

4.2.2 Some remarks of commutative algebra

Let us consider a normed real vector space V and let T be the tensor algebra of
V . Since for Tj ∈ V , the symmetrized products T1 ⊗ · · · ⊗ Tk can be written as
a linear combination of k-th powers, the norm of the k-linear symmetric form A
given by

‖A‖ = sup
‖T‖=1

|AT k| (4.2.2)

is equivalent to the natural norm

|‖A‖ = sup
‖Tj‖=1,
1≤j≤k

|AT1 . . . Tk| (4.2.3)
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and we have the inequalities ‖A‖ ≤ |‖A‖ ≤ κk‖A‖ with a constant κk depending
only on k. The best constant constant in general is κk = kk/k!. In fact, in a com-
mutative algebra on a field with characteristic 0, using the polarization formula,
the products T1 . . . Tk are linear combination of k-th powers since

T1T2 . . . Tk =
1

2kk!

∑
εj=±1

ε1 . . . εk(ε1T1 + · · ·+ εkTk)k. (4.2.4)

To prove the previous formula, we note that for α ∈ Nk, |α| = k, we have if α1 = 0,∑
εj=±1
1≤j≤k

ε1+α1
1 . . . ε1+αk

k =
∑
ε1=±1

ε1
( ∑
εj=±1
2≤j≤k

ε1+α2
2 . . . ε1+αk

k

)
= 0,

proving that the coefficient of Tα in the rhs of (4.2.4) is 0 if αj = 0 for some j;
as a consequence, for all j, αj ≥ 1 and since |α| = k, we have αj = 1 for all j,
proving that the rhs of (4.2.4) is proportional to the lhs. We check the constant,
using the same remark as above,∑

εj=±1

ε1 . . . εk(ε1 + · · ·+ εk)k =
∑
εj=±1
αj=1

( ∏
1≤j≤k

ε
1+αj

j

) k!
α!

= 2kk!,

which gives (4.2.4). Using the triangle inequality, we get |‖A‖ ≤ 1
2kk!

2kkk‖A‖, and
thus κk ≤ kk

k! . On the other hand, for Tj ∈ Rk and A defined by

A(T1, . . . , Tk) =
1
k!

∑
σ∈Sk

Tσ(1),1 . . . Tσ(k),k,

we have A(e1, . . . , ek) = 1/k! so that |‖A‖ ≥ 1
k! and for θ ∈ Rk (with the norm∑

|θj |),

|Aθk| = |θ1 . . . θk| ≤
(∑

|θj |
k

)k
=⇒ ‖A‖ ≤ k−k,

so that κk ≥ |‖A‖
‖A‖ ≥

kk

k! .

Lemma 4.2.3. Let V be an Euclidean finite-dimensional vector space, and A a
symmetric k-multilinear form. We have, with |‖A‖, ‖A‖ defined in (4.2.3), (4.2.2),

|‖A‖ = ‖A‖. (4.2.5)

Proof. This is a consequence of the 1928 paper by O.D. Kellogg [83]. Let us give a
short proof, following the note by T. Muramatu & S. Wakabayashi [109]. We note
first that

[
(x+ y)2 + (ix− iy)2

]l = 22lxlyl so that∑
0≤j≤l

Cjl (x+ y)2j(x− y)2l−2j(−1)l−j = 22lxlyl, (4.2.6)
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and that identity holds for x, y in a real commutative algebra. The property (4.2.5)
is true for k = 2 (and for k = 1) from the identity (4.2.6) for k = 2 since

|A(x, y)| = 1
4
|A(x+ y, x+ y)−A(x− y, x− y)|

≤ ‖A‖1
4
(
‖x+ y‖2 + ‖x− y‖2

)
= ‖A‖‖x‖

2 + ‖y‖2

2
≤ ‖A‖‖x‖‖y‖. (4.2.7)

Since the inequality ‖A‖ ≤ |‖A‖ is trivial, we may assume |‖A‖ = 1 and we have to
prove ‖A‖ ≥ 1. We shall use an induction on k. From the induction hypothesis, for
all 1 ≤ l ≤ k − 1, we can find x, y ∈ V, ‖x‖ = ‖y‖ = 1, such that 1 = |A(xlyk−l)|.
We set

γ = max
x,y∈V,‖x‖=‖y‖=1,

1=|A(xlyk−l)| for some l

|〈x, y〉|, (4.2.8)

and we consider x, y both with norm 1, such that γ = 〈x, y〉, 1 = |A(xlyk−l)|. We
may assume that k − l ≥ l (otherwise we exchange the rôle of x and y). We have
using (4.2.6),

1 = |A(xlylyk−2l)| = 2−2l
∣∣ ∑
0≤j≤l

Cjl (−1)l−jA(x+ y)2j(x− y)2l−2jyk−2l
∣∣

≤ 2−2l
∑

0≤j≤l−1

Cjl ‖x+ y‖2j‖x− y‖2l−2j + 2−2l|A(x+ y)2lyk−2l|

= 2−2l
∑

0≤j≤l

Cjl (2 + 2γ)j(2− 2γ)l−j − 2−2l‖x+ y‖2l + 2−2l|A(x+ y)2lyk−2l|

= 1− 2−2l‖x+ y‖2l + 2−2l|A(x+ y)2lyk−2l|,

which implies |A(x+ y)2lyk−2l| ≥ ‖x+ y‖2l. If x+ y = 0, we have 1 = |A(xk)| and
‖A‖ ≥ 1. Otherwise we get 1 ≥ |A (x+y)2l

‖x+y‖2l y
k−2l| ≥ 1 and thus, from (4.2.8), we get

γ + 1√
2γ + 2

= 〈 x+ y

‖x+ y‖
, y〉 ≤ γ =⇒ γ2(γ + 1)2 ≥ (γ + 1)2 =⇒ 2γ2 − γ − 1 ≥ 0,

and since γ ∈ [0, 1], it means γ = 1 and x = y (x = −y was ruled out before);
finally, we have |A(xk)| = 1 and the result of the lemma. �

4.3 Lemmas of classical analysis

4.3.1 On the Faà di Bruno formula

Let us first recall the multinomial formula

(
∑

1≤j≤N

aj)m =
∑

m1+···+mN=m

m!∏
mj !

a
mj

j .
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The Faà di Bruno formula6 is dealing with the iterated derivative of a composition
of functions. First of all, let us consider (smooth) functions of one real variable

U
f−→ V

g−→W, U, V,W open sets of R.

With g(r) always evaluated at f(x), we have

(g ◦ f)′ = g′f ′

(g ◦ f)′′ = g′′f ′2 + g′f ′′

(g ◦ f)′′′ = g′′′f ′3 + g′′3f ′′f ′ + g′f ′′′

(g ◦ f)(4) = g(4)(f ′)4 + 6g(3)f ′
2
f ′′ + g′′(4f ′′′f ′ + 3f ′′2) + g′f (4),

i.e.

1
4!

(g ◦ f)(4) =

g(4)

4!

(
f ′

1!

)4

+ 3
g(3)

3!

(
f ′′

2!

)(
f ′

1!

)2

+
g(2)

2!

[(f ′′
2!

)2

+ 2
f ′′′

3!
f ′
]

+
g(1)

1!
f (4)

4!
.

More generally we have the remarkably simple

(g ◦ f)(k)

k!
=
∑

1≤r≤k

g(r) ◦ f
r!

∏
k1+···+kr=k

kj≥1

f (kj)

kj !
. (4.3.1)

· There is only one multi-index (1, 1, 1, 1) ∈ N∗4 such that
∑

1≤j≤4 kj = 4.
· There are 3 multi-indices (1, 1, 2), (1, 2, 1), (2, 1, 1) ∈ N∗3 with

∑
1≤j≤3 kj = 4.

· There is 1 multi-index (2, 2) ∈ N∗2 with
∑

1≤j≤2 kj = 4 and 2 multiindices
(1, 3), (3, 1) such that

∑
1≤j≤2 kj = 4.

· There is 1 index 4 ∈ N∗ with
∑

1≤j≤1 kj = 4.
Usually the formula is written in a different way with the more complicated

(g ◦ f)(k)

k!
=

∑
l1+2l2+···+klk=k

r=l1+···+lk

g(r) ◦ f
l1! . . . lk!

∏
1≤j≤k

(
f (j)

j!

)lj
. (4.3.2)

Let us show that the two formulas coincide. We start from (4.3.1)

(g ◦ f)(k)

k!
=
∑

1≤r≤k

g(r) ◦ f
r!

∏
k1+···+kr=k

kj≥1

f (kj)

kj !
.

6Francesco Faà di Bruno (1825–1888) was an italian mathematician and priest, born at
Alessandria. He was beatified in 1988, probably the only mathematician to reach sainthood
so far. The “Chevalier François Faà di Bruno, Capitaine honoraire d’État-Major dans l’armée
Sarde”, defended his thesis in 1856, in the Faculté des Sciences de Paris in front of the following
jury: Cauchy (chair), Lamé and Delaunay.
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If we consider a multi-index

(k1, . . . , kr) = (1, . . . , 1︸ ︷︷ ︸
l1times

, 2, . . . , 2︸ ︷︷ ︸
l2times

, . . . , j, . . . , j,︸ ︷︷ ︸
ljtimes

. . . , k, . . . , k︸ ︷︷ ︸
lktimes

)

we get in factor of g(r)/r! the term
∏

1≤j≤k

(
f(j)

j!

)lj
with l1 + 2l2 + · · · + klk =

k, l1+· · ·+lk = r and since we can permute the (k1, . . . , kr) above, we get indeed
a factor r!

l1!...lk! which gives (4.3.2). The proof above can easily be generalized to a
multidimensional setting with

U
f−→ V

g−→W, U, V,W open sets of Rm,Rn,Rp, f, g of class Ck.

Since the derivatives are multilinear symmetric mappings, they are completely
determined by their values on the “diagonal” T⊗· · ·⊗T : the symmetrized products
of T1 ⊗ · · · ⊗ Tk, noted as T1 . . . Tk, can be written as a linear combination of k-th
powers (see (4.2.4)). For T ∈ Tx(U), we have

(g ◦ f)(k)

k!
T k =

∑
1≤r≤k

g(r) ◦ f
r!

∏
k1+···+kr=k

kj≥1

f (kj)

kj !
T kj ,

which is consistent with the fact that f (kj)(x)T kj belongs to the tangent space
Tf(x)(V ) of V at f(x) and ⊗1≤j≤rf

(kj)(x)T kj is a tensor product in T r,0(Tf(x)(V ))
on which g(r)(f(x)) acts to send it on Tg(f(x))(W ). More details on the history of
that formula can be obtained in the article [81].

4.3.2 On Leibniz formulas

Let a be a function in L1
loc of some open set Ω of Rm and let u be a locally

Lipschitz continuous function on Ω. Although a′ may be a distribution of order 1
and u is not C1, it is possible to define the product T = a′u as follows (ϕ is a test
function):

〈T, ϕ〉 = −
∫
a(u′ϕ+ uϕ′)dx

so that T is a distribution of order 1 satisfying the identity

(au)′ = T + au′.

As a matter of fact, we have

〈(au)′, ϕ〉 = −
∫
auϕ′dx = 〈T, ϕ〉+

∫
au′ϕdx = 〈T + au′, ϕ〉.

It means in particular that one can multiply the first-order distribution d
dx (ln |x|) =

pv 1
x by the Lipschitz continuous function |x| and get

(pv
1
x

)|x| = d

dx

(
(ln |x|)|x|

)
− (ln |x|) signx = signx
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as it is easily verified. On the other hand it is not possible to multiply the first
order distribution δ′0 by the Lipschitz continuous function |x|.

4.3.3 On Sobolev norms

For s ∈ R, the space Hs(Rn) = {u ∈ S ′(Rn), 〈ξ〉sû(ξ) ∈ L2(Rn)} is a Hilbert
space equipped with the norm ‖u‖s = ‖〈D〉su‖L2(Rn).

Lemma 4.3.1 (Logarithmic convexity of the Sobolev norm). Let s0 ≤ s1 be real
numbers. Then for all u ∈ Hs1(Rn) and θ ∈ [0, 1],

‖u‖(1−θ)s0+θs1 ≤ ‖u‖
1−θ
s0 ‖u‖θs1 . (4.3.3)

Proof. Using Hölder’s inequality, we have

‖u‖2(1−θ)s0+θs1 =
∫
〈ξ〉2(1−θ)s0 |û(ξ)|2(1−θ)〈ξ〉2θs1 |û(ξ)|2θdξ

≤
(∫

〈ξ〉2s0 |û(ξ)|2dξ
)1−θ (∫

〈ξ〉2s1 |û(ξ)|2dξ
)θ

.

�

N.B. A consequence of that inequality is that for s0 < s < s1 and u ∈ Hs1(Rn),
we have with s = (1− θ)s0 + θs1 and ε > 0,

‖u‖s ≤ ε−θθθ‖u‖1−θs0 εθθ−θ‖u‖θs1 ≤ ε‖u‖s1 + ε−
θ

1−θ (1− θ)θ
θ

1−θ ‖u‖s0 . (4.3.4)

Lemma 4.3.2. Let s > −n/2 and K be a compact subset of Rn. On the space Hs
K =

{u ∈ Hs(Rn), suppu ⊂ K}, the Hs-norm is equivalent to the “homogeneous” norm

|||u|||s =
(∫

|ξ|2s|û(ξ)|2dξ
)1/2

. (4.3.5)

Proof. Note first that, if u ∈ E ′
K(Rn), its Fourier transform is an entire function

and thus |ξ|2s|û(ξ)|2 is locally integrable. Moreover, if s ≥ 0, we have |||u|||s ≤ ‖u‖s
and for r > 0, χK ∈ C∞c (Rn) equal to 1 on K,

‖u‖2s =
∫
|ξ|≤r

(1 + |ξ|2)s|û(ξ)|2dξ +
∫

(r−2 + 1)s|ξ|2s|û(ξ)|2dξ

≤
∫
|ξ|≤r

(1 + |ξ|2)sdξ‖χK‖20‖u‖20 + (r−2 + 1)s|||u|||2s.

If r is such that
∫
|ξ|≤r(1+|ξ|2)sdξ‖χK‖20 ≤ 1/2, we get the result. If 0 > s > −n/2,

we have ‖u‖s ≤ |||u|||s, and

|||u|||2s =
∫
|ξ|≤1

|ξ|2s|û(ξ)|2dξ + 2−s
∫
〈ξ〉2s|û(ξ)|2dξ

≤
∫
|ξ|≤1

|ξ|2s‖χK(·)e2iπ·ξ‖2−sdξ‖u‖2s + 2−s‖u‖2s = C(K, s)‖u‖2s.
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�

Lemma 4.3.3. Let s1 > s0 > −n/2. There exists C(s0, s1) > 0 such that for all
r > 0 and all u ∈ Hs1(Rn) with diameter(suppu) ≤ r,

‖u‖s0 ≤ C(s0, s1)rs1−s0‖u‖s1 . (4.3.6)

Proof. We may assume that u is supported in B(0, r) and r ≤ 1. We define v(x) =
u(rx) so that v is supported in the unit ball of Rn and we apply Lemma 4.3.2:
since |||v|||2s =

∫
|ξ|2s|û(ξ/r)|2r−2ndξ = r2s−n|||u|||2s, we obtain (for u 6= 0)

C−1
s1 C

−1
s0

‖u‖s0
‖u‖s1

≤
|||u|||s0
|||u|||s1

= rs1−s0
|||v|||s0
|||v|||s1

≤ rs1−s0Cs1Cs0
‖v‖s0
‖v‖s1

≤ rs1−s0Cs1Cs0 .

�

Remark 4.3.4. The previous lemma implies in particular that when n ≥ 3, u ∈
L2(Rn), suppu ⊂ B(x0, r), then ‖u‖−1 ≤ Cr‖u‖0. Although the same estimate is
not true for n = 2, we need a two-dimensional substitute inequality: we have more
generally (for 0 < r ≤ 1),

‖u‖2−n/2 =
∫
|ξ|≤1/r

(1 + |ξ|2)−n/2|û(ξ)|2dξ +
∫
|ξ|≥1/r

〈ξ〉−n|û(ξ)|2dξ

≤
∫
|ξ|≤1/r

(1 + |ξ|2)−n/2dξ‖u‖20‖1B(x0,r)‖
2
0 + rn‖u‖20

≤
∫ 1/r

0

(1 + ρ2)−n/2ρn−1dραnr
n‖u‖20 + rn‖u‖20

≤ rn‖u‖20
(
α′n + α′′n ln(1/r)

)
,

which gives that for all n ∈ N∗, there exists βn, such that for all u ∈ L2(Rn) and
r ∈]0, 1],

suppu ⊂ B(x0, r) =⇒ ‖u‖−n/2 ≤
(
1 + ln(1/r)

)1/2
rn/2βn‖u‖0. (4.3.7)

Lemma 4.3.5. Let s1 > s0 be real numbers, s1 > −n/2. For all r > 0, there exists
φ(s0, s1, r) such that for all u ∈ Hs1(Rn) with diameter(suppu) ≤ r,

‖u‖s0 ≤ φ(s0, s1, r)‖u‖s1 , lim
r→0

φ(s0, s1, r) = 0, (4.3.8)

and more precisely, for r ∈]0, 1],

If −n/2 < s0 < s1 , φ = Crs1−s0 ,

If −n/2 = s0 < s1, φ = Crs1−s0
(
1 + ln(1/r)

)1/2
,

If s0 < −n/2 < s1, φ = Crs1+
n
2
(
1 + ln(1/r)

)1/2
.

 (4.3.9)
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Proof. We may assume r < 1/2 and s0 ≤ −n/2, suppu ⊂ B(0, r).
(1) Let us first assume that s0 = −n/2 and s1 ≥ 0. Then the inequalities (4.3.7),
(4.3.6) give

‖u‖−n/2 ≤
(
1 + ln(1/r)

)1/2
rn/2βn‖u‖0 ≤

(
1 + ln(1/r)

)1/2
r

n
2 +s1βnC(0, s1)‖u‖s1 .

(2) If s0 = −n/2 and −n/2 < s1 < 0. We have, for χ0 ∈ C∞c (Rn), equal to 1 on
the unit ball,

‖u‖2s0 ≤
∫
|ξ|≤1/r

〈ξ〉2s0 |û(ξ)|2dξ + r2s1−2s0

∫
|ξ|≥1/r

〈ξ〉2s1 |û(ξ)|2dξ

≤
∫
|ξ|≤1/r

〈ξ〉2s0‖χ0(·/r)e2iπ·ξ‖2−s1dξ︸ ︷︷ ︸
I(r)

‖u‖2s1 + r2s1−2s0‖u‖2s1 ,

and since I(r) ≤ Cn,s1

∫ 1/r

0

(1 + ρ2)−n/2ρn−1rn(r−2|s1| + ρ2|s1|)dρ

≤ C ′n,s1
(
rn−2|s1| ln(1/r) + rn−2|s1|

)
we get in that case ‖u‖2s0 ≤ C ′′n,s1‖u‖

2
s1r

2s1−2s0 ln(1/r)
(3) Let us assume now that s0 < −n/2 < s1. We have from the previous discussion

‖u‖s0 ≤ ‖u‖−n/2 ≤ Crs1+
n
2
(
ln(1/r)

)1/2‖u‖s1 .
�

4.3.4 On partitions of unity

A locally finite partition of unity

Lemma 4.3.6. Let Ω be an open subset of Rn. There exists a sequence (ϕj)j≥1 of
functions in C∞c (Ω; [0, 1]) such that, for all compact subsets K ⊂ Ω, ϕj |K = 0 for
all j but a finite number and ∀x ∈ Ω, 1 =

∑
j≥1 ϕj(x). Moreover if K is a compact

subset of Ω, φK =
∑
j,suppϕj∩K 6=∅ ϕj belongs to C∞c (Ω; [0, 1]) and is equal to 1 on

a neighborhood of K.

Proof. Considering for j ∈ N∗ the set Kj = {x ∈ Ω, |x − Ωc| ≥ 1
j , |x| ≤ j}, we

see immediately that Kj is compact, Kj ⊂ intKj+1,∪j≥1Kj = Ω. We take now
ψj ∈ C∞c (intKj+1; [0, 1]), ψj = 1 on Kj . We define

ϕ1 = ψ1, ϕ2 = ψ2(1− ψ1), . . . , ϕj = ψj
∏

1≤l<j

(1− ψl)

and we note that ϕj ∈ C∞c (intKj+1; [0, 1]). If K is a compact subset of Ω (we
have also Ω = ∪j≥1 intKj+1), then K ⊂ Kj0 for some j0 and ϕj |K = 0 for j > j0.



4.3. Lemmas of classical analysis 311

Moreover, we have by induction on j that 1−
∑

1≤l≤j ϕl =
∏

1≤l≤j(1−ψl), which
implies

∑
1≤l ϕl = 1Ω. Let K be a compact subset of Ω: there exists ε0 > 0 such

that K + ε0 ⊂ Ω and φK+ε0 is 1 on K + ε0 = K + ε0B1, where B1 is the closed
unit Euclidean ball of Rn. We have also

φK+ε0 = φK +

ω︷ ︸︸ ︷∑
j,suppϕj∩K=∅

suppϕj∩(K+ε0) 6=∅

ϕj

and the sum defining ω is finite, so that ω ∈ C∞c (Kc). If L = suppω ⊂ Kc, on
(K + ε0) ∩ Lc (this is a neighborhood of K), we have φK+ε0 = φK , which gives
that φK(x) = 1 for x ∈ (K + ε0) ∩ Lc. �

An example of a slowly varying metric

Let Ω be a proper open subset of Rn. We define ρ(x) = dist(x,Ωc) and we see that
ρ is positive on Ω. Moreover, if x ∈ Ω and y ∈ Rn are such that

|y − x| ≤ 1
2
ρ(x)

then y belongs to Ω (otherwise y ∈ Ωc and 0 < ρ(x) = dist(x,Ωc) ≤ |x − y| ≤
ρ(x)/2, which is impossible) the ratio ρ(y)/ρ(x) belongs to the interval [1/2, 2]. In
fact, the function ρ is Lipschitz-continuous with a Lipschitz constant smaller than
1. As a consequence, we get that

ρ(y) ≤ ρ(x) + |y − x| ≤ 3
2
ρ(x), ρ(x) ≤ ρ(y) + |y − x| ≤ ρ(y) +

1
2
ρ(x)

which gives ρ(y)/ρ(x) ∈ [1/2, 3/2]. We shall say that the metric |dx|2ρ(x)−2 is
slowly varying on Ω.

A discrete partition of unity

The following result provides a discrete version of version of Theorem 2.2.7.

Theorem 4.3.7. Let g be a slowly varying metric on Rm (cf. definition 2.2.1). Then
there exists r0 > 0 such that, for all r ∈ (0, r0], there exists a sequence (Xk)k∈N
of points in the phase space R2n and a positive number Nr such that the following
properties are satisfied. We define Uk, U∗k , U

∗∗
k as the gk = gXk

closed balls with
center Xk and radius r, 2r, 4r. There exist two families of non-negative smooth
functions on R2n, (χk)k∈N, (ψk)k∈N such that∑

k

χk(X) = 1, suppχk ⊂ Uk, ψk ≡ 1 on U∗k , suppψk ⊂ U∗∗k .
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Moreover, χk, ψk ∈ S(1, gk) with semi-norms bounded independently of k. The
overlap of the balls U∗∗k is bounded, i.e.⋂

k∈N

U∗∗k 6= ∅ =⇒ #N ≤ Nr.

Moreover, gX ∼ gk all over U∗∗k (i.e. the ratios gX(T )/gk(T ) are bounded above
and below by a fixed constant, provided that X ∈ U∗∗k ).

4.3.5 On nonnegative functions

A classical lemma

Lemma 4.3.8. Let f : Rn → R+ be a C2 nonnegative function such that f ′′ is
bounded. Then, for all x ∈ Rn,

|f ′(x)|2 ≤ 2f(x)‖f ′′‖L∞(Rn). (4.3.10)

Here the norms of the (multi)linear forms are taken with respect to any fixed norm
on Rn.

Proof. Let x be given in Rn and T be a unit vector (for a given norm on Rn). We
have

0 ≤ f(x+ tT ) = f(x) + tf ′(x) · T + t2
∫ 1

0

(1− θ)f ′′(x+ θtT )dθT 2

≤ f(x) + tf ′(x) · T +
1
2
t2 sup
y∈Rn

|f ′′(y)T 2|.

Consequently, this second degree polynomial in the t variable has a nonpositive
discriminant, i.e. |f ′(x) · T |2 ≤ 2f(x) supy∈Rn ‖f ′′(y)‖, which gives the result. �

Remark 4.3.9. The constant 2 is optimal in the inequality (4.3.10) as shown by
the one-variable function x2. The same conclusion holds assuming only f ∈ C1

with a (distribution) second derivative bounded: the same proof is working, since
the Taylor formula with integral remainder is true for a distribution. Moreover,
a direct consequence of this lemma is that a nonnegative C1,1 function (a C1

function with a Lipschitz continuous second derivative) has a Lipschitz continuous
square root. A classical counterexample due to G. Glaeser [48] shows that this
cannot be improved, even if the function F is C∞ and flat at its zeroes: there
exists a nonnegative C∞ function of one real variable such that F−1({0}) = {0},
F is flat at zero and F 1/2 is C1 but not C2. An example of such a function is

F (x) = e−x
−2

+ e−x
−1
H(x) sin2(x−1), H = 1R+ .
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Lemma 4.3.10. Let f : Rn → R be a C1,1 function (i.e. f ∈ C1, f ′ Lipschitz
continuous) such that f ′′ is bounded and f(x) = 0 =⇒ f ′(x) = 0. Then, for all
x ∈ Rn,

|f ′(x)|2 ≤ 2|f(x)|‖f ′′‖L∞(Rn). (4.3.11)

Here the norms of the (multi)linear forms are taken with respect to any fixed norm
on Rn.

Proof. We define the open set Ω = {x ∈ Rn, f(x) 6= 0} and consider g(x) = |f(x)|.
The function g is C1 on Ω and if x0 /∈ Ω, h ∈ Rn, we have

g(x0 + h)− g(x0) = |f(x0) + f ′(x0)h+ o(h)| = o(h),

so that g′(x0) = 0. The function g is thus differentiable on Rn and

g′ = sf ′ with s(x) = f(x)/|f(x)| if x ∈ Ω and s(x) = 0 if x /∈ Ω.

If x1, x2 are such that f(x1)f(x2) > 0, we have |g′(x2)−g′(x1)| = |f ′(x2)−f ′(x1)|
and thus

|g′(x2)− g′(x1)| ≤ ‖f ′′‖L∞ |x1 − x2|. (4.3.12)

If s(x1) = s(x2) = 0, the same is true since g′(xj) = 0, j = 1, 2. If s(x1) =
0, s(x2) = 1, we have g′(x2)− g′(x1) = f ′(x2) = f ′(x2)− f ′(x1) and thus (4.3.12)
holds as well in that case and in the other remaining cases. The function g is
nonnegative, C1,1 and ‖g′′‖L∞ ≤ ‖f ′′‖L∞ . We can regularize g by a nonnegative
mollifier ρε(x) = ε−nρ(x/ε), ρ ∈ C∞c (Rn; R+),

∫
ρ = 1 and apply Lemma 4.3.8 to

g ∗ ρε: we get

|(g′ ∗ ρε)(x)|2 ≤ 2(g ∗ ρε)(x)‖g′′ ∗ ρε‖L∞ ≤ 2(g ∗ ρε)(x)‖f ′′‖L∞ .

Since g, g′ are continuous functions and g′ = sf ′ with s as given above, we get
|f ′(x)|2 ≤ 2|f(x)|‖f ′′‖L∞ . �

On C3,1 nonnegative functions

Let a be a nonnegative C3,1 function defined on Rm such that ‖a(4)‖L∞ ≤ 1; we
recall the definition

ρ(x) =
(
|a(x)|+ |a′′(x)|2

)1/4
, Ω = {x, ρ(x) > 0}. (4.3.13)

Lemma 4.3.11. Let a, ρ,Ω be as above. For 0 ≤ j ≤ 4, we have ‖a(j)(x)‖ ≤
γjρ(x)4−j, with γ0 = γ2 = γ4 = 1, γ1 = 3, γ3 = 4.

Proof. The inequalities for j = 0, 2, 4 are obvious. Let us write Taylor’s formula,

a(x+h) = a(x)+ a′(x)h+
1
2
a′′(x)h2 +

1
6
a(3)(x)h3 +

∫ 1

0

(1− θ)3

3!
a(4)(x+ θh)dθh4.
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We get a(x+h)−a(x)− 1
2a
′′(x)h2− |h|4

24 ≤ a′(x)h+ 1
6a

(3)(x)h3 and since a(x+h) ≥
0, we have

−a(x)− 1
2
a′′(x)h2 − |h|4

24
≤ a′(x)h+

1
6
a(3)(x)h3.

Since the rhs is odd in the variable h, we obtain

|a′(x)h+
1
6
a(3)(x)h3| ≤ a(x) +

1
2
a′′(x)h2 +

|h|4

24
. (4.3.14)

Let us choose h = ρ(x)sT where T is a unit vector and s is a real parameter. We
have

|sρ(x)a′(x)T + s3ρ(x)3
1
6
a(3)(x)T 3| ≤ ρ(x)4

(
1 +

1
2
s2 +

s4

24

)
. (4.3.15)

Remark 4.3.12. Let α, β, γ ∈ R, and assume that

∀s ∈ R, |sα+ s3β| ≤ γ(1 +
1
2
s2 +

s4

24
).

Applying that inequality for s = 1, 3 gives |α+ β| ≤ γ 37
24 , |3α+ 27β| ≤ γ 213

24 and
thus

24|β| = |3α+ 27β − 3(α+ β)| ≤ 324
24

γ, |β| ≤ γ
324
242

,

|α| = |α+ β − β| ≤ γ
37× 24 + 324

242
= γ

1212
576

.

As a result, from (4.3.15), we get for ρ(x) > 0, ‖a′(x)‖ ≤ 3ρ(x)3, ‖a(3)(x)‖ ≤
4ρ(x). If ρ(x) = 0, we use the inequality (4.3.14) with h = εT where T is a unit
vector and ε is a positive parameter, providing |εa′(x)T + ε3 1

6a
(3)(x)T 3| ≤ ε4

24 .
Dividing by ε and letting it go to zero, we find a′(x)T = 0, for all T , i.e. a′(x) = 0.
Next we find that for all vectors T , a(3)(x)T 3 = 0, implying that the symmetric
trilinear form a(3)(x) is zero (see section 4.2.2). The proof is complete. �

Lemma 4.3.13. Let a, ρ,Ω be as above. The metric |dx|2
ρ(x)2 is slowly varying on the

open set Ω, i.e. there exists C0 ≥ 1 > r0 > 0 such that

x ∈ Ω and |x− y| ≤ r0ρ(x) =⇒ y ∈ Ω, C−1
0 ≤ ρ(x)

ρ(y)
≤ C0. (4.3.16)

The constants r0 and C0 can be chosen as “universal” fixed constants (indepen-
dently of the dimension and of the function a, which is normalized by the condition
‖a(4)‖L∞ ≤ 1).
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Proof. Using Taylor’s formula, one gets, using (4.3.14), the section 4.2.2,

ρ(x+ h)4 = a(x+ h) + ‖a′′(x+ h)‖2

≤ a(x) + a′(x)h+
1
2
a′′(x)h2 +

1
6
a′′′(x)h3 +

1
24
|h|4

+ 3‖a′′(x)‖2 + 3‖a′′′(x)‖2|h|2 + 3
1
4
|h|4

≤ 2a(x) + a′′(x)h2 +
1
12
|h|4 + 3‖a′′(x)‖2 + 3‖a′′′(x)‖2|h|2 + 3

1
4
|h|4

≤ 2ρ(x)4 + ρ(x)2|h|2 +
1
12
|h|4 + 3ρ(x)4 + 3 24ρ(x)2|h|2 +

3
4
|h|4

≤ 5ρ(x)4 + |h|2ρ(x)2(1 + 3 24) + |h|4( 1
12

+ 3 2−2)

≤ 34
(
ρ(x) + |h|

)4
.

This implies that
ρ(x+ h) ≤ 3

(
ρ(x) + |h|

)
. (4.3.17)

As a consequence, we have for ‖T‖ ≤ 1, r ≥ 0, ρ
(
x+ rρ(x)T

)
≤ 3(1 + r)ρ(x), and

thus
|y − x| ≤ rρ(x) =⇒ ρ(y) ≤ 3(1 + r)ρ(x).

Moreover if y = x+ rρ(x)T with r ≥ 0 and |T | ≤ 1, (4.3.17) gives

ρ(x) = ρ
(
y − rρ(x)T

)
≤ 3
(
ρ(y) + rρ(x)

)
and if r ≤ 1/6 we find 1

2ρ(x) ≤ 3ρ(y) ≤ (9 + 3
2 )ρ(x) providing the result of the

lemma with C0 = 1/r0 = 6. �

Remark 4.3.14. When the normalisation condition ‖a(4)‖L∞ ≤ 1 is not satisfied,
it is of course possible to divide a by a constant to get back to that normalization
condition. When ‖a(4)‖L∞ 6= 0, Lemma 4.3.11 is providing the inequalities

‖a′(x)‖4/3 ≤ 34/3
(
a(x)‖a(4)‖1/3∞ + ‖a′′(x)‖2‖a(4)‖−2/3

∞

)
, (4.3.18)

‖a(3)(x)‖4 ≤ 44
(
a(x)‖a(4)‖3∞ + ‖a′′(x)‖2‖a(4)‖2∞

)
. (4.3.19)

Note that if ‖a(4)‖L∞ = 0, i.e. a(4) ≡ 0, a is a polynomial of degree ≤ 3, and the
nonnegativity implies a(3) ≡ 0 so that, if its minimum is realized at 0, a is the
sum of a nonnegative quadratic form and of a nonnegative constant.

Lemma 4.3.15. Let a, ρ,Ω be as above. Let θ such that 0 < θ ≤ 1/2. If y ∈ Ω
verifies a(y) ≥ θρ(y)4, then

|x− y| ≤ θρ(y)2−3 =⇒ a(x) ≥ θρ(y)4/2.
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Proof. We note that for |x−y| ≤ rρ(y), using Lemma 4.3.11 and Taylor’s formula,
we have

a(x) ≥ a(y)− rρ(y)3ρ(y)3 − 1
2
r2ρ(y)2ρ(y)2 − 1

6
r3ρ(y)34ρ(y)− 1

24
r4ρ(y)4,

implying, for a(y) ≥ θρ(y)4, that a(x) ≥ ρ(y)4(θ − 3r − r2

2 −
2r3

3 − r4

24 ) and since
for r ≤ 1/2, we have

3r +
r2

2
+

2r3

3
+
r4

24
≤ r(3 + 1/8 + 1/12 + 1/384) ≤ 4r,

we obtain indeed a(x) ≥ 1
2θρ(y)

4 if r ≤ θ/8. �

Lemma 4.3.16. Let a, ρ,Ω be as above. There exists R0 > 0 such that if y ∈ Ω
verifies a(y) < ρ(y)4/2, then there exists a unit vector T such that,

|x− y| ≤ R0ρ(y) =⇒ a′′(x)T 2 ≥ 2−1ρ(y)2.

One can take R0 = 10−2.

Proof. We have ‖a′′(y)‖ ≥ 2−1/2ρ(y)2, so with the results of section 4.2.2, we find
a unit vector T such that |a′′(y)T 2| ≥ 2−1/2ρ(y)2. Then we have for all real s

0 ≤ a(y + sρ(y)T )

≤ a(y) + sρ(y)a′(y)T +
s2

2
ρ(y)2a′′(y)T 2 +

s3

6
ρ(y)3a′′′(y)T 3 +

s4

24
ρ(y)4.

The quantity sρ(y)a′(y)T + s3

6 ρ(y)
3a′′′(y)T 3 is odd in the variable s so that

a(y) +
s2

2
ρ(y)2a′′(y)T 2 +

s4

24
ρ(y)4 ≥ |sρ(y)a′(y)T +

s3

6
ρ(y)3a′′′(y)T 3| ≥ 0,

and in particular,

∀s 6= 0, a′′(y)T 2 ≥ − s
2

12
ρ(y)2−s−22a(y)ρ(y)−2 =⇒ a′′(y)T 2 ≥ −2×6−1/2a(y)1/2.

Since |a′′(y)T 2| ≥ 2−1/2ρ(y)2, this implies

a′′(y)T 2 ≥ 2−1/2ρ(y)2, (4.3.20)

otherwise we would have −2× 6−1/2a(y)1/2 ≤ a′′(y)T 2 ≤ −2−1/2ρ(y)2 and thus

a(y)1/2 ≥ 61/22−3/2ρ(y)2 =⇒ a(y) ≥ 3
4
ρ(y)4
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which is incompatible with a(y) < ρ(y)4/2. Using the Taylor expansion for x 7→
a′′(x)T 2 yields the following; we write, for |x− y| ≤ ρ(y)s,

a′′(x)T 2 ≥ a′′(y)T 2 − |s|ρ(y)4ρ(y)− s2

2
ρ(y)2

≥ ρ(y)2
( 1√

2
− 12|s| − 3s2/2

)
≥ ρ(y)2/2,

provided |s| ≤ 10−2. �

Lemma 4.3.17. Let a, ρ,Ω, C0, r0, R0, T be as above. There exists a positive constant
θ0 such that if 0 < θ ≤ θ0 and y ∈ Ω is such that a(y) < θρ(y)4, the following
property is true. For all x such that |x − y| ≤ θ1/2ρ(y), the function τ 7→ a′(x +
τρ(y)T )T has a unique zero on the interval [−θ1/4, θ1/4]. The constant θ0 is a
universal constant that will be chosen also ≤ min(1/2, r20, R

4
0).

Proof. From the previous lemma, we know that for y ∈ Ω such that a(y) < ρ(y)4/2
then there exists a unit vector T such that,

|x− y| ≤ R0ρ(y) =⇒ a′′(x)T 2 ≥ 2−1ρ(y)2.

The second-order Taylor’s formula gives, for |t| ≤ r0, using (4.3.16),

0 ≤ a(y + tρ(y)T ) ≤ a(y) + tρ(y)a′(y)T +
ρ(y)2t2

2
C2

0ρ(y)
2

and thus |t|ρ(y)|a′(y)T | ≤ a(y)+C2
0ρ(y)

4t2/2 ≤ θρ(y)4 +C2
0ρ(y)

4t2/2. As a result
choosing t = θ1/2 (which is indeed smaller than r0), we get

|a′(y)T | ≤ ρ(y)3(θ1/2 + C2
0θ

1/2/2). (4.3.21)

We have for s real

a′(y + sρ(y)T )T = a′(y)T + sρ(y)a′′(y)T 2 +
s2

2
ρ(y)2a′′′(y)T 3

+
∫ 1

0

1
2
(1− t)2a(4)(y + tsρ(y)T )T 4dts3ρ(y)3,

so that, using (4.3.21), we have

a′(y + sρ(y)T )T

≤ ρ(y)3θ1/2
=C1︷ ︸︸ ︷

(1 + C2
0/2) +sρ(y)a′′(y)T 2 +

s2

2
ρ(y)34 +

1
6
|s|3ρ(y)3

≤ ρ(y)3
(
θ1/2C1 + s

a′′(y)T 2

ρ(y)2
+ 2s2 +

|s|3

6

)
.
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The coefficient of s inside the bracket above belongs to the interval [2−1/2, 1]. For
s = −θ1/4, we get that

a′(y − θ1/4ρ(y)T )T ≤ ρ(y)3
(
θ1/2C1 − θ1/42−1/2 + 2θ1/2 +

|θ|3/4

6

)
< 0,

if θ is small enough with respect to a universal constant. Since we have also the
inequality

a′(y + sρ(y)T )T ≥ −ρ(y)3θ1/2C1 + sρ(y)a′′(y)T 2 − s2

2
ρ(y)34− 1

6
|s|3ρ(y)3

≥ ρ(y)3
(
−θ1/2C1 + s

a′′(y)T 2

ρ(y)2
− 2s2 − |s|3

6
)
,

the choice s = θ1/4 shows that a′(y + θ1/4ρ(y)T )T > 0. As a result the function
φ defined by φ(τ) = a′(y + τρ(y)T )T vanishes for some τ with |τ | ≤ θ1/4 ≤ R0.
Moreover, from Lemma 4.3.16, its derivative φ′ satisfies

φ′(τ) = a′′(y + τρ(y)T )T 2ρ(y) ≥ 2−1ρ(y)3 > 0,

so that φ is monotone increasing of τ on the interval [−θ1/4, θ1/4], with a unique
zero on that interval. Considering now for |y − x| ≤ θ1/2ρ(y) the function

ψ(τ, x) = a′(x+ τρ(y)T )T,

we get that

φ(τ)− θ1/2ρ(y)C2
0ρ(y)

2 ≤ ψ(τ, x) ≤ φ(τ) + θ1/2ρ(y)C2
0ρ(y)

2

so that the same reasoning as before, we find that for all x such that |x−y| ≤ θρ(y),
the function τ 7→ a′(x+ τρ(y)T )T has a unique zero on the interval [−θ1/4, θ1/4],
provided that θ is smaller than a positive universal constant. �

Remark 4.3.18. Let a, ρ,Ω, r0, C0, R0, θ0 be as in the lemma 4.3.17 and 0 < θ ≤
θ0. Let y be a point in Ω such that a(y) < θρ(y)4. We may choose the linear
orthonormal coordinates such that the vector T given by the lemma 4.3.17 is the
first vector of the canonical basis of Rm. Then a consequence of the lemma 4.3.17
is that, for all x′ ∈ BRm−1(y′, θ1/2ρ(y)) the map τ 7→ ∂1a(τ, x′) has a unique zero
α(x′) on the interval [−θ1/4ρ(y) + y1, θ

1/4ρ(y) + y1]. We have thus

|x′ − y′| ≤ θ1/2ρ(y) =⇒ ∂1a(α(x′), x′) ≡ 0, |α(x′)− y1| ≤ θ1/4ρ(y). (4.3.22)

From the lemma 4.3.16, we get also

∂2
1a(α(x′), x′) ≥ ρ(y)2/2. (4.3.23)

Since the function ∂1a is C2,1, the implicit function theorem entails that the func-
tion α is C2; let us show in fact that α is C2,1. Denoting by ∂2 the x′ derivative,
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with a and its derivatives always evaluated at x1 = α(x′), we obtain by differen-
tiating the identity ∂1a(α(x′), x′) ≡ 0,

α′∂2
1a+ ∂1∂2a = 0, (4.3.24)

α′′∂2
1a+ α′

2
∂3
1a+ 2α′∂2

1∂2a+ ∂1∂
2
2a = 0. (4.3.25)

The identities (4.3.24) – (4.3.25) give for |x′ − y′| ≤ θ1/2ρ(y), using (4.3.23),
|α(x′)− y1| ≤ θ1/4ρ(y),
|α′(x′)| ≤ 2ρ(y)−2ρ(α(x′), x′)2 ≤ 2C2

0 . 1,
|α′′(x′)| ≤ 2ρ(y)−2

(
42C4

0 + 42C2
0 + 12

)
ρ(α(x′), x′) . ρ(y)−1.

(4.3.26)

We have also the identity, using (4.3.25),

α′′(x′) = −(∂2
1a(α(x′), x′))−1

(
α′

2
∂3
1a(α(x′), x′) + 2α′∂2

1∂2a(α(x′), x′)

+ ∂1∂
2
2a(α(x′), x′)

)
, (4.3.27)

so that the function α′′ is Lipschitz continuous. Applying formally the chain rule
from (4.3.25) would give the identity

α′′′∂2
1a+ 3α′′α′∂3

1a+ 3α′′∂2
1∂2a+ α′

3
∂4
1a+ 3α′2∂3

1∂2a+ 3α′∂2
1∂

2
2a+ ∂1∂

3
2a = 0.

However the meaning of the last four terms above is not clear since the fourth
derivative of a is only L∞, so to restrict it to the hypersurface x1 = α(x′) does not
make sense. In fact, we do not need that, but only the fact that the composition
of Lipschitz continuous functions gives a Lipschitz continuous function with the
obvious bound on the Lipschitz constant. We start over from (4.3.27) and we
write the duality products with a smooth compactly supported test function χ, aε
a regularized a,

〈α′′′, χ〉 = −
∫
α′′χ′dm =

∫
χ′(α′2∂3

1a+ 2α′∂2
1∂2a+ ∂1∂

2
2a)(∂

2
1a)

−1dm

= lim
ε→0

∫
χ′(α′2∂3

1aε + 2α′∂2
1∂2aε + ∂1∂

2
2aε)(∂

2
1a)

−1dm

= − lim
ε→0

∫
χ
(
(α′2∂3

1aε + 2α′∂2
1∂2aε + ∂1∂

2
2aε)(∂

2
1a)

−1
)′
dm.

The computation of the derivative between the parenthesis above, with uniform
bounds wih respect to ε gives indeed

|α′′′(x′)| . ρ(y)−2. (4.3.28)



320 Chapter 4. Appendix

4.3.6 From discrete sums to finite sums

At the end of the proof of Theorem 2.5.19, we have established that

a(x) =
∑

1≤j≤1+Nm−1

∑
ν∈N

bν,j(x)2ϕν(x)2 (4.3.29)

with (ϕν) satisfying the properties of Lemma 2.5.20 and the bν,j are C1,1 functions
such that

|b(l)ν,j | ≤ c0ρ
2−l
ν , 0 ≤ l ≤ 2, |

(
b′ν,jb

′′
ν,j

)′| ≤ c0 |
(
bν,jb

′′
ν,j

)′′| ≤ c0, (4.3.30)

where c0 is a universal constant. We keep the normalization assumption

‖a(4)‖L∞(Rm) ≤ 1.

We want to write a as a finite sum with similar properties, using the slow variation
of the metric |dx|2/ρ(x)2. We are given a positive number r ≤ r′0, where r′0 is
defined in Lemma 2.5.20. We define a sequence (xν) and balls Uν as in that lemma.

· N1 = maximal subset of N containing 0 such that for ν′ 6= ν′′ both in N1,
Uν′ ∩ Uν′′ = ∅. Let ν2 = minN c

1 .

· N2 = maximal subset of N c
1 containing ν2 such that for ν′ 6= ν′′ both in N2,

Uν′ ∩ Uν′′ = ∅. Let ν3 = min(N1 ∪N2)c.
. . . Let νk+1 = min(N1 ∪ · · · ∪ Nk)c.

· Nk+1 = maximal subset of (N1 ∪ · · · ∪ Nk)c containing νk+1

such that for ν′ 6= ν′′ both in Nk+1,

Uν′ ∩ Uν′′ = ∅. Let νk+2 = min(N1 ∪ · · · ∪ Nk+1)c.
. . .

We observe the following.
• The sets Nj are two by two disjoint.
• For all j, k such that 1 ≤ j ≤ k, there exists ν ∈ Nj so that Uν ∩Uνk+1 6= ∅ :

otherwise, we could find 1 ≤ j ≤ k so that for all ν ∈ Nj , Uν ∩ Uνk+1 = ∅, so
that the set Nj ∪ {νk+1} would satisfy the property that the maximal Nj should
satisfy.

• For k large enough, we haveN1∪· · ·∪Nk = N: otherwise νk+1 is always well-
defined and using the property above, we get that one can find µj ∈ Nj , 1 ≤ j ≤ k,
so that Uµj ∩ Uνk+1 6= ∅. As a consequence, for 1 ≤ j ≤ k, we find yj ∈ Uµj such
that |xµj

− yj | ≤ rρ(xµj
) ≤ C0rρ(yj),

|xνk+1 − yj |≤ rρ(xνk+1) ≤ C0rρ(yj) ≤ C2
0rρ(xνk+1)

and thus
|xνk+1 − xµj

| ≤ (C2
0r + r)ρ(xνk+1), (4.3.31)
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with distinct µj (they belong to two by two disjoint sets). On the other hand, we
know by construction (see Lemma 1.4.9 in [71]) that there exists a positive r1 such
that , for ν′ 6= ν′′,

|xν′ − xν′′ | ≥ r1ρ(xν′),

so that, with a fixed r2 > 0, the balls
(
B(xµj

, r2ρ(xµj
))
)
1≤j≤k are two by two

disjoint as well as
(
B(xµj

, r3ρ(xνk+1))
)
1≤j≤k with a fixed positive r3. Thanks to

(4.3.31), they are also all included in B(xνk+1 , r4ρ(xνk+1)) with a fixed positive r4
so that k ≤ rm4 /r

m
3 and thus k is bounded. We can thus write, with Mm = λm0 ,

since the balls Uν(⊃ suppϕν) are two by two disjoint for ν running in each Nk,

a =
∑

1≤j≤1+Nm−1

∑
1≤k≤Mm

( ∑
ν∈Nk

bν,jϕν

)2

and defining Bj,k =
∑
ν∈Nk

bν,jϕν we get

a =
∑

1≤j≤1+Nm−1

∑
1≤k≤Mm

B2
j,k (4.3.32)

with |B′′j,k| ≤
∑
ν∈Nk

c0ψν . 1. Moreover the identities

(B′j,kB
′′
j,k)

′ =
∑
ν∈Nk

(
(bν,jϕν)′(bν,jϕν)′′

)′
ψν , (4.3.33)

(Bj,kB′′j,k)
′′ =

∑
ν∈Nk

(
(bν,jϕν)(bν,jϕν)′′

)′′
ψν (4.3.34)

yield the sought estimates on the derivatives. As a final question, one may ask for
some estimate of the Pythagorean number, i.e. the number of squares necessary
for the decomposition. From the formula (4.3.32), we have the estimate

Nm ≤
(
1 +Nm−1

)
λm0 , λ0 universal constant,

which gives Nm ≤ µm
2

0 , which is probably a very crude estimate, compared to
the exponential bound known for the Artin theorem of decomposition as sum of
squares of nonnegative rational fractions. As a matter of fact, a recent paper of
J.-M. Bony [17] is providing the equality N1 = 2, which is optimal in view of
Glaeser’s counterexample ([48]); however his proof is much more involved than
our argument as exposed above with our set of indices Nk.

4.3.7 On families of rapidly decreasing functions

Lemma 4.3.19 ([18]). Let (fk)k≥1 be a sequence of functions from R+ to itself such
that

∀k,N ∈ N∗, sup
t≥0

(
fk(t)(1 + t)N

)
= αk,N < +∞. (4.3.35)
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Then there exists some positive constants βN , βk,N , a decreasing function F from
R+ to R∗+, depending only on the sequence (αk,N ), such that

∀N ∈ N,∀t ≥ 0, F (t) ≤ βN (1 + t)−N , (4.3.36)

∀k,N ∈ N∗,∀t ≥ 0, fk(t) ≤ βk,NF (t)N . (4.3.37)

Proof. Defining for t ≥ 0, gk(t) = infN αk,N (1 + t)−N , we have fk(t) ≤ gk(t). We
have for m, p ∈ N∗, gk(t)(1 + t)mp ≤ (1 + t)mp−Nαk,N ≤ (1 + t)−1αk,mp+1 so that

t ≥ αk,mp+1 =⇒ gk(t)(1 + t)mp ≤ 1, i.e. gk(t)1/m(1 + t)p ≤ 1,

and thus t ≥ αp = maxk+m≤p αk,mp+1 implies that ∀k,m ∈ N∗ with k +m ≤ p,
gk(t)1/m(1+ t)p ≤ 1, so that supt≥αp,k+m≤p gk(t)

1/m(1+ t)p ≤ 1. We set for q ≥ 1,
Tq = q + max1≤p≤q αp. The sequence (Tq)q≥1 is increasing and tends to +∞. We
define (with T0 = 0),

F (t) =
∑
q≥0

1[Tq,Tq+1[(t)(1 + t)−q.

The function F is positive decreasing and since

F (t)(1 + t)N ≤
∑

0≤q<N

1[Tq,Tq+1[(t)(1 + t)N−q +
∑
N≤q

1[Tq,Tq+1[(t),

we have supt≥0 F (t)(1 + t)N = βN < +∞, proving (4.3.36). Moreover, for k,m ∈
N∗, we have for all t ≥ 0,

gk(t)1/mF (t)−1 =∑
0≤q<k+m

gk(t)1/m(1 + t)q1[Tq,Tq+1[(t) +
∑

q≥k+m

gk(t)1/m(1 + t)q1[Tq,Tq+1[(t)

≤
∑

0≤q<k+m

gk(t)1/m(1 + t)q1[Tq,Tq+1[(t) +
∑

q≥k+m

1[Tq,Tq+1[(t)1{t ≥ αq}

+
∑

q≥k+m

gk(t)1/m(1 + t)q1[Tq,Tq+1[(t)1{t < αq}.

Since αq ≤ Tq, the product 1[Tq,Tq+1[(t)1{t < αq} = 0 implying

gk(t)1/mF (t)−1 ≤ sup
[0,Tk+m]

gk(t)1/m(1 + t)k+m−1 + 1 = β̃k,m,

proving (4.3.37), fk(t) ≤ gk(t) ≤ βk,mF (t)m. �

Lemma 4.3.20. Let γ be a positive-definite quadratic form on Rn, let g = γ ⊕ γ be
the positive-definite quadratic form on Rn × Rn defined by g(x, ξ) = γ(x) + γ(ξ),
let Ur (resp.br) be the the g-ball (resp. γ-ball) with center 0 and radius r, and let
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A ∈ Conf (g, Ur) with r ≤ 1(cf. Definition 2.3.1). Then for all ε > 0, there exists
b ∈ Conf (g, Ur) and a smooth function a verifying

∀k,N ∈ N, sup
γ(t)≤1

|a(k)(x)tk|
(
1 + γ−1(x− br+ε)

)N
< +∞, (4.3.38)

such that A(x, ξ) = a(x)b(x, ξ). The seminorms of b in Conf (g, Ur) as well as the
quantities (4.3.38) depend only on the seminorms of A in Conf (g, Ur).

Proof. According to (4.4.18), we have gσ = γ−1 ⊕ γ−1. We have

sup
T,g(T )≤1

|A(k)(X)T k| ≤ ‖A‖(k,2N)
g,Ur

(
1 + gσ(X − Ur)

)−N
,

so that defining for t ∈ R+,

fk(t) = inf
N≥0

‖A‖(k,2N)
g,Ur

(1 + t)−N ,

we see that the hypothesis (4.3.35) is fulfilled with αk,N = ‖A‖(k,2N)
g,Ur

. According
to the lemma 4.3.19, there exists a decreasing positive function F defined on R+

such that ∀N ≥ 0, βN = supt≥0(1 + t)NF (t) < +∞ and

sup
T,g(T )≤1

|A(k)(X)T k| ≤ fk
(
gσ(X − Ur)

)
≤ βk,NF

(
gσ(X − Ur)

)N
.

The function F , the constants βN , βk,N depend only on the sequence ‖A‖(k,2N)
g,Ur

.
We define for ε > 0, x ∈ Rn, ρ ∈ C∞c (R; R+), supp ρ = [−1, 1],

∫
Rn ρ(|z|2)dz = 1,

a(x) =
∫
F
(
γ−1(x− y − br+ε)

)
|γ|1/2ε−nρ

(
γ(ε−1y)

)
dy.

We note that the triangle inequality for the norm ‖x‖γ = γ(x)1/2 implies that

∀y ∈ bε,br+ε + y ⊃ br,

since ‖s‖γ ≤ r, ‖y‖γ ≤ ε, gives s = y + s − y and ‖s − y‖γ ≤ r + ε. As a result
∀y ∈ bε, ‖x− y − br+ε‖γ−1 ≤ ‖x− br‖γ−1 and since F is decreasing (and ρ ≥ 0),
we obtain

a(x) ≥ F
(
‖x−br‖2γ−1

) ∫
|γ|1/2ε−nρ

(
γ(ε−1y)

)
dy = F

(
γ−1(x−br)

)
> 0. (4.3.39)

On the other hand, we have ∀y ∈ bε,br+ε + y ⊂ br+2ε and thus

∀y ∈ bε, ‖x− y − br+ε‖γ−1 ≥ ‖x− br+2ε‖γ−1 ,
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entailing that a(x) ≤ F
(
γ−1(x− br+2ε)

)
. For γ(t) ≤ 1, we have also

|a(k)(x)tk| ≤
∫
‖y‖γ≤ε

F
(
γ−1(x− y − br+ε)

)
|γ|1/2ε−ndyCk(ρ)ε−k

≤ Ck(ρ, n)ε−kF
(
γ−1(x− br+2ε)

)
, (4.3.40)

proving (4.3.38) (with 2ε replacing ε). We consider now the function b defined on
Rn × Rn by b(x, ξ) = A(x, ξ)/a(x), which makes sense from (4.3.39). For t ∈ Rn,
we have (see the Faà de Bruno formula in (4.3.1))

(∂kxb)(x, ξ)t
k =∑

k1+k2=k
0≤l≤k2,

P
mj=k2

C(k1, k2, l)(∂k1x A)(x, ξ)tk1a(x)−1−la(m1)tm1 . . . a(ml)tml ,

so that, for (t, τ) ∈ Rn × Rn, with γ(t), γ(τ) ≤ 1, we have with X = (x, ξ),

|(∂jξ∂
k
xb)(x, ξ)t

kτ j |
≤ C(j, k, ε)βj+k,k+2

×
∑
l≤k

F
(
gσ(X − Ur)

)k+2
F
(
γ−1(x− br)

)−1−l
F
(
γ−1(x− br+2ε)

)l
≤ C(j, k, ε)βj+k,k+2

×
∑
l≤k

F
(
γ−1(x− br)

)k+1−1−l
F
(
γ−1(x− br+2ε)

)l
F
(
gσ(X − Ur)

)
≤ C ′(j, k, ε)βj+k,k+2F

(
gσ(X − Ur)

)
and b belongs to Conf(g, Ur) with semi-norms depending only on those of A. We
have thus A(x, ξ) = a(x)b(x, ξ) and the lemma is proven. �

4.3.8 Abstract lemma for the propagation of singularities

We want to prove here an elementary lemma in a Hilbertian framework, hopefully
helping the reader to understand the theorem of propagation of singularities in a
simple setting as well as providing a simple expanation for the orientation of the
propagation by the sign of the imaginary part. Let H be a complex Hilbert space,
I an interval of R and I 3 t 7→ R(t) ∈ L (H) be a continuous mapping. We shall
define

ReR(t) =
1
2
(
R(t) +R∗(t)

)
, ImR(t) =

1
2i
(
R(t)−R∗(t)

)
, (4.3.41)

and assume that inft∈I ImR(t) > −∞, i.e.

∃µ0 ∈ R, ImR(t) + µ0 ≥ 0. (4.3.42)
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We calculate for u ∈ C1
c (I,H), t0 < t1 in I,

2 Re〈1
i
∂tu+R(t)u(t), i1[t0,t1](t)u(t)〉L2(I;H)

= |u(t0)|2H − |u(t1)|2H + 2
∫ t1

t0

〈ImR(t)u(t), u(t)〉Hdt

≥ |u(t0)|2H − |u(t1)|2H − 2µ0

∫ t1

t0

|u(t)|2Hdt,

proving with L = 1
i ∂t +R(t) that

|u(t0)|2H ≤ |u(t1)|2H + 2 Re〈Lu, iu〉L2([t0,t1];H) + 2µ0

∫ t1

t0

|u(t)|2Hdt. (4.3.43)

We claim that the previous inequality contains all the qualitative information for
a propagation-of-singularities theorem: assuming for simplicity that µ0 = 0 (which
means ImR(t) ≥ 0), and Lu = 0, we see that |u(t0)|2H ≤ |u(t1)|2H whatever are
t0 ≤ t1 in I. In particular if |u(t0)|2H � 1 (some type of singular behaviour)
then |u(t1)|2H � 1, meaning that this “singular behaviour” did actually propagate
forward in time. Note that the “regularity” is propagating backward in time: if
|u(t1)|2H � 1 then |u(t0)|2H � 1. If we change the hypothesis (4.3.42) into

ImR(t) + µ0 ≤ 0, (4.3.44)

the calculation above gives

|u(t1)|2H ≤ |u(t0)|2H − 2 Re〈Lu, iu〉L2([t0,t1];H) − 2µ0

∫ t1

t0

|u(t)|2Hdt.

Obviously the “propagation of singularities” is now backward in time. Finally we
see that we must expect that the sign of the imaginary part is actually orienting
the direction of propagation, essentially forward for a positive imaginary part and
backward for a negative imaginary part, a feature rather easy to memorize. The
inequality (4.3.43) is simple to state and to prove, but we want to prove now a
sharper version of it.

Lemma 4.3.21. Let H be a Hilbert space, I an interval of R and I 3 t 7→ R(t) ∈
L (H) be a continuous mapping such that (4.3.42) holds. Then for all t0 ≤ t1 in
I, we have with L = d

idt +R(t),

sup
t0≤s≤t1

|u(s)|He−µ0(t1−s) ≤ |u(t1)|H +
∫ t1

t0

|e−µ0(t1−t)Lu(t)|Hdt. (4.3.45)

Proof. We calculate for u ∈ C1
c (I,H), t0 < t1 in I, v(t) = u(t)eµ0t,

2 Re〈1
i
∂tu+R(t)u(t), i1[t0,t1](t)e

2µ0tu(t)〉L2(I;H)

= 2 Re〈1
i
∂tv + (R(t) + iµ0)v(t), i1[t0,t1](t)v(t)〉L2(I;H)
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and since µ0 + ImR(t) ≥ 0, we get, using (4.3.42) with µ0 = 0 and (4.3.43)

|eµ0t0u(t0)|2H ≤ |eµ0t1u(t1)|2H + 2 Re〈eµ0tLu, ieµ0tu(t)〉L2([t0,t1];H),

and thus with

σ(t) = 2
∫ t1

t

|eµ0(s−t1)Lu(s)|H|eµ0(s−t1)u(s)|Hds+ |u(t1)|2H

we get −σ̇(t) = 2|eµ0(t−t1)Lu(t)|H|eµ0(t−t1)u(t)|H ≤ 2|eµ0(t−t1)Lu(t)|H
√
σ(t) so

that

d

dt

(
−
√
σ(t)

)
≤ |eµ0(t−t1)Lu(t)|H

=⇒ for t ≤ t1, σ(t)1/2 ≤ σ(t1)1/2 +
∫ t1

t

|eµ0(s−t1)Lu(s)|Hds.

As a result, we get

sup
t0≤s≤t1

|u(s)|e−µ0(t1−s) ≤ sup
t0≤s≤t1

σ(s)1/2 ≤ |u(t1)|+
∫ t1

t0

|e−µ0(t1−t)Lu(t)|Hdt.

�

Remark 4.3.22. It may be useful to write the expression of that result for the
evolution equation under the more familiar form d

dt +Q(t), under the assumption

µ0 + ReQ(t) ≥ 0. (4.3.46)

In fact we have e−µ0t
(
d
dt +Q(t)

)
eµ0t = i

(
d
idt +ImQ(t)− iReQ(t)− iµ0

)
and using

the hypothesis (4.3.44) and the same method as above, we get

sup
t0≤s≤t1

|u(s)|e−µ0(s−t0) ≤ |u(t0)|+
∫ t1

t0

|e−µ0(t−t0)
(du
dt

+Q(t)u(t)
)
|Hdt. (4.3.47)

4.4 On the symplectic and metaplectic groups

4.4.1 The symplectic structure of the phase space

We are given a finite dimensional real vector space E (dimension n) and we con-
sider the phase space attached to E, namely the 2n dimensional E ⊕E∗ = P. On
the latter, we introduce the symplectic form σ (which is a bilinear alternate form)
defined by

σ(X,Y ) = 〈ξ, y〉E∗,E − 〈η, x〉E∗,E , for X = (x, ξ), Y = (y, η). (4.4.1)
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We can identify σ with the isomorphism7 of P to P∗ such that σ∗ = −σ, with the
formula σ(X,Y ) = 〈σX, Y 〉P∗,P . A symplectic mapping Ξ is an endomorphism of
P such that

∀X,Y ∈ P, σ(ΞX,ΞY ) = σ(X,Y ), i.e. such that Ξ∗σΞ = σ. (4.4.2)

Note that the symplectic mappings make a subgroup of Gl(E ⊕E∗): if Ξ1,Ξ2 are
symplectic, then Ξ1Ξ2, Ξ−1

j are also symplectic:

(Ξ1Ξ2)∗σΞ1Ξ2 = Ξ∗2Ξ
∗
1σΞ1Ξ2 = Ξ∗2σΞ2 = σ,

σ(X,Y ) = σ(Ξ1Ξ−1
1 X,Ξ1Ξ−1

1 Y ) = σ(Ξ−1
1 X,Ξ−1

1 Y ).

Definition 4.4.1. Let E be a finite-dimensional real vector space and σ be given
by (4.4.1). The symplectic group Sp(E⊕E∗) is the group of symplectic mappings
of the phase space E ⊕E∗. If n = dimE, it is isomorphic to the symplectic group
Sp(2n), the group of 2n× 2n matrices Ξ such that Ξ∗

(
0 In

−In 0

)
Ξ =

(
0 In

−In 0

)
.

It is interesting to see that this example of “polarized ” symplectic space is
in fact the general case, as shown by the following result.

Proposition 4.4.2. Let F be a finite dimensional real vector space equipped with a
nondegenerate bilinear alternate form σ. Then the dimension of F is even (say
2n) and F has a symplectic basis, i.e. a basis (e1, . . . , en, ε1, . . . , εn) such that
σ(ej , ek) = σ(εj , εk) = 0, σ(εj , ek) = δj,k, and (F, σ) is thus isomorphic to Rnx×Rnξ
with the symplectic form ξ · y − η · x (with the canonical dot product on Rn).

Proof. Let ε1 be a nonzero vector in F (assumed to be not reduced to {0}) and let
V = {x ∈ F, σ(ε1, x) = 0}. Since σ is nondegenerate alternate, V is an hyperplane
which contains ε1. It is thus possible to find e1 /∈ V such that σ(ε1, e1) = 1. We
have

F = Re1 ⊕ V, V = Rε1 ⊕ F ′, F ′ = {x ∈ V, σ(x, e1) = 0},

since e1 ∧ ε1 6= 0. The restriction of σ to F ′ is nondegenerate since, if x ∈ F ′ is
such that ∀y ∈ F ′, σ(x, y) = 0, then F ′ ⊂ V and its definition give σ(x, ε1) =
σ(x, e1) = 0 and thus x = 0. We can conclude by an induction on the dimension
of F . �

Theorem 4.4.3. Let E be a finite-dimensional real vector space and Sp(E ⊕ E∗)
the symplectic group attached to the phase space E ⊕ E∗ (see definition 4.4.1).
With obvious block notation for linear mappings from E ⊕ E∗ to itself we have
the following properties. The group Sp(E ⊕ E∗) is included in Sl(E ⊕ E∗) and

7σ((x, ξ)) = (ξ,−x) is an isomorphism, identified with the 2n× 2n matrix
„

0 In

−In 0

«
.
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generated by the following mappings(
IE 0
A IE∗

)
, A : E −→ E∗, A = A∗,(

B−1 0
0 B∗

)
, B : E −→ E, invertible,(

IE −C
0 IE∗

)
, C : E∗ −→ E, C = C∗.

For A,B,C as above, the mapping

ΞA,B,C =
(
B−1 −B−1C
AB−1 B∗ −AB−1C

)
=
(
IE 0
A IE∗

)(
B−1 0

0 B∗

)(
IE −C
0 IE∗

)
.

belongs to Sp(E ⊕E∗). Moreover, we define on E ×E∗ the generating function S
of the symplectic mapping ΞA,B,C by the identity

S(x, η) =
1
2
(
〈Ax, x〉+2〈Bx, η〉+〈Cη, η〉

)
so that Ξ

(∂S
∂η
⊕η
)

= x⊕ ∂S
∂x

. (4.4.3)

For a symplectic mapping Ξ, to be of the form above is equivalent to the assumption
that the mapping x 7→ πEΞ(x ⊕ 0) is invertible from E to E; moreover, if this
mapping is not invertible, the symplectic mapping Ξ is the product of two mappings
of the type ΞA,B,C .

Proof. The expression of Ξ above as well as (4.4.3) follow from a simple direct
computation left to the reader. The inclusion of the symplectic group in the special
linear group follows from the statement on the generators. We consider now Ξ in
Sp(E ⊕ E∗): we have

Ξ =
(
P Q
R S

)
, where

{
P : E → E, Q : E∗ → E,

R : E → E∗, S : E∗ → E∗,

and the equation
Ξ∗σΞ = σ (4.4.4)

is satisfied with σ =
(

0 IE∗
−IE 0

)
, which means

P ∗R = (P ∗R)∗, Q∗S = (Q∗S)∗, P ∗S −R∗Q = IE∗ . (4.4.5)

We can note also that the mapping Ξ 7→ Ξ∗ is an isomorphism of Sp(E⊕E∗) with
Sp(E∗ ⊕ E) since Ξ ∈ Sp(E ⊕ E∗) means

Ξ∗σΞ = σ =⇒ Ξ−1σ−1(Ξ∗)−1 = σ−1 =⇒ Ξ−1(−σ−1)(Ξ∗)−1 = (−σ−1),
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and since (−σ−1) =
(

0 IE
−IE∗ 0

)
, we get that Ξ∗ ∈ Sp(E∗ ⊕ E). As a result,

Ξ =
(
P Q
R S

)
belongs to Sp(E ⊕ E∗) is also equivalent to

PQ∗ = (PQ∗)∗, RS∗ = (RS∗)∗, PS∗ −QR∗ = IE . (4.4.6)

Let us assume that the mapping P is invertible, which is the assumption in the
last statement of the theorem. We define then the mappings A,B,C by

A = RP−1, B = P−1, C = −P−1Q

so that we have A∗ = P ∗−1R∗PP−1 = P ∗−1P ∗RP−1 = RP−1 = A

as well as C∗ = −Q∗P ∗−1 = −P−1PQ∗P ∗−1 = −P−1QP ∗P ∗−1 = −P−1Q = C

and P = B−1, R = AB−1, Q = −B−1C,

S = P ∗−1(IE∗ +R∗Q) = B∗(IE∗ −B∗−1A∗B−1C) = B∗ −AB−1C.

We have thus proven that any symplectic matrix Ξ as above such that P is in-
vertible is indeed given by the product appearing in theorem 4.4.3. Let us now
consider the case where detP = 0; writing E = kerP ⊕ N we have that P is an
isomorphism from N onto ranP . Let B1 ∈ Gl(E) such that B1P is the identity
on N . We have (

B1 0
0 B∗1

−1

)(
P Q
R S

)
=
(
B1P B1Q

B∗1
−1R B∗1

−1S

)
. (4.4.7)

If p = dim(kerP ), we have for the n× n matrix B1P the following block decom-
position

B1P =
(

0p,p 0p,n−p
0n−p,p In−p

)
, (4.4.8)

where 0r,s stands for a r × s matrix with only 0 as an entry. On the other hand,
we know from (4.4.5) that the mapping

(B1P )∗B∗1
−1R = P ∗R

is symmetric. Writing B∗1
−1R =

(
R̃p,p R̃p,n−p
R̃n−p,p R̃n−p,n−p

)
, where R̃r,s stands for a

r × s matrix, this gives the symmetry of(
0p,p 0p,n−p

0n−p,p In−p

)(
R̃p,p R̃p,n−p
R̃n−p,p R̃n−p,n−p

)
=
(

0p,p 0p,n−p
R̃n−p,p R̃n−p,n−p

)
implying that R̃n−p,p = 0. The symplectic matrix (4.4.7) is thus equal to

0p,p 0p,n−p
0n−p,p In−p

B1Q

R̃p,p R̃p,n−p
0n−p,p R̃n−p,n−p

B∗1
−1S

 , where B1Q and B∗1
−1S are n× n blocks.
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The invertibility of (4.4.7) implies that R̃p,p is invertible. We consider now the
n× n symmetric matrix

C =
(

Ip,p 0p,n−p
0n−p,p 0n−p,n−p

)
and the symplectic mapping(

IE C
0 IE

)(
B1 0
0 B∗1

−1

)(
P Q
R S

)
=
(
IE C
0 IE

)(
B1P B1Q

B∗1
−1R B∗1

−1S

)
(4.4.9)

which is a symplectic mapping
(
P ′ Q′

R′ S′

)
with

P ′ = B1P + CB∗1
−1R

=
(

0p,p 0p,n−p
0n−p,p In−p

)
+
(

Ip,p 0p,n−p
0n−p,p 0n−p,n−p

)(
R̃p,p R̃p,n−p

0n−p,p R̃n−p,n−p

)
=
(
R̃p,p R̃p,n−p

0n−p,p Ĩn−p

)
,

which is an invertible mapping. From the equation (4.4.9) and the first part of our

discussion, we get that
(
P ′ Q′

R′ S′

)
=
(
IE 0
A′ IE∗

)(
B′−1 0

0 B′∗

)(
IE −C ′
0 IE∗

)
with

A′, C ′ symmetric and B′ invertible and

Ξ =
(
B1

−1 0
0 B∗1

) (
IE −C
0 IE

)(
IE 0
A′ IE∗

)(
B′−1 0

0 B′∗

)(
IE −C ′
0 IE∗

)
,

proving that the ΞA,B,C generate the symplectic group and more precisely that
every Ξ in the symplectic group is the product of at most two mappings of type
ΞA,B,C . The proof of Theorem 4.4.3 is complete. �

Proposition 4.4.4. Let n ≥ 1 be an integer; the symplectic group Sp(2n) (def.
4.4.1), is included in Sl(2n,R) and Sp(2) = Sl(2,R). A set of generators of Sp(2n)
is

(i) (x, ξ) 7→ (B−1x,B∗ξ), where B ∈ Gl(n,R),

(ii) (x, ξ) 7→ (ξ ,−x),

(iii) (x, ξ) 7→ (x,Ax+ ξ), where A is n× n symmetric.

Another set of generators of Sp(2n) is

(j) (x, ξ) 7→ (B−1x,B∗ξ), where B ∈ Gl(n,R),

(jj) (x, ξ) 7→ (ξ ,−x),

(jjj) (x, ξ) 7→ (x− Cξ, ξ), where C is n× n symmetric.
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The mapping Ξ 7→ Ξ∗ is an isomorphism of Sp(2n).

Proof. The last statement follows from the previous theorem. The inclusion in
Sl(2n,R) is a consequence of the previous theorem and the equality with Sl(2,R)
when n = 1 follows from the defining equations (4.4.5) of the symplectic group:
the first two are satisfied for p, q, r, s scalar and the remaining one is the definition
of Sl(2,R). Moreover we note that, with a symmetric n× n matrix A(

0 −In
In 0

)(
In −A
0 In

)(
0 In
−In 0

)
=
(

0 −In
In −A

)(
0 In
−In 0

)
=
(
In 0
A In

)
so that (

In 0
A In

)
︸ ︷︷ ︸

(iii)

=
(
−In 0
0 −In

)
︸ ︷︷ ︸

(j)

(
0 In
−In 0

)
︸ ︷︷ ︸

(jj)

(
In −A
0 In

)
︸ ︷︷ ︸

(jjj)

(
0 In
−In 0

)
︸ ︷︷ ︸

(jj)

.

Since the previous theorem gives that the symplectic group is generated by ma-
trices of type (j), (jjj) and (iii), this equality proves that (j), (jjj) and (jj)
generate the symplectic group. Similarly, we prove that (i), (iii) and (ii) generate
the symplectic group, e.g. using that for a n× n symmetric matrix C, we have(

In −C
0 In

)
︸ ︷︷ ︸

(jjj)

=
(

0 In
−In 0

)
︸ ︷︷ ︸

(ii)

(
In 0
C In

)
︸ ︷︷ ︸

(iii)

(
0 In
−In 0

)
︸ ︷︷ ︸

(ii)

(
−In 0
0 −In

)
︸ ︷︷ ︸

(i)

,

completing the proof. �

Remark 4.4.5. The symplectic matrix(
0 In
−In 0

)
= 2−1/2

(
In In
−In In

)
2−1/2

(
In In
−In In

)
is not of the form ΞA,B,C but is the square of such a matrix. It is also the case of
all the mappings (xk, ξk) 7→ (ξk,−xk) with the other coordinates fixed. Similarly
the symplectic matrix(

0 −In
In In

)
=
(
In −In
0 In

)(
In 0
In In

)
is not of the form ΞA,B,C but is the product Ξ0,I,IΞI,I,0.

Proposition 4.4.6. The Lie algebra sp(2n) of the Lie group Sp(2n) is the n(2n+1)
dimensional real vector space of 2n× 2n real matrices such that

(σM)∗ = σM, with σ =
(

0 In
−In 0

)
.
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Proof. The Lie algebra sp(2n) is the vector space of 2n × 2n real matrices such
that for all t ∈ R, exp tM ∈ Sp(2n), according to the general definition of the Lie
algebra of a matrix group such as Sp(2n). In fact, according to (4.4.4), getting
exp tM ∈ Sp(2n), is equivalent to have for all real t (exp tM)∗σ exp tM = σ, which
means

σ =
∑
k,l≥0

tk+l

k!l!
M∗kσM l, (4.4.10)

implying M∗σ + σM = 0, i.e. σM = M∗σ∗ = (σM)∗. Conversely, the latter
condition is enough to get (4.4.10): using the identity σM l = M∗lσ(−1)l, easily
proven by induction on l, it implies

∑
k,l≥0

tk+l

k!l!
M∗kσM l =

∑
k,l≥0

tk+l

k!l!
M∗kM∗lσ(−1)l = exp tM∗ exp−tM∗σ = σ.

Note that, for n× n matrices α, β, γ, δ we have(
0 In
−In 0

)(
α β
γ δ

)
=
(
γ δ
−α −β

)
so that the condition σM symmetric is equivalent to γ, β symmetric, δ∗ = −α,
that is 2n(n−1)

2 + n2 = 2n2 − n independent linear conditions, ensuring that

dim sp(2n) = (2n)2 − 2n2 + n = n(2n+ 1).

Incidentally, this proves that the Lie group Sp(2n) (defined as a subgroup of
Sl(2n,R) by the equations (4.4.5)) has the same topological dimension n(2n+ 1)
and that the 2n(n−1)

2 + n2 equations (4.4.5) are independent. Note also that the
exponential map is not onto, even if n = 1: in particular(

−1/2 0
0 −2

)
6= expM, for any 2× 2 real matrix M .

Otherwise, we would find M =
(
α β
γ δ

)
a real 2× 2 matrix such that

expM =
(
−1/2 0

0 −2

)
,

implying that traceM = 0 i.e. δ = −α. The characteristic polynomial of M is thus
X2 − α2 − βγ and M2 = (α2 + βγ)I implying that

expM =
∑
k≥0

(α2 + βγ)2k

(2k)!
I +

∑
k≥0

(α2 + βγ)2k

(2k + 1)!
M (4.4.11)
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and since expM and I are symmetric, we get that M is symmetric as well (the
factor of M above cannot be 0, otherwise expM would be proportional to I). As

a result, M =
(
α β
β −α

)
with ρ = (α2 + β2)1/2 > 0 and from (4.4.11), we get

(
−1/2 0

0 −2

)
= expM = I cosh ρ+M

sinh ρ
ρ

which implies β = 0 and thus M diagonal, which is obviously impossible. Using
for n ≥ 1 the symplectic mapping (x1, ξ1) 7→ (−x1/2,−2ξ1), the other coordinates
fixed, yields the same result. �

Lemma 4.4.7. Let n ∈ N∗. Then we have

Sp(2n) ∩O(2n) = Sp(2n) ∩GL(n,C) = O(2n) ∩GL(n,C) = U(n), (4.4.12)

where O(2n) is the orthogonal group in 2n dimensions, defined by A∗A = Id,
GL(n,C) is the group of invertible n× n matrices with complex entries, identified
with the group of real 2n× 2n matrices such that σA = Aσ.

N.B. If A =
(
P Q
R S

)
is a real 2n × 2n matrix given in n × n blocks such that

σA = Aσ, it means that(
0 In
−In 0

)(
P Q
R S

)
= σA =

(
R S
−P −Q

)
= Aσ =

(
P Q
R S

)(
0 In
−In 0

)
=
(
−Q P
−S R

)
i.e. S = P,R = −Q. The mapping

Φ : GL(n,C) −→ GL(2n,R)

V 7→
(

ReV ImV
− ImV ReV

)
is an injective homomorphism of groups since

Φ(V1)Φ(V2) =
(

ReV1 ImV1

− ImV1 ReV1

)(
ReV2 ImV2

− ImV2 ReV2

)

and Φ(V1V2) =
(

Re(V1V2) Im(V1V2)
− Im(V1V2) Re(V1V2)

)

=
(

ReV1 ReV2 − ImV1 ImV2 ReV1 ImV2 + ImV1 ReV2

−ReV1 ImV2 − ImV1 ReV2 ReV1 ReV2 − ImV1 ImV2

)
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which means that GL(n,C) is isomorphic Φ(GL(n,C)), which is a subgroup of
GL(2n,R). Note also that iI2n is identified with(

0 In
−In 0

)
= σ.

We shall identify GL(n,C) with Φ(GL(n,C)), i.e. with the 2n × 2n invertible
matrices of the form (

P Q
−Q P

)
,

that is to the 2n × 2n invertible matrices A such that σA = Aσ. Similarly, the
unitary group U(n) will be identified with the 2n× 2n matrices(

P Q
−Q P

)
, such that P ∗P +Q∗Q = In, P ∗Q−Q∗P = 0,

since it is equivalent to (P ∗ − iQ∗)(P + iQ) = In.

Proof of the lemma. If A ∈ Sp(2n) ∩ O(2n), then σA = A∗−1σ = Aσ and thus
A ∈ Sp(2n) ∩GL(n,C). If A ∈ Sp(2n) ∩GL(n,C), then

A∗A = −A∗σσA = −A∗σAσ = −σ2 = Id

and thus A ∈ GL(n,C) ∩O(2n). If A ∈ GL(n,C) ∩O(2n), then A∗A = I2n and

A =
(
P Q
−Q P

)
, with P ∗P +Q∗Q = Id, P ∗Q−Q∗P = 0, (4.4.13)

so that A ∈ U(n). If A ∈ U(n), then (4.4.13) holds and A∗A = I2n along with
(4.4.5), proving that A ∈ Sp(2n)∩O(2n). The proof of the lemma is complete. �

Lemma 4.4.8. Let A ∈ Sp(2n) symmetric positive definite. Then for all θ ∈ R,
Aθ ∈ Sp(2n).

Proof. There is an orthonormal basis (ej)1≤j≤2n such that Aej = λjej with some
positive λj . Moreover we have λjλk〈σej , ek〉 = 〈σAej , Aek〉 = 〈σej , ek〉 and thus,
if 〈σej , ek〉 6= 0, it implies λjλk = 1, so that

〈σAθej , Aθek〉 = 〈σej , ek〉λθjλθk =

{
〈σej , ek〉 if 〈σej , ek〉 6= 0,
0 = 〈σej , ek〉 if 〈σej , ek〉 = 0,

implying that the matrix Aθ is symplectic. �

Proposition 4.4.9. The manifold Sp(2n) is diffeomorphic to the Cartesian product
of the group U(n) with a convex open cone of a vector space of dimension n(n+1).
The symplectic group is path connected and the injection of U(n) in Sp(2n) induces
an isomorphism of Z = π1(U(n)) onto π1(Sp(2n)).
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Proof. Let Ξ ∈ Sp(2n): then Ξ = (ΞΞ∗)1/2(ΞΞ∗)−1/2Ξ and the matrix (ΞΞ∗)1/2

is symplectic from Lemma 4.4.8 as well as the matrix (ΞΞ∗)−1/2Ξ which is also
orthogonal since Ξ∗(ΞΞ∗)−1/2(ΞΞ∗)−1/2Ξ = Ξ∗(ΞΞ∗)−1Ξ = I2n. From Lemma
4.4.7, we have a mapping

Ψ : Sp(2n) −→ U(n)×

denoted by Sp+(2n)︷ ︸︸ ︷(
Sp(2n) ∩ {symmetric positive definite matrices}

)
Ξ 7→

(
(ΞΞ∗)−1/2Ξ, (ΞΞ∗)1/2

)
(4.4.14)

This mapping is bijective since on the one hand it is obviously one-to-one and
also for V ∈ U(n), S symplectic and positive definite, the matrix SV is symplectic
and, since V V ∗ = I2n, S = S∗ � 0, we have

Ψ(SV ) =
(
(SV V ∗S∗)−1/2SV, (SV V ∗S∗)1/2

)
= (V, S).

We have Ψ−1(V, S) = SV and thus Sp(2n) is diffeomorphic to U(n) × Sp+(2n).
Let Ξ ∈ Sp+(2n): according to Theorem 4.4.3, it implies

Ξ =
(
B−1 B−1A
AB−1 B +AB−1A

)
, B symmetric positive definite, A symmetric.

Note also that the same theorem gives as well the more transparent(
B−1 B−1A
AB−1 B +AB−1A

)
=
(
I 0
A I

)(
B−1 0

0 B

)(
I A
0 I

)
,

with B symmetric positive definite, A symmetric. With Sym(n,R) standing for
the n × n symmetric matrices and Sym+(n,R) for the n × n positive definite
symmetric matrices, the mapping

Γ : Sym(n,R)× Sym+(n,R) −→ Sp+(2n)

(A,B) 7→
(
B−1 B−1A
AB−1 B +AB−1A

)
is a diffeomorphism and Sym(n,R) × Sym+(n,R) is an open cone in the vector
space Sym(n,R)×Sym(n,R), which is 2n(n+1)

2 dimensional. Since the fundamen-
tal group of the unitary group U(n) is Z (and whose dimension is n2, see the
next lemma) and Sym(n,R) × Sym+(n,R) is contractible, we get also the last
statement. We note also that

dimSp(2n) = 2
n(n+ 1)

2
+ n2 = n(2n+ 1).

�

Lemma 4.4.10. Let n ∈ N∗. The unitary group U(n) is compact connected with
fundamental group Z. The special unitary group is compact connected and simply
connected.
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Proof of the lemma. The unitary group is the subgroup of the group of invertible
n× n complex matrices such that U∗U = I. It is a real Lie group with dimension
n2, since we have n(n − 1) + n independent constraints in a space of dimension
2n2. The compactness is obvious and the path connectivity is due to the spectral
reduction

U = S∗ diag(eiθ1 , . . . , eiθn)S, S ∈ U(n)

so that Ut = S∗ diag(eitθ1 , . . . , eitθn)S, t ∈ [0, 1] is a path in U(n) to I. The same
arguments give the compactness and the path connectivity of the special unitary
group. On the other hand, the equivalence relation in SU(n) given by “having the
same first column” induces a fibration for n ≥ 2

SU(n) −→ S2n−1, with fibers SU(n− 1).

As a result, since SU(1) = {1}, we get by induction that SU(n) is simply con-
nected. The homomorphism detU(n) −→ S1 identifies S1 with U(n)/SU(n), prov-
ing that the fundamental group of U(n) is Z, since SU(n) is simply connected. �

Remark 4.4.11. The symplectic group Sp(2n) can be identified with the set of
(C1, . . . , Cn, Cn+1, . . . C2n) where the Cj belong to R2n and are such that (the
brackets are the symplectic form),

[Cj+n, Cj ] = 1, 1 ≤ j ≤ n, all other brackets [Ck, Cl] = 0.

Considering the equivalence relation (Cl)1≤l≤2n ∼ (C ′l)1≤l≤2n meaning C1 = C ′1
and Cn+1 = C ′n+1, we see that for n ≥ 1,(

Sp(2n)/ ∼
)

= (R2n\{0})× R2n−1(diffeomorphic to S2n−1 × R2n),

since C1 ∈ R2n\{0} and Cn+1 belongs to the hyperplane [X,C1] = 1. Since the
symplectic orthogonal of RC1 ⊕ RCn+1 is

Vect (Cl) 2≤l≤n
n+2≤l≤2n−1

,

which is a 2n− 2 dimensional symplectic space, the fibers of the canonical projec-
tion Sp(2n) −→ (Sp(2n)/ ∼) are isomorphic to Sp(2n − 2), showing as well that
the fundamental group of Sp(2n) is isomorphic the one of Sp(2,R) = SL(2,R);
since SL(2,R) is diffeomorphic8 to S1×R2, this gives a sketch of another proof of
π1(Sp(2n)) = Z. Note also that the dimension of the fibers add up correctly since∑

1≤k≤n

(
(2k − 1) + 2k

)
= 2(n(n+ 1))− n = 2n2 + n = n(2n+ 1)

which is indeed the dimension of Sp(2n).
8We have SL(2, R) = {(a, b, c, d) ∈ R4, s.t. ad− bc = 1} and the mapping

S1 × R∗+ × R −→ SL(2, R)

(eiθ, r, t) 7→ (r cos θ, r sin θ, t cos θ − r−1 sin θ, t sin θ + r−1 cos θ)

is a diffeomorphism.
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The Maslov index of a loop in Sp(2n)

We consider the diffeomorphism Ψ given by (4.4.14) ; for Ξ ∈ Sp(2n), the matrix

(ΞΞ∗)−1/2Ξ = Ψ0(Ξ) =
(
P Q
−Q P

)
can be identified to the n× n unitary matrix

P + iQ. We define

ρ : Sp(2n) −→ S1

Ξ 7→ ρ(Ξ)= det(P + iQ). (4.4.15)

Definition 4.4.12. Let γ : R/Z −→ Sp(2n) be a loop. The Maslov index of γ is
defined as µ(γ) = deg(ρ ◦ γ).

With Γ = ρ ◦ γ : R/Z −→ S1, we define α(t) = 1
2iπ

∫ t
0

Γ̇(s)Γ(s)−1ds, and we
have

d

dt
(e−2iπα(t)Γ(t)) = e−2iπα(t)

(
−Γ̇(t)Γ(t)−1Γ(t) + Γ̇(t)

)
= 0

and thus Γ(t) = e2iπα(t)Γ(0) with deg Γ = α(1)− α(0), which belongs to Z.

Proposition 4.4.13. Two loops in Sp(2n) are homotopic if and only if they have the
same Maslov index. For γ1, γ2 loops in Sp(2n), we have µ(γ1γ2) = µ(γ1) + µ(γ2).
The Maslov index provides an explicit isomorphism between π1

(
Sp(2n)

)
and Z.

Proof. We have seen previously (proposition 4.4.9) that the map ρ induces an
isomorphism of the fundamental groups, and the homotopy property follows. The
product law is obvious for loops of unitary matrices and since every loop in Sp(2n)
is homotopic to a unitary loop (in the proposition 4.4.9, we have seen that Sp(2n)
is diffeomorphic to the Cartesian product of a contractible space with U(n)), this
gives the result. �

4.4.2 The metaplectic group

Let E be a real finite dimensional vector space (dimension n). In the previous
paragraph, we have studied the symplectic group Sp(E⊕E∗), which is a subgroup
of the special linear group of the phase space P = E⊕E∗. We want now to quantize
the symplectic group, that is to find a group of unitary transformations of L2(E),
Mp(E), such that the formula (2.1.14) is satisfied.

The phase space P can be identified to the quantization of linear forms, via
the mapping P 3 Y 7→ LwY , where LY (X) = σ(X,Y ) so that with Y = (y, η)
LwY = y ·Dx − η · x, a linear operator continuous on S (E),S ′(E).

Proposition 4.4.14. The set G of automorphisms M of S ′(E) such that, for all
Y ∈ P, there exists Z ∈ P such that, MLwYM

−1 = LwZ is a subgroup of the group of
automorphisms of S ′(E). For each M ∈ G, there exists a unique χM ∈ Sp(E⊕E∗)
such that, for all Y ∈ P,

MLwYM
−1 = LwχMY . (4.4.16)
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The mapping Φ : G 3 M 7→ χ
M
∈ Sp(E ⊕ E∗) is a surjective homomorphism

whose kernel is C∗ Id.

Proof. We may note first that, for each M ∈ G, this defines a linear mapping
Y 7→ Z = χ

M
Y from P into itself: first of all, Z is uniquely determined by the

identity MLwYM
−1 = LwZ and the mapping Y 7→ LwY is obviously linear. Moreover

χ
M

belongs to the symplectic group; we note first that for Y = (y, η), Z = (z, ζ) ∈
P, we have

[LwY , L
w
Z ] = [y ·Dx − η · x, z ·Dx − ζ · x] = − 1

2iπ
〈ζ, y〉+

1
2iπ

〈η, z〉 =
1

2iπ
σ(Y, Z).

For M ∈ G, we get
1

2iπ
σ(χ

M
Y, χ

M
Z) = [LwχMY

, LwχMZ
] = [MLwYM

−1,MLwZM
−1] = M [LwY , L

w
Z ]M−1

which is equal to 1
2iπσ(Y,Z) implying χ

M
∈ Sp(E⊕E∗). Moreover G is a subgroup

of the automorphisms of S ′(E) since for M1,M2 ∈ G, Y ∈ P, we have

(M−1
1 M2)LwY (M−1

1 M2)−1 = M−1
1 Lwχ

M2
YM1 = Lwχ−1

M1
χ

M2
Y ,

so that M−1
1 M2 ∈ G and this proves also the homomorphism property. To obtain

the surjectivity, we shall use the theorem 4.4.3 and check, using the notation of
this theorem, that ΞA,B,C is in the image of the homomorphism; we calculate for
Y = (y, η) ∈ P, the product of operators (with A,B,C as in the theorem 4.4.3)

eiπ〈Ax,x〉LwY e
−iπ〈Ax,x〉 = eiπ〈Ax,x〉(y ·Dx − η · x)e−iπ〈Ax,x〉

= y ·Dx − y ·Ax− η · x = y ·Dx − (Ay + η) · x = LwΞA,I,0Y ,

eiπ〈CDx,Dx〉LwY e
−iπ〈CDx,Dx〉 = eiπ〈CDx,Dx〉(y ·Dx − η · x)e−iπ〈CDx,Dx〉

= y ·Dx − η · x− η · CDx = (y − Cη) ·Dx − η · x = LwΞ0,I,CY ,

and with (TBu)(x) = u(Bx)|detB|1/2,
TBL

w
Y T

−1
B = TB(y ·Dx − η · x)T−1

B = (B−1y) ·Dx −B∗η · x = LwΞ0,B,0Y ,

so that the surjectivity is fulfilled. We prove now the statement on the kernel of
Φ: if M ∈ ker Φ, we have for all Y ∈ P that LwYM = MLwY , i.e. if µ(x, x′) stands
for the distribution kernel of M , we have for all (y, η) ∈ P,

y · ∂µ
∂x

(x, x′) = −y · ∂µ
∂x′

(x, x′) =⇒ ∀j, ∂µ

∂xj
+

∂µ

∂x′j
= 0,

η · xµ(x, x′) = η · x′µ(x, x′) =⇒ ∀j, (xj − x′j)µ = 0,

which implies that µ(x, x′) = cδ(x − x′), i.e. M = c Id: in fact, the change of
variables y = x− x′, z = x+ x′, gives µ = 1⊗ ν(y),∇ν̂ = 0, so that ν̂ = Cte and
ν = cδ. �
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Incidentally, we have also proven the following

Lemma 4.4.15. Let A,B,C be as in the theorem 4.4.3, and S be the generating
function of ΞA,B,C . We define the operator MA,B,C on S (E) by

(MA,B,Cv)(x) =
∫
E∗
e2iπS(x,η)v̂(η)dη|detB|1/2. (4.4.17)

This operator is an automorphism of S ′(E) and of S (E) which is unitary on
L2(E), belongs to G and Φ(MA,B,C) = ΞA,B,C .

Definition 4.4.16. Let E be a real finite dimensional vector space. The metaplectic
group Mp(E) is the subgroup of the M ∈ G (defined in the proposition 4.4.14),
such that M is also a unitary isomorphism of L2(E).

Proposition 4.4.17. The metaplectic group is generated by the MA,B,C given in
(4.4.17) and by the multiplication by complex numbers with modulus 1. The group
Mp(E) is isomorphic to G/R∗+ Id.

Proof. Mp(E) is G ∩ U (E), where U (E) is the group of unitary isomorphisms
of L2(E). Note that the metaplectic group contains the MA,B,C given in (4.4.17).
Moreover, since the mapping Φ is a surjective homomorphism with kernel C∗ Id,
Sp(P) is isomorphic to G/C∗; as a result G/C∗ is generated by the MA,B,C given
in (4.4.17) and from the theorem 4.4.3, we know that any element in G/C∗ can be
written as a product MA1,B1,C1MA2,B2,C2 so that any element of G can be written
as

zMA1,B1,C1MA2,B2,C2 , with z ∈ C∗,

implying that the group Mp(E) is generated by the zMA,B,C with |z| = 1 and
also that the group G/R∗+ Id is isomorphic to Mp(E): in fact the canonical map-
ping Mp(E) −→ G −→ G/R∗+ Id is proven onto by the previous remarks on the
generators and it is also one-to-one since if M1,M2 belong to Mp(E) are such that
M2 = ρM1 with ρ > 0, the fact that both Mj are unitary implies ρ = 1. �

We have also proven the following result.

Proposition 4.4.18. The following diagram of group homomorphims is commutative
and the horizontal lines are exact sequences,

1 // C∗
j //

p1

��

G
Φ //

p2

��

Sp(P) //

Id

��

1

1 // S1
j

// Mp(E)
Π

// Sp(P) // 1

where j(z) = z Id (the canonical injection), Φ is defined in the proposition 4.4.14,
p1(z) = z/|z|, p2 is the canonical projection of G onto Mp(E) since Mp(E) =
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G/R∗+. Since Φ is mapping C∗ Id to the identity of Sp(P), the mapping Π can be
taken as the restriction of Φ to the subgroup Mp(E). We have for θ ∈ R,

Π(eiθMA,B,C) = ΞA,B,C , for MA,B,C given in (4.4.17).

Remark 4.4.19. Note also that forM ∈Mp(E), Y ∈ P, the formula (4.4.16) means

Mσ(X,Y )wM−1 = σ
(
X,Π(M)Y

)w = σ
(
Π(M)−1X,Y

)w = σ
(
Π(M−1)X,Y

)w
so that, changing M in M−1, we get σ

(
Π(M)X,Y

)w = M−1σ(X,Y )wM , which
is (2.1.14) for linear forms a. As a consequence, for a real linear form L on P,
Lw is unitary equivalent to the multiplication by x1 acting on S (E), so that the
operator exp(iLw) has the Weyl symbol eiL. Writing now for a ∈ S ′(R2n), χ ∈
Sp(2n),Π(M) = χ, the inverse Fourier transform formula, we obtain9

(a ◦ χ)w =
∫ (

e2iπ〈χX,Ξ〉
)w
â(Ξ)dΞ =

∫
e2iπ(〈χX,Ξ〉)w

â(Ξ)dΞ

=
∫
e2iπ(M∗〈X,Ξ〉wM)â(Ξ)dΞ = M∗

∫
e2iπ〈X,Ξ〉

w

â(Ξ)dΞM = M∗awM

which is (2.1.14).
Remark 4.4.20. We have followed the terminology adopted by J. Leray in [87]
for the definition of the metaplectic group. When E = Rn, we shall note Mp(E)
by Mp(n). However the fibers of the mapping Π in the proposition 4.4.18 are
isomorphic to S1 whereas the metaplectic group introduced by A. Weil in [149] is
a two-fold covering of Sp(2n). That group Mp2(n) is the group generated by the

M
[µ]
A,B,C = ei

π
2 µMA,B,C

for a fixed choice of µ(B) = arg(detB)/π; Mp2(n) is a proper subgroup of Mp(E)
and the image by Π of Mp2(n) is the whole Sp(2n), while the fibers have two ele-
ments. The restriction to Mp2(n) of Π is a two-fold covering with kernel {± IdL2}.

4.4.3 A remark on the Feynman quantization

Going back to the remark 2.1.4 on the Feynman quantization, let us prove that
this quantization is not invariant by the symplectic group: we assume that n = 1
and consider the symplectic mapping χ(x, ξ) = (x, ξ + Sx) where S is a non-zero
real number. We shall prove now that one can find some a ∈ S(R2n) such that

(a ◦ χ)F 6= M∗aFM,

9The integrals should be interpreted weakly, e.g. for a ∈ S ′(R2n), u, v ∈ S (Rn), with the
Wigner function H(u, v) given by (2.1.3),

〈awu, v〉S∗(Rn),S (Rn) =≺ a,H(u, v) �S ′(R2n),S (R2n)=≺ â,
ˇ̂

H(u, v) �S ′(R2n),S (R2n) .
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where M is the unitary transformation of L2(R) given by (Mu)(x) = eiπSx
2
u(x).

We compute

2〈(a ◦ χ)Fu, v〉 =
∫
e2iπ(x−y)ξ(a(x, ξ + Sx) + a(y, ξ + Sy)

)
u(y)v(x)dydxdξ

=
∫
e2iπ(x−y)(ξ−Sx)a(x, ξ)u(y)v(x)dydxdξ

+
∫
e2iπ(x−y)(ξ−Sy)a(y, ξ)u(y)v(x)dydxdξ

=
∫
e2iπ(x−y)ξ(a(x, ξ)e−iπS(x−y)2 + a(y, ξ)eiπS(x−y)2)(Mu)(y)(Mv)(x)dydxdξ

so that (a ◦ χ)F = M∗KM where the kernel k of the operator K is given by

2k(x, y) = â2(x, y − x)e−iπS(x−y)2 + â2(y, y − x)eiπS(x−y)2 .

On the other hand the kernel l of the operator aF is given by

2l(x, y) = â2(x, y − x) + â2(y, y − x).

Checking the case S = 1, a(x, ξ) = e−π(x2+ξ2), we see that

2k(1, 0) = −e−2π − e−π, 2l(1, 0) = e−2π + e−π,

proving that K 6= aF and the sought result.

4.4.4 Positive quadratic forms in a symplectic vector space

Lemma 4.4.21. Let V be an Euclidean vector space with even dimension 2n. Let
S be an isomorphism of V such that tS = −S (i.e. 〈Su, v〉V = −〈u, Sv〉V ). Then
there exists an orthonormal basis (e1, . . . , en, ε1, . . . , εn) of V such that

Sej = −µjεj , Sεj = µjej , 1 ≤ j ≤ n, µj > 0.

Proof. The isomorphism S has at least an eigenvector X + iY 6= 0 (X,Y ∈ V ),
corresponding to a non-zero eigenvalue λ+ iµ (λ, µ ∈ R) so that

SX = λX − µY, SY = λY + µX.

Writing 0 = 〈SX,X〉V = 〈SY, Y 〉V , we obtain λ = 0 (since ‖X‖2V + ‖Y ‖2V > 0)
and 〈X,Y 〉V = 0, so that X ∧ Y 6= 0. Moreover we have

µ‖Y ‖2V = −〈SX, Y 〉V = 〈X,SY 〉V = µ‖X‖2V

so that we may assume that X and Y are both unit vectors. The plane (X,Y ) is

stable by S and its matrix in the basis (X,Y ) is
(

0 µ
−µ 0

)
; we may assume that
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µ > 0 since otherwise we can exchange the rôle of X and Y . Let us note now that
W = (RX ⊕ RY )⊥ is stable by S since if Z ∈W

〈SZ,X〉V = −〈Z, SX〉V = µ〈Z, Y 〉V = 0, and similarly 〈SZ, Y 〉V = 0.

We can then proceed by induction on n. The proof of the lemma is complete. �

Definition 4.4.22. Let Q be a positive-definite quadratic form on a symplectic
vector space (P, σ), i.e. a linear mapping from P to P∗ such that Q∗ = Q and
P 3 X 7→ 〈QX,X〉P∗,P is positive for X 6= 0. We define

Qσ = σ∗Q−1σ (4.4.18)

and we note that Qσ is a positive-definite quadratic form on P.

In fact, we have (σ∗Q−1σ)∗ = σ∗Q−1σ and for 0 6= X ∈ P,

〈σ∗Q−1σX,X〉P∗,P = 〈Q−1σX, σX〉P,P∗ = 〈QQ−1σX,Q−1σX〉P∗,P > 0.

Remark 4.4.23. The Cauchy-Schwarz inequality can be written as (with brackets
of duality as above)

∀Ξ ∈ P∗,∀X ∈ P, 〈Ξ, X〉2 ≤ 〈Ξ, Q−1Ξ〉〈QX,X〉 (4.4.19)

proven by the standard method of checking the discriminant of the always non-
negative second-degree polynomial t 7→ 〈Q(X+ tQ−1Ξ), X+ tQ−1Ξ〉 (the equality
in (4.4.19) occurs iff Ξ ∧QX = 0). We infer from this,

∀X,Y ∈ P, 〈σX, Y 〉2 ≤ 〈QσX,X〉〈QY, Y 〉 (4.4.20)

and

〈QσX,X〉 = sup
0 6=T∈P

〈σX, T 〉2

〈QT, T 〉
, (4.4.21)

since 〈σX,Q−1σX〉2 = 〈QσX,X〉〈Q(Q−1σX), Q−1σX〉, we have (for X 6= 0),

〈QσX,X〉 =
〈σX, T 〉2

〈QT, T 〉
with T = Q−1σX. (4.4.22)

Remark 4.4.24. Let Q1, Q2 be a pair of positive-definite quadratic forms on a
symplectic vector space such that Q1 ≤ Q2; then we get immediately from (4.4.21)
that Qσ2 ≤ Qσ1 .

Lemma 4.4.25. Let (P, σ) be a symplectic vector space of dimension 2n and let
Q be a positive-definite quadratic form on P. There exists a symplectic basis
(e1, . . . , en, ε1, . . . , εn) of P (in the sense of the proposition 4.4.2) which is also

an orthogonal basis for Q. The matrix of σ in this basis is
(

0 In
−In 0

)
. The ma-

trix of Q in this basis is
(
µ 0
0 µ

)
, µ = diag(µ1, . . . , µn), µj > 0. The matrix of

Qσ in this basis is
(
µ−1 0
0 µ−1

)
.
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Proof. The mapping Q−1σ is antiadjoint on the Euclidean space P equipped with
the dot product � X,Y �Q= 〈QX,Y 〉P∗,P :

� Q−1σX, Y �Q= 〈σX, Y 〉 = −〈X,σY 〉 = − � X,Q−1σY �Q .

Applying Lemma 4.4.21 to Q−1σ gives a basis (e1, . . . , en, ε1, . . . , εn) of P, Q-
orthonormal such that

Q−1σej = −µjεj , Q−1σεj = µjej , 1 ≤ j ≤ n, µj > 0,

so that 〈σej , εj〉P∗,P =� Q−1σej , εj �Q= −µj‖εj‖2Q = −µj . We also have

〈σej , ek〉P∗,P =� Q−1σej , ek �Q= 0, and 〈σεj , εk〉P∗,P = 0 ,

as well as 〈σεj , ek〉P∗,P = δj,kµj . As a result the basis

(µ−1/2
1 e1, . . . , µ

−1/2
n en, µ

−1/2
1 ε1, . . . , µ

−1/2
n εn)

is at the same time an orthogonal basis for Q and a symplectic basis in the sense
of the proposition 4.4.2. To get the statement on Qσ we calculate(

0 −In
In 0

)(
µ−1 0
0 µ−1

)(
0 In
−In 0

)
=
(
µ−1 0
0 µ−1

)
.

The proof of the lemma is complete. �

Let Q1 and Q2 be two positive-definite quadratic forms on a finite-dimen-
sional real vector space V. Let us recall the definition10 of the geometric mean,
denoted by

√
Q1 ·Q2. We consider the mappings

κC =
(
Q1 C
C Q2

)
from V ⊕ V into V∗ ⊕ V∗ with a non-negative symmetric C : V → V∗. The
geometric mean of Q1 and Q2 is the largest C such that κC ≥ 0. Considering
(V, Q1) as an Euclidean space, we can identify Q1 with the identity matrix and
Q2 with a positive-definite matrix B: in that situation, the geometric mean is
simply B1/2 = exp 1

2 LogB as given by (4.1.9). To get a more symmetrical matrix
definition, identifying Q1, Q2 with positive-definite matrices, we define√

Q1 ·Q2 = Q
1/2
1

(
Q
−1/2
1 Q2Q

−1/2
1

)1/2
Q

1/2
1

and we verify that
√
Q1 ·Q2 =

√
Q2 ·Q1: we must check

Q
1/2
1

(
Q
−1/2
1 Q2Q

−1/2
1

)1/2
Q

1/2
1 = Q

1/2
2

(
Q
−1/2
2 Q1Q

−1/2
2

)1/2
Q

1/2
2 ,

10See e.g. the articles [3],[11] and the references therein.
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which is equivalent to(
Q
−1/2
1 Q2Q

−1/2
1

)1/2 = Q
−1/2
1 Q

1/2
2

(
Q
−1/2
2 Q1Q

−1/2
2

)1/2
Q

1/2
2 Q

−1/2
1 ,

which is equivalent to

Q
−1/2
1 Q2Q

−1/2
1 =

Q
−1/2
1 Q

1/2
2

`
Q
−1/2
2 Q1Q

−1/2
2

´1/2
Q

1/2
2 Q

−1/2
1 Q

−1/2
1 Q

1/2
2

`
Q
−1/2
2 Q1Q

−1/2
2

´1/2
Q

1/2
2 Q

−1/2
1

and the latter matrix is equal to

Q
−1/2
1 Q

1/2
2

`
Q
−1/2
2 Q1Q

−1/2
2

´1/2
Q

1/2
2 Q−1

1 Q
1/2
2

`
Q
−1/2
2 Q1Q

−1/2
2

´1/2
Q

1/2
2 Q

−1/2
1

= Q
−1/2
1 Q

1/2
2

`
Q
−1/2
2 Q1Q

−1/2
2

´1/2`
Q
−1/2
2 Q1Q

−1/2
2

´−1`
Q
−1/2
2 Q1Q

−1/2
2

´1/2
Q

1/2
2 Q

−1/2
1

= Q
−1/2
1 Q

1/2
2 Q

1/2
2 Q

−1/2
1 = Q

−1/2
1 Q2Q

−1/2
1 , qed.

Definition 4.4.26. Let Q1 and Q2 be two positive-definite quadratic forms on a
finite-dimensional real vector space V. We define

Q1 ∧Q2 = 2(Q−1
1 +Q−1

2 )−1, the harmonic mean, (4.4.23)√
Q1 ·Q2 the geometric mean, (4.4.24)

Q1 ∨Q2 =
1
2
(Q1 +Q2), the arithmetic mean. (4.4.25)

Considering the Euclidean space (V, Q1), we can identify Q2 with a sym-
metric positive-definite matrix: that matrix has positive real eigenvalues in an
orthonormal basis (for Q1) of eigenvectors. We can thus consider that Q1 is the
identity matrix and Q2 is a diagonal matrix diag(λ1, . . . , λd), d = dim V, λj > 0.
Then we identify

Q1 ∧Q2 = 2diag(1 + λ−1
j )−1,

√
Q1Q2 = diag(λ1/2

j ), Q1 ∨Q2 = diag(
1 + λj

2
)

and we obtain readily

Q1 ∧Q2 ≤
√
Q1Q2 ≤ Q1 ∨Q2, Q1 ∧Q2 ≤ 2Qj (j = 1, 2). (4.4.26)

Also for a positive definite quadratic form Q on the vector space V, T ∈ V, we use
the notation Q(T ) = 〈QT, T 〉V∗,V and we have

(Q1 ∧Q2)(T ) = 2 inf
T ′+T ′′=T

(
Q1(T ′) +Q2(T ′′)

)
. (4.4.27)

In fact, for T ∈ V, we define Ξ = (Q−1
1 + Q−1

2 )−1T, Tj = Q−1
j Ξ and (note

T1 + T2 = T ) and

2(Q−1
1 +Q−1

2 )−1(T ) = 2〈(Q−1
1 +Q−1

2 )−1T, T 〉
= 2〈Ξ, (Q−1

1 +Q−1
2 )Ξ〉 = 2〈Ξ, Q−1

1 Ξ〉+ 2〈Ξ, Q−1
2 Ξ〉

= 2〈Q1T1, T1〉+ 2〈Q2T2, T2〉.
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Moreover, we have for S ∈ V, Tj as above,

2〈Q1(T1 + S), (T1 + S)〉+ 2〈Q2(T2 − S), (T2 − S)〉
= 2〈Q1T1, T1〉+ 2〈Q2T2, T2〉︸ ︷︷ ︸

=2(Q−1
1 +Q−1

2 )−1(T )

+ 4〈Q1T1, S〉 − 4〈Q2T2, S〉︸ ︷︷ ︸
=0

+2〈Q1S, S〉+ 2〈Q2S, S〉︸ ︷︷ ︸
≥0

,

giving (4.4.27).

Definition 4.4.27. Let (P, σ) be a symplectic vector space of dimension 2n and let
Q be a positive-definite quadratic form on P. We define

Q\ =
√
Q ·Qσ (4.4.28)

where Qσ is defined by (4.4.18). According to the lemma 4.4.25, there exists a
symplectic basis (e1, . . . , en, ε1, . . . , εn) of P (in the sense of the proposition 4.4.2)
which is also an orthogonal basis for Q. From Lemma 4.4.25, in that basis, the
matrix of Q\ is I2n. As a result, we have always Q\ = (Q\)σ and the implication

Q ≤ Qσ =⇒ Q ≤ Q\ = (Q\)σ ≤ Qσ. (4.4.29)

Remark 4.4.28. If Q1, Q2 are positive-definite quadratic forms on a symplectic
vector space P, we have

Qσ1 ∧Qσ2 = 2
(
(Qσ1 )−1 + (Qσ2 )−1)−1 = 2

(
σ−1Q1σ

∗−1 + σ−1Q2σ
∗−1)−1

= σ∗2
(
Q1 +Q2

)−1
σ,

so that
Qσ1 ∧Qσ2 =

(
Q1 ∨Q2

)σ
. (4.4.30)

Remark 4.4.29. Similarly with Q1, . . . , Qk positive definite quadratic forms on a
symplectic vector space P, we can verify that

Qσ1 ∧ · · · ∧Qσk = (Q1 ∨ · · · ∨Qk)σ, (4.4.31)

where Q1 ∨ · · · ∨Qk = k−1(Q1 + · · ·+Qk) is the arithmetic mean and

Q1 ∧ · · · ∧Qk = k(Q−1
1 + · · ·+Q−1

k )−1 (4.4.32)

is the harmonic mean. We have also when k ≥ 2( 1
k − 1

(Q1 ∧ · · · ∧Qk−1)
)
∧Qk =

2
k

(Q1 ∧ · · · ∧Qk). (4.4.33)
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In fact, we have

(( 1
k − 1

(Q1 ∧ · · · ∧Qk−1)
)
∧Qk

)−1

=
(
(Q−1

1 + · · ·+Q−1
k−1)

−1 ∧Qk
)−1

= 2−1
(
Q−1

1 + · · ·+Q−1
k−1 +Q−1

k

)
=
k

2
(Q1 ∧ · · · ∧Qk)−1.

As a consequence, from (4.4.32), (4.4.27), we have for k ≥ 2, T ∈ P,

2
k

(Q1∧· · ·∧Qk)(T ) = inf
T ′+T ′′=T

{ 2
k − 1

(Q1∧· · ·∧Qk−1)(T ′)+2Qk(T ′′)
}
, (4.4.34)

implying that

1
k

(Q1 ∧ · · · ∧Qk)(T ′ + T ′′) ≤ 1
k − 1

(Q1 ∧ · · · ∧Qk−1)(T ′) +Qk(T ′′). (4.4.35)

Using the notation

∆(j+1)
(j) = sup

T 6=0

Qj+1(T )
Qj(T )

, 1 ≤ j < k, (4.4.36)

we have, since the function t 7→ t−1 is monotone-matrix11 (decreasing) on the
positive-definite quadratic forms,

∆(2)
(1)Q1 ≥ Q2 =⇒ Q−1

1 ≤ Q−1
2 ∆(2)

(1)

=⇒ Q−1
1 + · · ·+Q−1

k ≤ (1 + ∆(2)
(1))
(
Q−1

2 + · · ·+Q−1
k

)
and thus (Q−1

1 + · · ·+Q−1
k )−1 ≥ (1 + ∆(2)

(1))
−1
(
Q−1

2 + · · ·+Q−1
k

)−1
. This implies

readily

(Q−1
1 + · · ·+Q−1

k )−1 ≥ (1 + ∆(2)
(1))

−1(1 + ∆(3)
(2))

−1 . . . (1 + ∆(k)
(k−1))

−1Qk

and
1
k

(Q1 ∧ · · · ∧Qk) ≥ Qk
∏

1≤j<k

(1 + ∆(j+1)
(j) )−1. (4.4.37)

Remark 4.4.30. If Q1, Q2 are conformal positive-definite quadratic forms on a
symplectic vector space, we have with a scalar quantity µ that Q2 = µQ1 so that
Qσ2 = µ−1Qσ1 and Q\2 = Q\1.

11We use only here that, for Q1, Q2 positive-definite quadratic forms, the inequality Q1 ≤ Q2

implies Q−1
2 ≤ Q−1

1 , a fact that can be proven directly by simultaneous diagonalization. The
book [39] is providing much more refined information on the topic of monotone matrix functions.
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4.5 Symplectic geometry

4.5.1 Symplectic manifolds

Let (M,σ) be a C∞ symplectic manifold, i.e. a C∞ differentiable manifold equip-
ped with a closed 2-form σ. For a smooth function f defined on M , we define the
Hamiltonian vector field Hf of f by the identity

σyHf = −df, (4.5.1)

where y is the interior product. We define also the Poisson bracket of two functions
f, g by

{f, g} = 〈σ,Hf ∧Hg〉 (4.5.2)

and we note that Hf (g) = {f, g} since

Hf (g) = 〈dg,Hf 〉 = −〈σyHg,Hf 〉 = −〈σ,Hg ∧Hf 〉 = {f, g} .

We have also, with LX standing for the Lie derivative,

LHf
(σ) = dσyHf + d(σyHf ) = 0, since σ is closed and σyHf is exact,

so that with the volume form given by ω = σ∧n/n!, we have

0 = LHf
(ω) = (divHf )ω,

implying the Liouville theorem divHf = 0. Let us prove the Jacobi identity,

[Hf ,Hg] = H{f,g}. (4.5.3)

We have, using LHf
(σ) = 0 and the commutation of the Lie derivative with the

exterior derivative,

σy[Hf ,Hg] = σyLHf
(Hg) = LHf

(σyHg) = −LHf
(dg) = −d

(
LHf

(g)
)

= −d(Hf (g)) = −d {f, g} ,

so that (4.5.1) gives (4.5.3). Another way of writing the Jacobi identity is

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0, (4.5.4)

for f, g, h differentiable functions on M . In fact (4.5.3) implies

{f, {g, h}} = HfHg(h) = [Hf ,Hg](h) +HgHf (h) = H{f,g}(h) + {g, {f, h}}

entailing {f, {g, h}} = {{f, g} , h}+ {g, {f, h}} which is (4.5.4).

The canonical symplectic structure on the phase space M = Rnx×Rnξ is given
by (2.1.1), (2.1.2), i.e. by

σ =
∑

1≤j≤n

dξj ∧ dxj (4.5.5)
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and the Hamiltonian vector field of a function f defined on (an open subset of)
R2n is

Hf =
∑

1≤j≤n

∂f

∂ξj

∂

∂xj
− ∂f

∂xj

∂

∂ξj
, (4.5.6)

since

(σyHf )·X = σ(∂ξf ·∂x−∂xf ·∂ξ, a·∂x+b·∂ξ) = −∂xf ·a−∂ξf ·b = −df ·(a·∂x+b·∂ξ).

The Poisson bracket {f, g} coincides with (1.1.23) with {f, g} = Hf (g).

4.5.2 Normal forms of functions

Proposition 4.5.1. Let p be a C∞ complex-valued function positively homogeneous
of degree 1 in a conic neighborhood of (x0, ξ0) ∈ Ṫ ∗(Rn) such that p(x0, ξ0) =
0, ∂ξp(x0, ξ0) 6= 0. Then there exist C∞ canonical coordinates (y, η) in a conic
neighborhood Γ0 of (x0, ξ0) with y (resp. η) homogeneous of degree 0 (resp. 1) so
that

for (x, ξ) ∈ Γ0, p(x, ξ) = e(x, ξ)(η1 + if(y, η)), (4.5.7)

with e ∈ C∞, positively homogeneous of degree 0, non-vanishing on Γ0, f ∈ C∞,
homogeneous of degree 1, real-valued and independent of η1 and such that at
(x0, ξ0), η1 = 0 = f(y, η).

Proof. We may assume that ∂ξ1 Re p(x0, ξ0) 6= 0, x0 = 0, ξ0 = en and using the
Malgrange-Weierstrass theorem (see Theorem 7.5.5 in [71]), we can find a conic
neighborhood of (x0, ξ0) in which

p(x, ξ) =
(
ξ1 + a(x1, x

′, ξ′) + ib(x1, x
′, ξ′)

)
e0(x, ξ)

where a, b are real-valued positively homogeneous of degree 1 and e is non-vani-
shing, homogeneous of degree 0. Noting that the Poisson bracket

{ξ1 + a, x1} ≡ 1,

we use the homogeneous version of the Darboux theorem (see Theorem 21.1.9 in
[73]), we take η1 = ξ1 + a(x1, x

′, ξ′), y1 = x1, and we find y2, . . . , yn homogeneous
of degree 0, η2, . . . , ηn homogeneous of degree 1, such that (y, η) is a local system
of symplectic coordinates, i.e.

dη1 ∧ · · · ∧ dηn ∧ dy1 ∧ · · · ∧ dyn 6= 0, {ηj , yk} = δj,k, {ηj , ηk} = {yj , yk} = 0.

We have
p(x, ξ) = e0(x, ξ)

(
η1 + if(y, η)

)
with f(y, η) = (b ◦ χ)(y, η) and (x, ξ) = χ(y, η) a local symplectomorphism. We
note that

−∂η1f = {y1, f} = {x1, b} ◦ χ = 0,

so that f does not depend on η1, completing the proof. �
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4.6 Composing a large number of symbols

Let us begin with revisiting the composition formula in the Weyl quantization.

Theorem 4.6.1. Let (aj)1≤j≤2k+1 be some L1(R2n) functions. Then for X ∈ R2n =
P, we have

(a1] . . . ]a2k)(X) =

22nk

∫
P2k

a1(Y1) . . . a2k(Y2k) exp 4iπ
∑

1≤j<l≤2k

(−1)j+l[X − Yj , X − Yl]dY, (4.6.1)

and

(a1] . . . ]a2k]a2k+1)(X) =

22nk

∫
P2k

a1(Y1) . . . a2k(Y2k)a2k+1

(
X +

∑
1≤j≤2k

(−1)jYj
)

× exp 4iπ
∑

1≤j<l≤2k

(−1)j+l[X − Yj , X − Yl]dY. (4.6.2)

N.B. We can note that, thanks to (2.1.13), the operators awj are bounded on
L2(Rn), so that the composition aw1 . . . awk makes sense as a bounded operator on
L2(Rn). The formula above are providing a1] . . . ]a2k+1 as an L1(R2n) function
and a1] . . . ]a2k as an L∞(R2n) function and their Weyl quantization is sending
continuously S (Rn) into S ′(Rn) (see (2.1.8)).

Proof. Let us first prove by induction on k that, for Yj in R2n,

σY1 . . . σY2k+1 = e4iπ(
P

1≤j<l≤2k+1(−1)j+l[Yj ,Yl])σP
1≤j≤2k+1(−1)j+1Yj

. (4.6.3)

We note first that, from the lemma 2.1.3, we have

σY1σY2σY3 = τ2Y1−2Y2σY3e
4iπ[Y2,Y1] = e4iπ

(
[Y1,Y3]−[Y1,Y2]−[Y2,Y3]

)
σY1−Y2+Y3 ,

which is the above formula for k = 1. Assuming that formula true for some k ≥ 1
gives

S = σY1 . . . σY2k+1σY2k+2σY2k+3

= e4iπ(
P

1≤j<l≤2k+1(−1)j+l[Yj ,Yl])σP
1≤j≤2k+1(−1)j+1Yj

σY2k+2σY2k+3 ,

so that, using the proven formula for k = 1 gives the sought result

S = σ
2

P
1≤j≤2k+3(−1)j+1Yj

e4iπ(
P

1≤j<l≤2k+3(−1)j+l[Yj ,Yl]),
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since ∑
1≤j<l≤2k+3

(−1)j+l[Yj , Yl]

=
∑

1≤j<l≤2k+1

(−1)j+l[Yj , Yl] +
∑

1≤j≤2k+1

(−1)j+1[Yj , Y2k+3]

−
∑

1≤j≤2k+1

(−1)j+1[Yj , Y2k+2]− [Y2k+2, Y2k+3].

With (4.6.3), we get

2−n(2k+1)aw1 . . . a
w
2k+1

=
∫

R2n(2k+1)

∏
1≤j≤2k+1

aj(Yj)e4iπ(
P

1≤j<l≤2k+1(−1)j+l[Yj ,Yl])σP
1≤j≤2k+1(−1)j+1Yj

dY

=
∫∫

R4nk×R2n

∏
1≤j≤2k

aj(Yj)a2k+1

(
X +

∑
1≤j≤2k

(−1)jYj
)

× e4iπ(
P

1≤j<l≤2k(−1)j+l[Yj ,Yl]−
P

1≤j≤2k(−1)j [Yj ,X+
P

1≤l≤2k(−1)lYl])dY σXdX.
(4.6.4)

The factor Φ of 4iπ in the phase in the previous integral is

Φ =
∑

1≤j<l≤2k

(−1)j+l[Yj , Yl]−
∑

1≤j≤2k

(−1)j [Yj , X +
∑

1≤l≤2k

(−1)lYl],

so that

Φ = −
∑

1≤l<j≤2k

(−1)j+l[Yj , Yl]−
∑

1≤j≤2k

(−1)j [Yj , X] =

= −
∑

1≤l<j≤2k

(−1)j+l[Yj , Yl]−
∑

1≤j≤2k

(−1)j [Yj , X]

= −
∑

1≤l<j≤2k

(−1)j+l[Yj −X,Yl −X]−
∑

1≤l<j≤2k

(−1)j+l
(
[X,Yl] + [Yj , X]

)
−

∑
1≤j≤2k

(−1)j [Yj , X].

We remark that

0 =
∑

1≤l<j≤2k

(−1)j+l
(
[X,Yl] + [Yj , X]

)
+

∑
1≤j≤2k

(−1)j [Yj , X],
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since with Zj = (−1)jYj ,∑
1≤l<j≤2k

(−1)j+l(Yj − Yl) +
∑

1≤j≤2k

(−1)jYj

=
∑

1≤l<j≤2k

Zj(−1)l −
∑

1≤l<j≤2k

(−1)jZl +
∑

1≤j≤2k

Zj

=
∑

1≤l<j≤2k

Zj(−1)l −
∑

1≤j<l≤2k

(−1)lZj +
∑

1≤j≤2k

Zj

=
∑

1≤j≤2k

Zj
(
1 +

∑
l, 1≤l<j

(−1)l −
∑

l, j<l≤2k

(−1)l
)

=
∑

1≤j≤2k

Zj
∑

l, 0≤l≤2k−1

(−1)l = 0.

As a result, we get from the formula (4.6.4) and the expression of Φ above, that
aw1 . . . a

w
2k+1 =

22nk

∫∫ ∏
1≤j≤2k

aj(Yj)a2k+1

(
X +

∑
1≤j≤2k

(−1)jYj
)

e−4iπ(
P

1≤l<j≤2k(−1)j+l[Yj−X,Yl−X]dY 2nσXdX,

yielding the formula (4.6.2) (note the different rôles of the indices j, l here and
in the statement of the theorem). To obtain (4.6.1), we choose a2k+1 = 1 in
(4.6.2) (note that the previous calculations use only (aj ∈ L1(R2n))1≤j≤2k, a2k+1 ∈
L∞(R2n), aw2k+1 ∈ L(L2(Rn))). The proof of the theorem is complete. �

We want now to introduce the notion of multiconfinement, generalizing the
confinement and biconfinement estimates of the definition 2.3.1 and theorem 2.3.2.

Theorem 4.6.2. Let n ≥ 1 be a given integer. There exists a positive constant κn
such that the following property is satisfied. Let ν ≥ 2 be an integer. Let g1, . . . , gν
be ν positive definite quadratic forms on R2n such that for all j ∈ {1, . . . , ν}, gj ≤
gσj and let aj be gj-confined in Uj, a gj-ball of radius ≤ 1 (see the definition 2.3.1
and (4.4.18)). Then for all X ∈ R2n, N ∈ N,

|(a1] . . . ]aν)(X)| ≤ κνn2
ν2N |||a1|||(N+2n+1)

g1,U1
. . . |||aν |||(N+2n+1)

gν ,Uν

×
(
1 + ν−1 max

1≤j≤ν
(gσ1 ∧ · · · ∧ gσν )(X − Uj)

)−N/2
, (4.6.5)

where the semi-norms |||a|||(l)g,U are defined in (2.3.3).

N.B. The point of this result is the precise control of the constants and the semi-
norms: the constant κn depends only on the dimension n, and for each N , to
achieve the required decay, we need only to control N + 2n+ 1 seminorms of each
aj , a “shift” which does not depend on ν.
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Proof. We check first

(a1]a2)(X) = 22n

∫∫
e−4iπ[X−Y,X−Z]a1(Y )a2(Z)dY dZ.

For X,Y given in R2n, we choose θ such that [X−Y, θ] = gσ2 (X−Y )1/2, g2(θ) = 1.
The vector θ depends on X − Y , but not on Z, so that, with N ′ ∈ N,

(i+
1
2
θ ·DZ)N

′
(e−4iπ[X−Y,X−Z]) = (i+ gσ2 (X − Y )1/2)N

′
e−4iπ[X−Y,X−Z]

and

(a1]a2)(X) = 22n

∫∫
e−4iπ[X−Y,X−Z]

(i+ gσ2 (X − Y )1/2)−N
′
a1(Y )

(
(i− 1

2
θ ·DZ)N

′
a2

)
(Z)dY dZ,

so that with N1, N2 ∈ N,

|(a1]a2)(X)| ≤ 22n

∫∫
(1 + gσ2 (X − Y ))−N

′/2‖a1‖(0,N1)
g1,U1

(1 + gσ1 (Y − U1))−N1/2

× (1 +
1
4π

)N
′
‖a2‖(N

′,N2)
g2,U2

(1 + gσ2 (Z − U2))−N2/2dY dZ.

We take now N ′ = N1 +N2, and we get

|(a1]a2)(X)| ≤ 22n(1 +
1
4π

)N1+N2‖a1‖(0,N1)
g1,U1

‖a2‖(N1+N2,N2)
g2,U2(

1 + (gσ1 ∧ gσ2 )(X − U1)
)−N1/22N1/2∫∫

(1 + gσ2 (X − Y ))−N2/2(1 + gσ2 (Z − U2))−N2/2dY dZ.

Using the assumption g2 ≤ gσ2 and that U2 is a g2-ball with radius ≤ 1, we obtain,
with X2 the center of U2,

1 + g2(Z −X2)1/2 ≤ 2 + g2(Z − U2)1/2 ≤ 2
(
1 + gσ2 (Z − U2)1/2

)
,

so that

|(a1]a2)(X)| ≤ 22n(1 +
1
4π

)N1+N2‖a1‖(0,N1)
g1,U1

‖a2‖(N1+N2,N2)
g2,U2

2N1/2+N2/2(
1 + (gσ1 ∧ gσ2 )(X − U1)

)−N1/2∫∫
(1 + gσ2 (X − Y ))−N2/2(1 + g2(Z −X2)1/2)−N2dY dZ.
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Choosing N2 = 2n+ 1 gives, with

c(n) = 23n+ 1
2 (1+

1
4π

)2n+1

∫∫
(1+gσ2 (X−Y ))−n−

1
2 (1+g2(Z−X2)1/2)−2n−1dY dZ,

(4.6.6)
which depends only on n, that

|(a1]a2)(X)| ≤ c(n)|||a1|||(N1)
g1,U1

|||a2|||(N1+2n+1)
g2,U2

2N1
(
1 + (gσ1 ∧ gσ2 )(X − U1)

)−N1/2
.

Using that a1]a2 = a2]a1, we get

|(a1]a2)(X)| ≤ c(n)|||a1|||(N1+2n+1)
g1,U1

|||a2|||(N1+2n+1)
g2,U2

2N1

×
(
1 + max

(
(gσ1 ∧ gσ2 )(X − U1), (gσ1 ∧ gσ2 )(X − U2)

))−N1/2

.

which gives (4.6.5) for ν = 2, provided

κn ≥ c(n)1/2. (4.6.7)

We start now an induction on ν: the theorem is proven true for ν = 2 and we
assume its conclusion for some ν ≥ 2. We write

(a1] . . . ]aν]aν+1)(X) = 22n

∫∫
e−4iπ[X−Y,X−Z](a1] . . . ]aν)(Y )aν+1(Z)dY dZ,

and following exactly the previous proof, for X,Y given in R2n, we choose θ such
that [X − Y, θ] = gσν+1(X − Y )1/2, gν+1(θ) = 1. The vector θ depends on X − Y ,
but not on Z, so that, with N ′ ∈ N,

(i+
1
2
θ ·DZ)N

′
(e−4iπ[X−Y,X−Z]) = (i+ gσν+1(X − Y )1/2)N

′
e−4iπ[X−Y,X−Z]

and

(a1] . . . ]aν]aν+1)(X) = 22n

∫∫
e−4iπ[X−Y,X−Z]

(i+ gσν+1(X − Y )1/2)−N
′
(a1] . . . ]aν)(Y )

(
(i− 1

2
θ ·DZ)N

′
aν+1

)
(Z)dY dZ,

so that with N1,M1, N2 ∈ N, using the induction hypothesis, we get for j0 ∈
{1, . . . , ν}

|(a1] . . . ]aν]aν+1)(X)| ≤

22n

∫∫
(1 + gσν+1(X − Y ))−N

′/2κνn2
ν2N1

∏
1≤j≤ν

|||aj |||(N1+2n+1)
gj ,Uj(

1 + ν−1(gσ1 ∧ · · · ∧ gσν )(Y − Uj0)
)−N1/2

(1 +
1
4π

)N
′
‖aν+1‖(N

′,N2)
gν+1,Uν+1

(1 + gσν+1(Z − Uν+1))−N2/2dY dZ.
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We take now N ′ = N1 +N2, and we get

|(a1] . . . ]aν]aν+1)(X)| ≤ 22nκνn2
ν2N1

∏
1≤j≤ν

|||aj |||(N1+2n+1)
gj ,Uj∫∫

(1 + gσν+1(X − Y ))−N2/2(1 + gσν+1(X − Y ))−N1/2

(
1 + ν−1(gσ1 ∧ · · · ∧ gσν )(Y − Uj0)

)−N1/2

(1 +
1
4π

)N1+N2‖aν+1‖(N1+N2,N2)
gν+1,Uν+1

(1 + gσν+1(Z − Uν+1))−N2/2dY dZ.

We check now (
1 + gσν+1(X − Y )

)(
1 + ν−1(gσ1 ∧ · · · ∧ gσν )(Y − Uj0)

)
≥(

1 + ν−1(gσ1 ∧ · · · ∧ gσν )(Y − Uj0) + gσν+1(X − Y )
)
≥

(from (4.4.35))
(
1 + (ν + 1)−1(gσ1 ∧ · · · ∧ gσν ∧ gσν+1)(X − Uj0)

)
,

so that

|(a1] . . . ]aν]aν+1)(X)| ≤ 22nκνn2
ν2N1

∏
1≤j≤ν

|||aj |||(N1+2n+1)
gj ,Uj(

1 + (ν + 1)−1(gσ1 ∧ · · · ∧ gσν ∧ gσν+1)(X − Uj0)
)−N1/2

(1 +
1
4π

)N1+N2

∫∫
(1 + gσν+1(X − Y ))−N2/2

‖aν+1‖(N1+N2,N2)
gν+1,Uν+1

(1 + gσν+1(Z − Uν+1))−N2/2dY dZ.

Using the assumption gν+1 ≤ gσν+1 and that Uν+1 is a gν-ball with radius ≤ 1, we
obtain, with Xν+1 the center of Uν+1,

1 + gν+1(Z −Xν+1)1/2 ≤ 2 + gν+1(Z − Uν+1)1/2 ≤ 2
(
1 + gσν+1(Z − Uν+1)1/2

)
,

so that choosing N2 = 2n+ 1 gives, with the same c(n) as above in (4.6.6), that

|(a1] . . . ]aν]aν+1)(X)| ≤ c(n)κνn2
ν2N1

( ∏
1≤j≤ν

|||aj |||(N1+2n+1)
gj ,Uj

)
‖aν+1‖(N1+2n+1)

gν+1,Uν+1

×
(
1 + (ν + 1)−1 max

1≤j≤ν
(gσ1 ∧ · · · ∧ gσν ∧ gσν+1)(X − Uj)

)−N1/2

2N1 .

Using that a1] . . . ]aν+1 = aν+1] . . . ]a1, we get that

|(a1] . . . ]aν]aν+1)(X)| ≤ c(n)κνn2
ν2N12N1

∏
1≤j≤ν+1

|||aj |||(N1+2n+1)
gj ,Uj(

1 + (ν + 1)−1 max
1≤j≤ν+1

(gσ1 ∧ · · · ∧ gσν ∧ gσν+1)(X − Uj)
)−N1/2

,
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so that with N1 = N , we obtain

|(a1] . . . ]aν]aν+1)(X)| ≤ c(n)κνn2
ν2N2N

∏
1≤j≤ν+1

|||aj |||(N1+2n+1)
gj ,Uj(

1 + (ν + 1)−1 max
1≤j≤ν+1

(gσ1 ∧ · · · ∧ gσν ∧ gσν+1)(X − Uj)
)−N/2

.

which concludes the induction, since we may assume that κn ≥ max(c(n)1/2, c(n))
so that (4.6.7) holds and

c(n)κνn2
ν2N2N ≤ κν+1

n 2(ν+1)2N .

The proof of the theorem is complete. �

N.B. The reader may be puzzled by the occurrence of the term ν−1 near the max
in the formula (4.6.5). The induction proof relies on the formula (4.4.35) and,
although it is possible afterwards to replace the ν−1 in (4.6.5) by 1 and change the
22νN into 22νNνN/2 (a harmless modification), it is indeed the precise (4.6.5) that
we are able to prove by induction on ν. After all, a version of this theorem will
allow us to define analytic functions of an operator with symbol in S(1, g), so it is
quite natural to meet this type of difficulty, related to the control of derivatives of
an analytic function. Trying to prove directly the formula (4.6.5) with ν replaced
by 1, leads to a polynomial term in ν in the induction step: that term would trigger
an unacceptable ν! in the final formula.
Remark 4.6.3. Looking at the statement of Theorem 2.3.2, we see that for g1, g2
two positive definite quadratic forms on R2n such that gj ≤ gσj and for aj , j = 1, 2
gj-confined in Uj , a gj-ball of radius ≤ 1, for all k,N , for all X,T ∈ R2n, we have

|(a1]a2)(k)T k|

≤ Ak,N (g1 + g2)(T )k/2
(
1 + (gσ1 ∧ gσ2 )(X − U1) + (gσ1 ∧ gσ2 )(X − U2)

)−N/2
,

with Ak,N = γ(n,N, k)|||a1|||(m)
g1,U1

|||a2|||(m)
g2,U2

, m = 2n+ 1 + k +N. With

ρ1,2 = 1 + sup
T 6=0

g2(T )
g1(T )

+ sup
T 6=0

g1(T )
g2(T )

, (4.6.8)

the previous estimate implies that with N ′, N ′′ ∈ N,

|(a1]a2)(k)T k| ≤

γ(n,N ′ +N ′′, k)2
k+N′+N′′

2 |||a1|||(2n+1+k+N ′+N ′′)
g1,U1

|||a2|||(2n+1+k+N ′+N ′′)
g2,U2

× ρ
k+N′

2
1,2

(
1 + (gσ1 ∧ gσ2 )(U2 − U1)

)−N ′′/2

g1(T )k/2
(
1 + gσ1 (X − U1)

)−N ′/2
.
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so that a1]a2 is indeed g1-confined in U1 (and also g2-confined in U2). Assuming
now that

ρ1,2 ≤ C0

(
1 + (gσ1 ∧ gσ2 )(U2 − U1)

)N0
, (4.6.9)

we get for k,N,N ′′ ∈ N

sup
g1(T )=1

|(a1]a2)(k)T k|
(
1 + gσ1 (X − U1)

)N/2 ≤
γ(n,N +N ′′, k)2

k+N+N′′
2 |||a1|||(2n+1+k+N+N ′′)

g1,U1
|||a2|||(2n+1+k+N+N ′′)

g2,U2

× C
k+N

2
0

(
1 + (gσ1 ∧ gσ2 )(U2 − U1)

)−N′′
2 +

N0(k+N)
2

,

so that with N ′′ = N0(k +N) +M , we obtain for k,N,M ∈ N

sup
g1(T )=1

|(a1]a2)(k)T k|
(
1 + gσ1 (X − U1)

)N/2
≤ Γ(n,N0, C0, k,N,M)|||a1|||(2n+1+(k+N)(N0+1)+M)

g1,U1

|||a2|||(2n+1+(k+N)(N0+1)+M)
g2,U2

(
1 + (gσ1 ∧ gσ2 )(U2 − U1)

)−M
2
,

with

Γ(n,N0, C0, k,N,M) = γ(n,N(1 +N0) + kN0 +M,k)2
(k+N)(N0+1)+M

2 C
k+N

2
0 .

This implies that for j = 1, 2, for all l ∈ N,

|||a1]a2|||(l)gj ,Uj
≤ Γ(n,N0, C0, l, l,M)|||a1|||(2n+1+l(2N0+2)+M)

g1,U1

|||a2|||(2n+1+l(2N0+2)+M)
g2,U2

(
1 + (gσ1 ∧ gσ2 )(U2 − U1)

)−M
2
. (4.6.10)

A consequence of the previous remark is the following result.

Theorem 4.6.4. Let n ≥ 1 be a given integer. Let ν ≥ 2 be an integer and g1, . . . , gν
be ν positive definite quadratic forms on R2n such that for all j ∈ {1, . . . , ν}, gj ≤
gσj and let aj be gj-confined in Uj, a gj-ball of radius ≤ 1 (see the definition 2.3.1
and (4.4.18)). With

δj,j+1 = 1 + (gσj ∧ gσj+1)(Uj+1 − Uj), (4.6.11)

we assume that for j ∈ N, 1 ≤ j < ν,

ρj,j+1 = 1 + sup
T 6=0

gj+1(T )
gj(T )

+ sup
T 6=0

gj(T )
gj+1(T )

≤ C0δ
N0
j,j+1. (4.6.12)
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Then for all X ∈ R2n,M ∈ N,

|(a1] . . . ]aν)(X)| ≤ ω(n,C0, N0,M)ν

× |||a1|||(M+(2n+1)(2N0+2))
g1,U1

. . . |||aν |||(M+(2n+1)(2N0+2))
gν ,Uν

∏
1≤j<ν

δ
−M/4
j,j+1 . (4.6.13)

where the semi-norms |||a|||(l)g,U are defined in (2.3.3), and ω(n,C0, N0,M) depends
only on n,C0, N0,M .

N.B. Here also, one must point out that the number of semi-norms used to control
the lhs depends on the required decay (expressed by M) but is independent of ν.

Proof. We assume first that ν is even and we apply the theorem 4.6.2 for N = 0.
Writing a1] . . . ]aν = (a1]a2)] . . . ](aν−1]aν), we get

|(a1] . . . ]aν)(X)| ≤ κν/2n |||a1]a2|||(2n+1)
g1,U1

. . . |||aν−1]aν |||(2n+1)
gν−1,Uν−1

.

Using now the estimates (4.6.10) in the previous remark, we obtain

|(a1] . . . ]aν)(X)| ≤ κν/2n Γ(n,N0, C0, 2n+ 1, 2n+ 1,M)ν/2∏
1≤j≤ν/2

|||a2j−1|||((2n+1)(2N0+3)+M)
g2j−1,U2j−1

|||a2j |||((2n+1)(2N0+3)+M)
g2j ,U2j

δ
−M/2
2j−1,2j . (4.6.14)

We have also, writing a1] . . . ]aν = a1](a2]a3)] . . . ](aν−2]aν−1)]aν ,

|(a1] . . . ]aν)(X)| ≤

κ
1+ ν

2
n |||a1|||(2n+1)

g1,U1
|||a2]a3|||(2n+1)

g2,U2
. . . |||aν−2]aν−1|||(2n+1)

gν−2,Uν−2
|||aν |||(2n+1)

gν ,Uν
,

and we obtain (still with (4.6.10)),

|(a1] . . . ]aν)(X)| ≤ κ
1+ ν

2
n Γ(n,N0, C0, 2n+1, 2n+1,M)

ν
2−1|||a1|||(2n+1)

g1,U1
|||aν |||(2n+1)

gν ,Uν∏
2≤j≤ ν

2−1

|||a2j |||((2n+1)(2N0+3)+M)
g2j ,U2j

|||a2j+1|||((2n+1)(2N0+3)+M)
g2j+1,U2j+1

δ
−M/2
2j,2j+1. (4.6.15)

We take now the geometric mean of the (4.6.14), (4.6.15) to get

|(a1] . . . ]aν)(X)| ≤ κ
1+ν
2

n Γ(n,N0, C0, 2n+ 1, 2n+ 1,M)
ν−1
2∏

1≤j≤ν

|||aj |||((2n+1)(2N0+3)+M)
gj ,Uj

∏
1≤j<ν

δ
−M/4
j,j+1 .

When ν is odd, the reasoning is similar and we get (4.6.13) with

ω = max
(
κn,Γ(n,N0, 2n+ 1, 2n+ 1,M)

)
,

since we may assume that κn and Γ(n,N0, 2n+1, 2n+1,M) are larger than 1. �



358 Chapter 4. Appendix

We want now to extend the results of Theorems 4.6.4, 4.6.2 to the derivatives
of the composition; we claim that this extension should be easy since the deriva-
tive of the “product” a1] . . . ]aν is simply given by the standard non-commutative
formula expressed in the following lemma.

Lemma 4.6.5. Let (aj)1≤j≤ν be ν functions in S (R2n). Then for all T,X ∈ R2n,
ν, k ∈ N, we have

1
k!

(a1] . . . ]aν)(k)(X)T k =
∑

k1+···+kν=k

1
k1! . . . kν !

(a(k1)
1 T k1] . . . ]a(kν)

ν T kν )(X).

Proof. Let us prove first that the formula holds true for ν = 2 and all k ∈ N; using
the formula (2.1.18), we see that

(a1]a2)(X) = 22n

∫∫
R2n×R2n

e−4iπ[Y,Z]a1(Y +X)a2(Z +X)dY dZ

so that by the usual Leibniz’ formula, we get

1
k!

(a1]a2)(k)(X)T k =

22n

∫∫
R2n×R2n

e−4iπ[Y,Z]
∑

k1+k2=k

1
k1!

1
k2!

a
(k1)
1 (Y +X)T k1a(k2)

2 (Z +X)T k2dY dZ

=
∑

k1+k2=k

1
k1!

1
k2!

(a(k1)
1 T k1]a

(k2)
2 T (k2))(X), qed. (4.6.16)

Assuming that the formula is true for some ν ≥ 2, we write

1
k!

(a1] . . . ]aν]aν+1)(k)(X)T k =
∑

k1+k2=k

1
k1!

1
k2!
(
(a1] . . . ]aν)(k1)T k1]a

(k2)
ν+1T

k2
)
(X)

and we get immediately the result from the induction12 hypothesis. �

The previous lemma implies the following corollary to Theorem 4.6.2.

Corollary 4.6.6. Let n ≥ 1 be a given integer. There exists a positive constant κn
such that the following property is satisfied. Let ν ≥ 2 be an integer. Let g1, . . . , gν
be ν positive definite quadratic forms on R2n such that for all j ∈ {1, . . . , ν}, gj ≤
gσj and let aj be gj-confined in Uj, a gj-ball of radius ≤ 1. Then for all X,T ∈

12A direct proof is possible using the formulas (4.6.1), (4.6.2) in the theorem 4.6.1, but it would
be a very complicated way to get that simple lemma, much easier to prove than that theorem.
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R2n, k,N ∈ N,

|(a1] . . . ]aν)(k)(X)T k| ≤ κνn2
ν2N

(
max

1≤j≤ν
gj(T )

)k/2
×
(
1 + ν−1 max

1≤j≤ν
(gσ1 ∧ · · · ∧ gσν )(X − Uj)

)−N/2
×

∑
k1+···+kν=k

k!
k1! . . . kν !

∏
1≤j≤ν

|||aj |||
(kj+N+2n+1)
gj ,Uj

, (4.6.17)

where the semi-norms |||a|||(l)g,U are defined in (2.3.3).

We obtain also from the lemma 4.6.5 the following corollary to Theorem
4.6.4.

Corollary 4.6.7. Let n ≥ 1 be a given integer. Let ν ≥ 2 be an integer and g1, . . . , gν
be ν positive definite quadratic forms on R2n such that for all j ∈ {1, . . . , ν}, gj ≤
gσj and let aj be gj-confined in Uj, a gj-ball of radius ≤ 1 (see the definition 2.3.1
and (4.4.18)). Assuming (4.6.12), we get that for all X ∈ R2n,M ∈ N,

|(a1] . . . ]aν)(k)(X)T k| ≤ ω(n,C0, N0,M)ν
(

max
1≤j≤ν

gj(T )
)k/2 ∏

1≤j<ν

δ
−M/4
j,j+1

×
∑

k1+···+kν=k

k!
k1! . . . kν !

∏
1≤j≤ν

|||aj |||
(kj+M+(2n+1)(2N0+2))
gj ,Uj

. (4.6.18)

where the semi-norms |||a|||(l)g,U are defined in (2.3.3), and ω(n,C0, N0,M) depends
only on n,C0, N0,M .

4.7 A few elements of operator theory

4.7.1 A selfadjoint operator

Let L be a real-valued linear form on R2n; we define

D = {u ∈ L2(Rn), Lwu ∈ L2(Rn)}

and we consider the unbounded operator Lw with domain D. Note that D con-
tains S (Rn) and thus is dense in L2(Rn). On the other hand, if χ ∈ S (R2n) is
real-valued and such that χ(0) = 1, the operator χ(h1/2x, h1/2ξ)w is converging
strongly to the identity of L2(Rn) when h → 0+: with χh(X) = χ(h1/2X), the
simplest symbolic calculus of section 1.1 shows that

χh]χh = χ2
h + h2ωh, sup

0<h≤1
‖ωh‖L(L2) < +∞,
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and also (χ2
h)

Wick = (χ2
h)
w + hΩh, sup0<h≤1 ‖Ωh‖L(L2) < +∞. As a result, we

have for u ∈ L2(Rn)

‖
(
χwh − Id

)
u‖2 = 〈

(
(χh − 1)](χh − 1)

)w
u, u〉

=
∫

R2n

(χh(X)− 1)2
∈L1(R2n)︷ ︸︸ ︷
|Wu(X)|2 dX +O(h‖u‖2L2(Rn)),

so that the Lebesgue dominated convergence theorem provides the answer. As a
consequence, we have for u, v ∈ D

〈Lwu, v〉L2(Rn) = lim
h→0

〈Lwu, χwh v〉S ′(Rn),S(Rn) = lim
h→0

〈u, Lwχwh v〉S ′(Rn),S (Rn)

= lim
h→0

(
〈u, [Lw, χwh ]v〉S ′(Rn),S (Rn) + 〈u, χwhLwv〉S ′(Rn),S (Rn)

)
= lim
h→0

(
〈u, [Lw, χwh ]v〉S ′(Rn),S (Rn)

)
+ 〈u, Lwv〉L2(Rn).

The operator [Lw, χwh ] has a symbol in S (R2n) with an L(L2(Rn)) norm which is
a O(h1/2) from the symbolic calculus so that 〈Lwu, v〉 = 〈u, Lwv〉 and the operator
Lw is symmetric. If we consider now u0 ∈

D∗ = {u ∈ L2(Rn),∃C > 0,∀v ∈ D, |〈u, Lwv〉| ≤ C‖v‖L2(Rn)}

we get for v ∈ S(Rn)

|〈Lwu0, v〉S ′(Rn),S (Rn) = 〈u0, L
wv〉S ′(Rn),S (Rn) = 〈u0, L

wv〉L2(Rn)| ≤ C‖v‖L2(Rn)

so that Lwu0 ∈ L2(Rn) and u0 ∈ D, making Lw a selfadjoint operator with domain
D.

4.7.2 Cotlar’s lemma

We present here a precised version of the celebrated Cotlar’s lemma which is the
lemma 4.2.3 in [20].

Lemma 4.7.1. Let H be a Hilbert space and (Ω,A, ν) a measured space such that
ν is a σ-finite positive measure. Let (Ay)y∈Ω be a measurable family of bounded
operators on H such that

sup
y∈Ω

∫
Ω

∥∥A∗yAz∥∥1/2
dν(z) ≤M, sup

y∈Ω

∫
Ω

‖AyA∗z‖
1/2

dν(z) ≤M. (4.7.1)

Then, for all u ∈ H, we have∫∫
Ω×Ω

|〈Ayu,Azu〉H |dν(y)dν(z) ≤M2‖u‖2H (4.7.2)

which implies the strong convergence of A =
∫
Ω
Aydν(y) and ‖A‖ ≤M.
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Remark 4.7.2. We use this result in our section 2.5.1 on L2 boundedness of pseu-
dodifferential operators with Ω = R2n and dν(Z) = |gZ |1/2dZ. The novelty of
this lemma does not rely on the generalization to a measured space, but on the
estimate (4.7.2), which is optimal. In the more familiar discrete framework, the
lemma implies that for a sequence (Aj) of bounded operators on H, the conditions

sup
j

∑
k

∥∥A∗jAk∥∥1/2 ≤M, sup
j

∑
k

‖AjA∗k‖
1/2 ≤M

imply
∑
j,k |〈Aju,Aku〉| ≤ M2‖u‖2 and the strong convergence of A =

∑
j Aj

with ‖A‖ ≤M .

Proof. From the σ-finiteness of ν, we know that Ω is a countable union of mea-
surable sets ω with ν(ω) <∞. Moreover since y 7→ ‖Ay‖ is everywhere finite, we
have ∪k∈N{y ∈ ω, ‖Ay‖ ≤ k} = ω. Then Ω is a countable union of measurable sets
K such that ν(K) < ∞ and supy∈K ‖Ay‖ < ∞. We consider then such a K and
for a measurable function θ(y, z) with modulus smaller than 1, we define

TK,θ =
∫
K×K

A∗yAzθ(y, z)dν(y)dν(z).

We have ‖T‖2 = ‖T ∗T‖, ‖T‖4 = ‖T ∗TT ∗T‖, . . . , ‖T‖2m = ‖(T ∗T )m‖ for m
(e.g. a power of 2), so that

‖T‖2m =
∥∥∥∫

K4m

A∗z1Ay1A
∗
y′1
Az′1 . . . A

∗
zm
Aym

A∗y′mAz′m

∏
1≤j≤m

θ̄(yj , zj)θ(y′j , z
′
j)

dν(yj)dν(zj)dν(y′j)dν(z
′
j)
∥∥∥.

Using then the standard Cotlar’s trick, we take the above operators two by two,
beginning with the first or the second, we get inside the integral the estimates
from above∏

1≤j≤m

‖A∗zj
Ayj‖‖A∗y′jAz′j‖, ‖A∗z1‖

∏
1≤j<m

‖AyjA
∗
y′j
Az′jA

∗
zj+1

‖‖Aym
A∗y′mAz′m‖

so that, taking the geometric mean, we have

‖TK,θ‖2m ≤ sup
K
‖Ay‖

∫
K4m

∏
1≤j≤m

‖A∗zj
Ayj‖1/2‖A∗y′jAz′j‖

1/2

∏
1≤j<m

‖Ayj
A∗y′j‖

1/2‖Az′jA
∗
zj+1

‖1/2‖Aym
A∗y′m‖

1/2

dν(yj)dν(zj)dν(y′j)dν(z
′
j).

Integrating with respect to z′m, will give a quantity depending on y′m but ≤M ,
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Integrating with respect to y′m will give a quantity depending on ym but ≤M ,

Integrating with respect to ym will give a quantity depending on zm but ≤M ,

Integrating with respect to zm will give a quantity depending on z′m−1 but ≤M ,

and iterating this process up to j = 2, we get

‖TK,θ‖2m ≤ sup
K
‖Ay‖M4m−4

×
∫
K4
‖A∗z1Ay1‖

1/2‖A∗y′1Az′1‖
1/2‖Ay1A∗y′1‖

1/2dν(y1)dν(z1)dν(y′1)dν(z
′
1).

≤ sup
K
‖Ay‖M4m−1ν(K),

and taking the 2m-th root, letting m go to infinity, we obtain ‖TK,θ‖ ≤ M2. We
consider now u0 ∈ H and θ(y, z) mesurable with modulus one such that

〈Ayu0, Azu0〉θ(y, z) = |〈Ayu0, Azu0〉|.

We have thus M2‖u0‖2 ≥ 〈Tu0, u0〉 =∫
K2
〈Ayu0, Azu0〉θ(y, z)dν(y)dν(z) =

∫
K2
|〈Ayu0, Azu0〉|dν(y)dν(z)

and then (4.7.2). Considering now an increasing sequence (Kn)n≥0 of measurable
sets with union Ω, such that ν(Kn) < +∞, supy∈Kn

‖Ay‖ < +∞, we may consider,
for u ∈ H, the sequence vn =

∫
Kn

Ayudν(y) which belongs to H and is a Cauchy
sequence: with n, l ∈ N,

‖vn+l − vn‖2H =
∫∫

(Kn+l\Kn)2
〈Ayu,Azu〉dν(y)dν(z)

≤
∫∫

(Kc
n)2
|〈Ayu,Azu〉|dν(y)dν(z) −→

n→+∞
0 from (4.7.2).

Defining Au as the limit of the Cauchy sequence (vn), we see that A is linear and
we get also from (4.7.2) the estimate ‖A‖ ≤ M . This definition of Au does not
depend on the choice of the sequence (Kn) satisfying the above properties. If (Ln)
is such a sequence and wn =

∫
Ln
Ayudν(y), we have

vn − wn =
∫
Kn∩Lc

n

Ayudν(y)−
∫
Kc

n∩Ln

Ayudν(y)

and

‖vn−wn‖2H ≤ 2
∫∫

(Kc
n)2
|〈Ayu,Azu〉|dν(y)dν(z)+2

∫∫
(Lc

n)2
|〈Ayu,Azu〉|dν(y)dν(z)

which goes to 0 as n tends to infinity as already seen above. The proof of the
lemma is complete. �
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Remark 4.7.3. We shall see that Cotlar’s lemma will give pretty refined results
of L2-boundedness and in particular will be much better than the so-called Schur
criterion: let us recall here that for a measured space M with a positive measure
µ, a Schur kernel k(x, y) defined on M ×M is such that

κ1 = sup
x∈M

∫
M

|k(x, y)|dµ(y) <∞, κ2 = sup
y∈M

∫
M

|k(x, y)|dµ(x) <∞.

Then, for u, v ∈ L2(M,dµ), K the operator with kernel k, we have

|〈Ku, v〉| ≤
∫∫

|k(x, y)|1/2|u(y)||k(x, y)|1/2|v(x)|dµ(y)dµ(x)

≤
(∫∫

|k(x, y)||u(y)|2dµ(y)dµ(x)
)1/2(∫∫

|k(x, y)||v(x)|2dµ(y)dµ(x)
)1/2

≤ κ
1/2
2 ‖u‖L2(M,dµ)κ

1/2
1 ‖v‖L2(M,dµ)

and the operator K is bounded on L2(M,dµ) with a norm ≤ √κ1κ2. The Hilbert-
Schmidt condition k ∈ L2(M ×M,dµ⊗ dµ) gives rise to a compact operator (we
assume that µ is σ-finite) with a L(L2) norm smaller that ‖k‖L2(M×M,dµ⊗dµ):

|〈Ku, v〉| ≤
∫∫

|k(x, y)||u(y)||v(x)|dµ(y)dµ(x)

≤ ‖k‖L2(M×M,dµ⊗dµ)‖u‖L2(M,dµ)‖v‖L2(M,dµ). (4.7.3)

Remark 4.7.4. It was remarked by A. Unterberger in [143] that the key hypothesis
(4.7.1) can be relaxed by assuming that

(y, z) 7→ ‖A∗yAz‖1/2 and (y, z) 7→ ‖AyA∗z‖1/2

are the kernels of bounded operators on L2(Ω, dν). Moreover in [144], the same
author obtains the boundedness of the operator A =

∫
B∗yBydν(y) under the

assumption that k(y, z) = ‖ByB∗z‖ is the kernel of a bounded operator K on
L2(Ω, dν): the proof goes as follows. We have

‖Au‖2H =
∫∫

〈B∗zBzu,B∗yByu〉Hdν(y)dν(z) =
∫∫

〈ByB∗zBzu,Byu〉Hdν(y)dν(z)

so that

‖Au‖2H ≤
∫∫

k(y, z)‖Bzu‖H‖Byu‖Hdν(y)dν(z) = 〈K‖B·u‖H, ‖B·u‖H〉L2(Ω,dν)

which gives

‖Au‖2H ≤ ‖K‖L(L2(Ω,dν))

∫
Ω

‖Byu‖2Hdν(y) = ‖K‖L(L2(Ω,dν))〈Au, u〉H

and ‖A‖L(H) ≤ ‖K‖L(L2(Ω,dν)).
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Examples 4.7.5. Let us consider the Hilbert space `2(Z) and the Hilbert operator
given by the infinite matrix A = (aj,k)j,k∈Z

aj,k =
1

π(j − k)
for j 6= k, ajj = 0.

The Schur criterion fails for this operator with a logarithmic divergence (needless
to say, the Hilbert-Schmidt condition is not satisfied). Writing now that for a
function u ∈ L2

loc(R), 1-periodic,

u(x) =
∑
ξ∈Z

û(ξ)e2iπxξ, (û(ξ))ξ∈Z ∈ `2(Z),

the operator A is identified with Âu(ξ) =
∑
η∈Z,η 6=ξ

û(η)
π(ξ−η) so that for ϕ, u ∈

C∞(R), 1-periodic,∫ 1

0

(Au)(x)ϕ(x)dx =
∑
ξ∈Z

ϕ̂(−ξ)
∑

η∈Z,η 6=ξ
û(η)

1
π(ξ − η)

=
∑

ξ∈Z∗,η∈Z
ϕ̂(−ξ − η)û(η)

1
πξ

and using that
∑
ξ≥1

sin(2πxξ)
πξ = 1

2 − x, for x ∈ (0, 1), we obtain that (Au)(x) =
i(1− 2x)u(x) so that

‖A‖L(`2(Z)) = 1. (4.7.4)

The continuous version H of the Hilbert transform is the convolution with pv 1
πx ,

whose Fourier transform is −i sign ξ, so that (say for u ∈ S (R)),

lim
ε→0+

∫
|y|≥ε

u(x− y)
πy

dy = (Hu)(x) = −i(signDu)(x) =⇒ ‖H‖L2(R) = 1, (4.7.5)

meaning that H can be extended to a bounded operator on L2(R) with norm 1.
The Hardy operator is defined, in its continuous version, by its distribution kernel

H(x)H(y)
π(x+ y)

, H = 1R+ is the Heaviside function.

The section 4.1.5 contains a proof of the L2-boundedness of that operator as well
as the exact computation of its L(L2) norm (which is 1). The discrete version of
the Hardy operator is defined by the infinite matrix( 1

π(j + k)

)
j,k∈N∗

acting on `2(N∗) and can be proven to have L(`2(N∗)) norm equal to 1. It is
interesting to note that all the operators mentioned in this series of examples are
as well Lp bounded for 1 < p <∞.
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4.7.3 Semi-classical Fourier integral operators

Let us consider the standard semi-classical metric |dx|2 + h2|dξ|2 on R2n where
h ∈ (0, 1]. We want to quantize a canonical transformation χ given by a generating
function in a semi-classical framework, namely we wish to find an operator M , L2-
bounded such that M∗awM is close to (a ◦ χ)w in a sense made precise below for
a ∈ S0

scl. We shall follow the “Sharp Egorov principle” as given by C. Fefferman
and D.H. Phong in Lemma 3.1 of [45].

Let (x0, ξ0) ∈ R2n, V0 be a neighborhood of (x0, ξ0) and χ : W0 −→ V0 be a
canonical transformation, where W0 is a neighborhood of a point (y0, η0) ∈ R2n.
We assume that this canonical transformation is given by a generating function
S(x, η) such that

χ
(
∂ηS(x, η), η

)
=
(
x, ∂xS(x, η)

)
, with det

( ∂2S

∂x∂η

)
6= 0.

We consider ω ∈ C∞c (R2n), supported near (x0, η0) and the operator M given by

(Mv)(x) =
∫
e2iπh

−1S(x,hη)ω(x, hη)v̂(η)dη, (4.7.6)

whose kernel is µ(x, y) =
∫
e2iπ(h−1S(x,hη)−yη)ω(x, hη)dη. We consider a smooth

function a ∈ C∞c (R2n) (depending also on h) and its standard semi-classical quan-
tization, a(x, hD, h) with kernel κa(x, x′) =

∫
e2iπ(x−x′)ξa(x, hξ, h)dξ so that

a(x, hξ, h) =
∫
e2iπx

′ξκa(x, x′ + x)dx′.

We calculate M∗a(x, hD, h)M which has the kernel k(y, y′) and we have

k(y, y′ + y) =
∫
µ(x, y)κa(x, x′)µ(x′, y + y′)dxdx′,

so that

k(y, y′ + y) =
∫
e2iπ(−h−1S(x,hη′′)+yη′′)ω̄(x, hη′′)e2iπ(x−x′)ξa(x, hξ)

e2iπ(h−1S(x′,hη′)−y′η′−yη′)ω(x′, hη′)dη′′dη′dξdxdx′.

Now the (standard) symbol b of M∗a(x, hD, h)M is given by

b(y, hη, h) =
∫
k(y, y′ + y)e2iπy

′ηdy′
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and we have

b(y, hη, h) =
∫
e2iπy

′ηe2iπ(−h−1S(x,hη′′)+yη′′)ω̄(x, hη′′)e2iπ(x−x′)ξa(x, hξ, h)

e2iπ(h−1S(x′,hη′)−y′η′−yη′)ω(x′, hη′)dη′′dη′dξdxdx′dy′

=
∫

exp 2iπ
[
h−1S(x′, hη)− h−1S(x, hη′′) + y(η′′ − η) + (x− x′)ξ

]
ω̄(x, hη′′)ω(x′, hη)a(x, hξ, h)dη′′dξdxdx′,

so that

b(y, η, h) =∫
exp 2iπ

[
h−1S(x′, η)− h−1S(x, η′′) + h−1y(η′′ − η) + (x− x′)ξh−1

]
ω̄(x, η′′)ω(x′, η)a(x, ξ, h)dη′′dξdxdx′h−2n

and changing the name of the integration variables we get

b(y, η, h) =
∫

R4n

exp 2iπh−1
[
S(x′, η)− S(x′′, η′′) + y(η′′ − η) + (x′′ − x′)ξ′′

]
ω̄(x′′, η′′)ω(x′, η)a(x′′, ξ′′, h)dη′′dξ′′dx′′dx′h−2n. (4.7.7)

The following lemma summarizes the above calculations.

Lemma 4.7.6. Let a(·, h), ω ∈ C∞c (R2n). Let W be a neighborhood of suppω, S :
W −→ R be a smooth function and let M be the operator given by (4.7.6). The
operator M∗a(x, hDx, h)M = b(y, hDy, h) where b is given by

b(y, η, h) = h−
4n
2

∫
R4n

e2iπh
−1Φy,η(x′′,x′,ξ′′,η′′)ω̄(x′′, η′′)ω(x′, η)

a(x′′, ξ′′, h)dη′′dξ′′dx′′dx′, (4.7.8)

with Φy,η(x′′, x′, ξ′′, η′′) = S(x′, η)− S(x′′, η′′) + y(η′′ − η) + (x′′ − x′)ξ′′. (4.7.9)

Let (x0, η0) ∈ Rn × Rn be given such that det
(
∂2S
∂x∂η

)
(x0, η0) 6= 0, and let

us define y0 = (∂ηS)(x0, η0), ξ0 = (∂xS)(x0, η0). There exists a neighborhood of
(x0, η0, y0) on which the equation y = (∂ηS)(x, η) is equivalent to x = f(y, η). The
mapping

(y, η) 7→
(
f(y, η), (∂xS)(f(y, η), η)

)
= χ(y, η)

is a symplectomorphism from a neighborhood of (y0, η0) to a neighborhood of
(x0, ξ0). With (y, η) ∈ R2n as parameters, the phase in the above integral on R4n

is
Φy,η(x′′, x′, ξ′′, η′′) = S(x′, η)− S(x′′, η′′) + y(η′′ − η) + (x′′ − x′)ξ′′
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and we have

∂x′′Φ = −(∂x′′S)(x′′, η′′) + ξ′′, ∂x′Φ = (∂x′S)(x′, η)− ξ′′,
∂ξ′′Φ = x′′ − x′, ∂η′′Φ = −(∂η′′S)(x′′, η′′) + y,

so that the critical point of Φy,η satisfies

χ(y, η′′) = χ((∂η′′S)(x′′, η′′), η′′) = (x′′, (∂x′′S)(x′′, η′′))
= (x′′, ξ′′) = (x′, (∂x′S)(x′, η)) = χ((∂ηS)(x′, η), η)

and thus setting (x, ξ) = χ(y, η), we get that the critical point (x′′, x′, ξ′′, η′′) is
such that

η′′ = η, y = (∂ηS)(x′′, η) = (∂ηS)(x′, η), x′′ = x′ = x, ξ′′ = ξ,

and the phase vanishes there. Moreover, assuming that the Hessian of S(x, η) −
〈x, η〉 is vanishing at (x0, η0), we get that the Hessian of Φy,η/2 at the critical
point (x0, x0, ξ0, η0) is

(Rn)4 3 (t′′, t′, τ ′′, σ′′) 7→ −t′′σ′′ + (t′′ − t′)τ ′′

which has the same signature as −t′′σ′′ − t′τ ′′ which has signature 0. As a result,
there is a neighborhood of (y0, η0) in which the signature of the Hessian of Φy,η
at its critical point is 0.
Remark 4.7.7. An application of the stationary phase formula with parameters (see
e.g. Theorem 7.7.6 in [71]) gives readily with (x, ξ) = χ(y, η) (i.e. x = f(y, η), ξ =
ϕ(y, η) = (∂xS)

(
f(y, η), η)

)
b(y, η, h) = |detΦ′′y,η(x, x, ξ, η)|−1/2

[
|ω(x, η)|2a(x, ξ, h) +

∑
1≤j<N

ijhjcj(x, ξ, h)
]

+ hNrN (y, η, h), cj ∈ C∞c (V0), rN (·, h) ∈ C∞b (R2n), (4.7.10)

with cj = Ljα where Lj is a differential operator with real coefficients of order
2j in the variables x′′, x′, ξ′′, η′′ and α = ω̄(x′′, η′′)ω(x′, η)a(x′′, ξ′′, h). Note in
particular that all cj are real-valued if a and ω are real-valued. Also the previous
formula ensures that M∗M is a bounded operator on L2(Rn).

We have the identity

Φ′′y,η(x, x, ϕ(y, η), η) = Φ′′(∂ηS)(x,η),η(x, x, ϕ((∂ηS)(x, η), η), η)

and we may thus choose

ω(x, η) = ω0(x, η) = |detΦ′′(∂ηS)(x,η),η(x, x, ϕ((∂ηS)(x, η), η), η)|1/4 (4.7.11)

on a neighborhood Ω of (x0, η0) such that

supp
[
(x, η) 7→ a(x, (∂xS)(x, η))

]
⊂ Ω,

a condition which can be achieved by shrinking the support of a.
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Theorem 4.7.8. Let χ be a canonical transformation from a neighborhood of a
point (y0, η0) ∈ Rn × Rn to a neighborhood of (x0, ξ0) so that χ is given by a
generating function S(x, η) such that the Hessian of S(x, η) − 〈x, η〉 is vanishing
at (x0, η0). There exists a neighborhood V0 of (x0, ξ0) and a neighborhood Ω0 of
(x0, η0), ω0 ∈ C∞c (Ω0) such that for all a(·, h) ∈ C∞c (V0), we have

M∗a(x, hD, h)M = b(y, hDy, h), with the operator M given by (4.7.6),

where b is given by (4.7.8). We have b(y, η, h) = a(χ(y, η), h) modulo hC∞b (R2n)
and with Weyl quantization

M∗a(x, hξ, h)wM = b(y, hη, h)w, (4.7.12)

b(y, η, h) = a(χ(y, η), h) mod h2C∞b (R2n). (4.7.13)

Proof. Lemma 4.7.6 gives the first statement. Formula (4.7.10) with the choice of
ω0 given by (4.7.11) is providing

b(y, η, h) = a(χ(y, η), h) + ihc1(χ(y, η), h) + h2r2(y, η, h).

If a is real-valued, since our choice (4.7.11) of ω0 is also real-valued, we get that
c1 is real-valued, according to Remark 4.7.7. Using now the Weyl symbols, in the
case a real-valued, we have with ρ2(·, h) ∈ C∞b (R2n),

M∗a(x, hξ, h)wM = M∗ 1
2
(
a(x, hD, h) + a(x, hD, h)∗

)
M + h2ρ(y, hDy, h)

= β(y, hη, h)w

and with β real-valued (since M∗a(x, hξ, h)wM is selfadjoint), we get, modulo
h2C∞b ,

β + iπhDy ·Dηβ ≡ a+ ihc1 + ihπDx ·Dξa,

so that taking the real parts we obtain β(y, η, h) ≡ a(χ(y, η), h). The statement
on Weyl quantization follows by separating real and imaginary part. �

Remark 4.7.9. For a, b ∈ C∞b (Rx1 × R2n−2
x′,ξ′ ; R), we may consider the function

f(x, ξ) = ξ1 + a(x1, x
′, ξ′) + ib(x1, x

′, ξ′),

obtained as a normal form of the principal symbol of a principal-type pseudo-
differential operator (see Proposition 4.5.1), up to a non-vanishing multiplicative
factor. Defining the functions

η1 = ξ1 + a(x1, x
′, ξ′), y1 = x1

we have {η1, y1} ≡ 1, so that we may find, say in a neighborhood of 0 in R2n,
some symplectic coordinates (y1, y′, η1, η′) ∈ R × Rn−1 × R × Rn−1, completing
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y1, η1, i.e. such that {ηj , yk} = δj,k, {ηj , ηk} = {yj , yk} = 0. We have then with a
real-valued function q,

f(x, ξ) = η1 + iq(y, η), q
(
y(x, ξ), η(x, ξ)

)
= b(x1, x

′, ξ′),

and since (x, ξ) 7→ (y, η) is a local symplectomorphism, we get

∂q

∂η1
= {q, y1} = {b, x1} ≡ 0

and q(y, η) does not depend on η1. Assuming as we may that da(0) = 0, we see
that our symplectic transformation is tangent to the identity at 0, and we can
apply the quantization theorem 4.7.8 to get

M∗(hDx1 + a(x1, x
′, hξ′)w + ib(x1, x

′, hξ′)w
)
M

= hDy1 + iq(y1, y′, hη′)w mod h2op(S0
scl). (4.7.14)

4.8 On Sjöstrand algebra
The Sjöstrand algebra is defined in Proposition 2.5.6. We give here some more
properties of that algebra.

Lemma 4.8.1. Let b be a function in A and T ∈ R2n, t ∈ R. Then the functions
τT b, bt defined by τT b(X) = b(X − T ), bt(X) = b(tX) belong to A and

sup
T∈R2n

‖τT b‖A ≤ C‖b‖A, ‖bt‖A ≤ (1 + |t|)2nC‖b‖A, (4.8.1)

where C depends only on the dimension.

Proof. We check, using that T = S + j0, j0 ∈ Z2n, S ∈ [0, 1]2n,

F(χjτT b)(Ξ) =
∫
e−2iπXΞχj(X)b(X − T )dX

= e−2iπTΞ

∫
e−2iπXΞχj−j0(X + S)b(X)dX

= e−2iπTΞ

∫
e−2iπXΞχj−j0(X + S)

( ∑
|k|≤R0

χj−j0+k(X)b(X)
)
dX

= e−2iπTΞ
∑

|k|≤R0

F
(
(τ−Sχj−j0)(χj−j0+kb)

)
(Ξ)

= e−2iπTΞ
∑

|k|≤R0

(
F(τ−Sχj−j0) ∗ F(χj−j0+kb)

)
(Ξ)
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so that

|F(χjτT b)(Ξ)| ≤ C0

∫
|F(τ−Sχj−j0)(Ξ− Ξ′)|ωb(Ξ′)dΞ′

= C0

∫
|F(χ0)(Ξ− Ξ′)|ωb(Ξ′)dΞ′,

entailing ∫
sup
j∈Z2n

|F(χjτT b)(Ξ)|dΞ ≤ C0‖χ̂0‖L1‖b‖A

and the first part of (4.8.1).

The second part is obvious if t = 0 since A is continuously embedded in
C0 ∩ L∞ (proposition 2.5.6). Assuming t 6= 0, we look now at

F(χjbt)(Ξ) =
∫
e−2iπXΞχ0(X − j)b(tX)dX

=
∑
k∈Z2n

∫
e−2iπXΞχ0(X − j)χk(tX)b(tX)dX,

and since on the support of the integrand, we have

|X − j| ≤ R0, |k − tX| ≤ R0

and thus
|k − tj| ≤ R0 + |t|R0,

we get

F(χjbt)(Ξ) =
∫
e−2iπXΞχ0(X − j)b(tX)dX

=
∑
k

|k−tj|≤R0(1+|t|)

∫
e−2iπXΞχ0(X − j)b(tX)χk(tX)dX

=
∑

|k−tj|≤R0(1+|t|)

∫∫
e−2iπt−1XΞχ̂0(N)e2iπN(t−1X−j)(χkb)(X)dXdN |t|−2n

=
∑

|k−tj|≤R0(1+|t|)

∫∫
e−2iπt−1XΞχ̂0(tN)e2iπN(X−tj)(χkb)(X)dXdN

=
∑

|k−tj|≤R0(1+|t|)

∫∫
χ̂0(tN)e−2iπNtje2iπX(N−t−1Ξ)(χkb)(X)dXdN

=
∑

|k−tj|≤R0(1+|t|)

∫∫
χ̂0(tN + Ξ)e−2iπNtje−2iπΞje2iπXN (χkb)(X)dXdN

=
∑

|k−tj|≤R0(1+|t|)

∫
χ̂0(−tN + Ξ)e2iπNtje−2iπΞj

(∫
e−2iπXN (χkb)(X)dX

)
dN,
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so that

|F(χjbt)(Ξ)| ≤
∑

|k−tj|≤R0(1+|t|)

∫
|χ̂0(−tN + Ξ)|

∣∣∣∣∫ e−2iπXN (χkb)(X)dX
∣∣∣∣ dN

≤ CnR
2n
0

∫
|χ̂0(−tN + Ξ)|ωb(N)dN(1 + |t|)2n,

and finally the sought result
∫

supj |F(χjbt)(Ξ)|dΞ ≤ CnR
2n
0 (1+|t|)2n‖χ̂0‖L1‖b‖A.

�

4.9 More on symbolic calculus

4.9.1 Properties of some metrics

Lemma 4.9.1. Let Γ be a positive definite quadratic form on R2n such that Γ = Γσ

and let gX = λ(X)−1Γ be a metric conformal to Γ such that g is slowly varying
and infX λ(X) ≥ 1. Then the metric g satisfies gX(T ) ≤ CgY (T )

(
1+Γ(X−Y )

)
,

i.e.
λ(Y )
λ(X)

≤ C
(
1 + Γ(X − Y )

)
, (4.9.1)

implying that g is admissible.

Proof. Since g is slowly varying, we may assume, with a positive r0, gY (Y −X) ≥
r20, which means Γ(Y −X) ≥ r20λ(Y ) and using λ(X) ≥ 1 we get λ(Y )/λ(X) ≤
r−2
0 Γ(Y −X). �

Lemma 4.9.2. Let Γ be a positive definite quadratic form on R2n such that Γ = Γσ

and let gX = λ(X)−1Γ be a metric conformal to Γ. Assume that λ(X) = d(X)2 +
λ1(X) with a function d uniformly Lipschitz continuous (with respect to Γ) and
λ−1

1 Γ slowly varying with λ1 ≥ 1. Then the metric g is slowly varying.

Proof. Let us assume that |X − Y |2 ≤ r2
(
d(X)2 + λ1(X)

)
. If d(X)2 ≤ λ1(X),

using the fact that λ−1
1 Γ is slowly varying, we can choose r small enough so that

λ1(X) ≤ C1λ1(Y ) and thus

λ(X) ≤ 2C1λ1(Y ) ≤ 2C1λ(Y ).

If d(X)2 > λ1(X), we have, with L standing for the Lipschitz constant of d,

2−1/2λ(X)1/2 < d(X) ≤ d(Y ) + L|X − Y | ≤ λ(Y )1/2 + Lrλ(X)1/2

so that, for r ≤ 1
23/2L+1

we get λ(X) ≤ 8λ(Y ). This concludes the proof since,
according to Remark 2.2.2, the slow variation property of a metric g is satisfied
whenever there exists r0 > 0, C0 > 0 such that for all X,Y, T ∈ R2n, gX(Y −X) ≤
r20 implies gY (T ) ≤ C0gX(T ). �
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4.9.2 Proof of Lemma 3.2.12 on the proper class

All norms in this proof are taken with respect to the constant quadratic form Γ,
so we omit the index everywhere and denote ‖ · ‖Γ by | · |. Since for all j ∈ N,
|f (j)(X)| ≤ γjΛm−

j
2 , we get

1 ≤ λ(X) ≤ 1 + Λ max
0≤j<2m
j∈N

γ
2

2m−j

j = 1 + γΛ ≤ (1 + γ)Λ

and (3.2.24). For 0 ≤ j < 2m, we have from the definition of λ, the estimate
|f (j)(X)| ≤ λ(X)m−

j
2 , and for j ≥ 2m, we can use

|f (j)(X)| ≤ γjΛm−
j
2 = γjΛ−

(j−2m)
2 ≤ γjλ

− (j−2m)
2 (1 + γ)

(j−2m)
2 ,

so that f ∈ S(λm, λ−1Γ) with a j-th semi-norm less than 1 for j < 2m and less
than γj(1 + γ)

(j−2m)
2 for j ≥ 2m .

Let us now prove that λ−1Γ is slowly varying. Let us assume that |X −
Y |2 ≤ r2λ(X). Using Taylor’s formula, we get for the smallest integer N ≥ 2m
(N = −[−2m]) and 0 ≤ j < 2m,

|f (j)(X)| ≤
∑

l,j+l<2m

|f (j+l)(Y )|r
l

l!
λ(X)l/2 + γNΛm−

N
2

rN−j

(N − j)!
λ(X)(N−j)/2,

so that |f (j)(X)| ≤
∑
l,j+l<2m λ(Y )

2m−j−l
2 λ(X)

l
2 r

l

l! + γNΛ
2m−N

2 λ(X)
N−j

2 rN−j

(N−j)! ,

and

|f (j)(X)|

≤
∑

l,j+l<2m

(λ(Y )
2m−j

2 )
2m−j−l
2m−j (λ(X)

2m−j
2 )

l
2m−j

rl

l!
+ γNΛ

≤0︷ ︸︸ ︷
2m−N

2 λ(X)
N−j

2
rN−j

(N − j)!

≤
∑

l,j+l<2m

2m− j − l

2m− j
λ(Y )

2m−j
2

rl

l!
+

l

2m− j
λ(X)

2m−j
2

rl

l!

+ γN (1 + γ)
N−2m

2 λ(X)
2m−j

2
rN−j

(N − j)!
,

implying

|f (j)(X)| ≤ λ(Y )
2m−j

2

= p(r) a polynomial in r︷ ︸︸ ︷∑
l,j+l<2m

2m− j − l

2m− j

rl

l!

+ λ(X)
2m−j

2

( ∑
1≤l,j+l<2m

l

2m− j

rl

l!
+ γN (1 + γ)

N−2m
2

rN−j

(N − j)!

)
︸ ︷︷ ︸

= ε(r) goes to zero with r.

.



4.9. More on symbolic calculus 373

Assuming then that j was chosen so that λ(X) = 1 + |f (j)(X)|
2

2m−j , we get

λ(X) ≤ 1 +
(
λ(Y )

2m−j
2 p(r) + λ(X)

2m−j
2 ε(r)

) 2
2m−j

,

so that there exist r0 > 0, C0 ≥ 1, depending only on the N first semi-norms of f ,
such that for r ≤ r0, we have

|X − Y |2 ≤ r2λ(X) =⇒ λ(X) ≤ C0λ(Y ),

and thus r ≤ r0, |X − Y |2 ≤ r2C−1
0 λ(X) =⇒ C−1

0 λ(X) ≤ λ(Y ) ≤ C0λ(X), which
is the property (2.2.3). The property (2.2.12) is obviously satisfied since λ(X) ≥ 1.
Moreover, we get a stronger property than (2.2.16) from Lemma 4.9.1 above in
this appendix. �

4.9.3 More elements of Wick calculus

Most of the results of this section are rather technical and useful only for the
section 3.7.

Lemma 4.9.3. Let Γ be a fixed positive-definite symplectic quadratic form. Let M
be an admissible weight for Γ (cf. Definition 2.2.15), i.e. a positive function such
that M(X)M(Y )−1 ≤ C(1+Γ(X−Y ))N . Then if a measurable function a defined
on R2n satisfies for all X, |a(X)| ≤ C1M(X), the symbol a ∗ exp−2πΓ belongs to
S(M,Γ) with semi-norms depending only on C1. More generally, for a polynomial
p the symbol A defined by

A(X) =
∫
a(Y )p(X − Y ) exp−2πΓ(X − Y )dY

belongs to to S(M,Γ).

Proof. We check first

(a ∗ 2n exp−2πΓ)(k)(X) =
∫
a(Y )Pk(X − Y )2n exp−2πΓ(X − Y )dY (4.9.2)

with a polynomial Pk, which gives

M(X)−1|(a ∗ 2n exp−2πΓ)(k)(X)|

≤ C1

∫
M(Y )
M(X)

|Pk(X − Y )|2n exp−2πΓ(X − Y )dY

≤ C1

∫
C
(
1 + Γ(X − Y )

)N |Pk(X − Y )|2n exp−2πΓ(X − Y )dY

= C1Cγ(k,N, n).

Let us examine A(k): it is a sum of terms of type (4.9.2) and thus the above
argument works. �
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Lemma 4.9.4. Let g be an admissible metric on R2n (see Definition 2.2.15) such
that, for all X ∈ R2n, g\X = Γ, where Γ1/2 is a fixed symplectic norm. Let m be an
admissible weight for g such that m ∈ S(m, g). Then, if A ∈ op(S(m, g)), there
exists a semi-norm γ of the symbol of A such that, for all v ∈ S (Rn),

|〈Av, v〉| ≤ γ〈mWickv, v〉 = γ

∫
R2n

m(Y )‖ΣY v‖2L2dY. (4.9.3)

Proof. Lemma 2.6.18 shows that the space H(m1/2, g) is equal to H(m1/2,Γ),
provided that m1/2 belongs to S(m1/2, g) ∩ S(m1/2,Γ), and the latter condition
is satisfied since m ∈ S(m, g), gX ≤ g\X = Γ and m1/2 ∈ S(m1/2, g) (see Lemma
2.2.22). Moreover Corollary 2.6.17 and Theorem 2.6.29 imply

|〈Av, v〉| ≤ ‖Av‖H(m−1/2,g) ‖v‖H(m1/2,g)

≤ γ ‖v‖2H(m1/2,g) = γ ‖v‖2H(m1/2,Γ) = γ

∫
R2n

m(Y )‖θwY u‖2L2dY,

where (θY ) is a partition of unity related to the metric Γ. We have, using 1Wick = Id
(see Proposition 2.4.3), Proposition 2.2.20 and (2.4.9), with 〈T 〉2 = 1 + Γ(T ), for
all N1, N2,∫

m(Y )‖θwY u‖2dY =
∫∫∫

R2n

m(Y )〈θwY ΣZ1ΣZ1u, θ
w
Y ΣZ2ΣZ2u〉dY dZ1dZ2

≤
∫∫∫

m(Z1)1/2m(Z2)1/2‖ΣZ1u‖‖ΣZ2u‖

× 〈Y − Z1〉−N1〈Z2 − Z1〉−N2dY dZ1dZ2CN1,N2

≤
∫∫

m(Z1)1/2m(Z2)1/2‖ΣZ1u‖‖ΣZ2u‖〈Z2 − Z1〉−N2dZ1dZ2CN1,N2

≤
∫
m(Z)‖ΣZu‖2dZ,

which completes the proof of the lemma. � �

Lemma 4.9.5. Let m1,m2 be two weights for Γ (a fixed positive-definite symplectic
quadratic form) and a1, a2 be two locally Lipschitz continuous functions such that
|a1(X)| ≤ m1(X), |a′2(X)| ≤ m2(X). Then the operator

aWick
1 aWick

2 ∈ (a1a2)Wick + op(S(m1m2,Γ)). (4.9.4)

Proof. We use Definition 2.4.1 and Taylor’s formula to write

aWick
1 aWick

2 =
∫∫

a1(Y )
(
a2(Y )+

∫ 1

0

a′2
(
Y + θ(Z −Y )

)
dθ(Z −Y )

)
ΣY ΣZdY dZ

= (a1a2)Wick +Rw,



4.9. More on symbolic calculus 375

with (see (2.4.10))

R(X) =
∫∫∫ 1

0

a1(Y )a′2
(
Y + θ(Z − Y )

)
(Z − Y )e−

π
2 |Y−Z|

2

e−2iπ[X−Y,X−Z]2ne−2π|X−Y +Z
2 |2dY dZdθ. (4.9.5)

We have, using (2.2.19),

|R(X)| ≤
∫∫∫ 1

0

m1(Y )m2(Y )
m2(Y + θ(Z − Y ))

m2(Y )
|Z − Y |e−π

2 |Y−Z|
2

2ne−2π|X−Y +Z
2 |2dY dZdθ

≤ Cm1(X)m2(X)
∫∫∫ 1

0

(1 + |Y −X|2)N (1 + |Y − Z|2)N+1/2

e−
π
2 |Y−Z|

2
e−2π|Y +Z

2 −X|2dY dZdθ

≤ Cm1(X)m2(X)
∫∫

(1 + |T/2 + S|2)N (1 + |T |2)N+1/2e−
π
2 |T |

2
e−2π|S|2dTdS

= C ′m1(X)m2(X)

Moreover taking derivatives of R in its defining formula (4.9.5) above leads to the
same estimate for R(k)(X). The proof of the lemma is complete. �

Lemma 4.9.6. Let (χk) be a partition of unity and (ψk) be a sequence as in Theorem
4.3.7 for an admissible metric of type λ−1(X)Γ, where λ is a Γ-weight and Γ = Γσ.
Let ω be a locally bounded function such that |ω(X)| ≤ M(X) where M is a
Γ-weight. Assume that, for each k, there exist a bounded function ωk such that
ω(X) = ωk(X) for all X ∈ suppχk and such that for all X ∈ R2n, |ωk(X)| ≤
M(X)λ(X)N0 . Then with ω̃(X) =

∫
ω(Y )2n exp−2πΓ(X − Y )dY, we have

χk(X)ω̃(X) = χk(X)ω̃k(X) + rk(X),
∑
k

rk ∈ S(λ−∞,Γ). (4.9.6)

Proof. We already know from Lemma 4.9.3 that

X 7→ ω̃(X) =
∫
ω(Y )2n exp−2πΓ(X − Y )dY

belongs to S(M,Γ). We check now

χk(X)ω̃(X) = χk(X)
∫
ω(Y )2n exp−2πΓ(X − Y )dY

= χk(X)
∫
ψk(Y )ω(Y )2n exp−2πΓ(X − Y )dY

+ χk(X)
∫
Y,ψk(Y ) 6=1

(1− ψk(Y ))ω(Y )2n exp−2πΓ(X − Y )dY,
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so that

χk(X)ω̃(X) = χk(X)
∫
ψk(Y )ωk(Y )2n exp−2πΓ(X − Y )dY + rk(X). (4.9.7)

We have

Γ(Uk − (U∗k )c) = inf
Γ(T )<1≤Γ(S)

Γ(Xk + r0λ(Xk)1/2T −Xk − λ(Xk)1/22r0S)

and thus Γ(Uk − (U∗k )c) ≥ λ(Xk)r20. Since ψk is equal to 1 on U∗k (notations of
Theorem 4.3.7) we obtain from (4.9.7)

|r(j)k (X)|Γ ≤ Cjψk(X) exp−πΓ(Uk − (U∗k )c) ≤ Cj,N,r0ψk(X)λ(X)−N

and thus
∑
k rk ∈ S(λ−∞,Γ). We obtain

χkω̃ = χk
(
ψkωk ∗ 2n exp−2πΓ

)
+ rk

= χk
(
ωk ∗ 2n exp−2πΓ

)
+ χk

(
ωk(ψk − 1) ∗ 2n exp−2πΓ

)
+ rk,

and applying again the same reasoning to the penultimate term above, we get for
Y ∈ (U∗k )c and X ∈ Uk, that Γ(X − Y ) ≥ λ(Xk)r20 the following estimate for the
integrand

exp−πΓ(X − Y ) exp−πλ(Xk)r20 ×M(Y )λ(Y )N0

≤ CM(X)λ(X)N0(1 + Γ(X − Y ))N0 exp−πΓ(X − Y ) exp−πλ(Xk)r20

≤ C ′M(X)λ(Xk)N0(1 + Γ(X −Xk))N0 exp−π
2

Γ(X − Y ) exp−πλ(Xk)r20

≤ C ′′M(X)λ(Xk)3N0 exp−π
2

Γ(X − Y ) exp−πλ(Xk)r20

≤ C ′′′M(X)λ(Xk)3N0 exp−π
2

Γ(X − Y ) exp−πλ(Xk)r20

which yields the result. �

Definition 4.9.7. Let Γ be a symplectic quadratic form on Rn ×Rn, i.e. a positive
definite quadratic form such that Γ = Γσ. There exists a unique linear symplectic
mapping A such that for all X = (x, ξ), Γ(AX) =

∑
1≤j≤n x

2
j + ξ2j . Let U be a

metaplectic transformation in the fiber of A. Then for a ∈ L∞(R2n), we define

aWick(Γ) =
∫
a(Y )2n

(
exp−2πΓ(· − Y )

)w
dY = U(a ◦A)WickU∗. (4.9.8)

Remark 4.9.8. Note that since U is uniquely determined up to a factor of modulus
one, that definition is consistent. We remark also that, defining for X ∈ R2n,
Φ(X) = 2n exp−2πΓ(X), we have Φ(AX − AY ) = 2n exp−2π|X − Y |2, which
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is the Weyl symbol of ΣY (Definition 2.4.1). From the Segal formula (2.1.14), we
have, with a metaplectic U in the fiber of A

Φ(X − Z)w = UΦ(AX − Z)wU∗

and thus we can justify the equality in formula (4.9.8) since∫
a(Y )2n

(
exp−2πΓ(X − Y )

)w
dY =

∫
a(AY )Φ(X −AY )wdY

=
∫
a(AY )UΦ(AX −AY )wU∗ =

∫
a(AY )UΣY U∗dY = U(a ◦A)WickU∗.

Remark 4.9.9. We can also notice that the definition above is consistent with the
fact that Wick and Weyl quantization coincide for linear forms: if a is a linear
form, we have

aWick(Γ) = U(a ◦A)WickU∗ = U(a ◦A)wU∗ = UU∗awUU∗ = aw. (4.9.9)

Also, it is easy with the formula (4.9.8) to check that the results of section 2.4.1
on the Wick quantization can be extended, mutatis mutandis, to the Wick(Γ)
quantization.

4.9.4 Some lemmas on symbolic calculus

Let g be an admissible metric on R2n and m be a g-weight (see Definition 2.2.15).
Then, at each point X ∈ R2n, we can define the metric g\X by taking the geometric
mean of gX , gσX (see (2.2.21)) so that in particular

gX ≤ g\X = (g\X)σ ≤ gσX . (4.9.10)

We define
h(X) = sup

g\
X(T )=1

gX(T ), (4.9.11)

and we note that whenever gσ = λ2g we get from Definition 2.2.15 that g\ = λgg
and λg = 1/h.

Definition 4.9.10. Let l be a nonnegative integer. We define the set Sl(m, g) as
the set of smooth functions a defined on R2n such that a satisfies the estimates of
S(m, g) for derivatives of order ≤ l, and the estimates of S(m, g\) for derivatives
of order ≥ l + 1, which means

|a(k)(X)T k| ≤ Ckm(X)

×

gX(T )k/2 if k ≤ l,

g\X(T )k/2h(X)
l+1
2 if k ≥ l + 1, with h(X) = sup

g\
X(T )=1

gX(T ).
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Note that since h ≤ 1 and g ≤ hg\, we get S(m, g) ⊂ Sl(m, g). If g = λ(X)−1ΓX ,
where λ(X) is positive (scalar) and ΓX = ΓσX , then g\X = ΓX and a belongs to
Sl(m,λ−1Γ) means

|a(k)(X)|ΓX
≤ Ckm(X)×

{
λ(X)−k/2 if k ≤ l,

λ(X)−l/2 if k ≥ l + 1.

Moreover, if g ≡ g\, then for all l, S(m, g) = Sl(m, g).

Lemma 4.9.11. Let Γ be a positive definite quadratic form on R2n such that Γ = Γσ

and λ be a Γ-weight. Let b be a symbol in S1(λm, λ−1Γ), where m is a real number.
Then b]b− b2 ∈ S(λ2m−1,Γ)

Proof. We have (b]b)(X) = exp iπ[DX1 , DX2 ]
(
b(X1) ⊗ b(X2)

)
|X1=X2=X

so that
using Taylor’s formula with integral remainder for s 7→ es yields

(b]b)(X) = b(X)2+
∫ 1

0

exp iπθ[DX1 , DX2 ]dθiπ[DX1 , DX2 ]b(X1)⊗b(X2)|X1=X2=X .

Since b′ ∈ S(λm−1/2,Γ) and

exp iπθ[DX1 , DX2 ](a1(X1)⊗ a2(X2))

= exp iπ[DX1θ−1/2 , DX2θ−1/2 ](a1(θ−1/2X1θ
1/2)⊗ a2(θ−1/2X2θ

1/2))|X1=X2=X

= exp iπ[DY1 , DY2 ](a1(θ1/2Y1)⊗ a2(θ1/2Y2))|Y1=Y2=θ−1/2X

=
(
(a1 ◦ θ1/2)](a2 ◦ θ1/2)

)
(θ−1/2X),

we get that, if aj ∈ S(λmj ,Γ), we have aj ◦θ1/2 ∈ S(λmj , θΓ) so that the symbolic
calculus for the metric θΓ (observe that it is admissible for θ bounded) gives

(a1 ◦ θ1/2)](a2 ◦ θ1/2) ∈ S(λm1+m2 , θΓ)

which implies
(
(a1 ◦ θ1/2)](a2 ◦ θ1/2)

)
◦ θ−1/2 ∈ S(λm1+m2 ,Γ). Applying this to

the integral above gives the result of the lemma. �

Lemma 4.9.12. Let Γ be a positive definite quadratic form on R2n such that Γ = Γσ

and λ be a Γ-weight. Let l ∈ N, µ ∈ R and a be a locally bounded function defined
on R2n such that

∀j ∈ {0, . . . , l}, |a(j)(X)| ≤ Cλ(X)µ−
j
2 .

Then the function a ∗ exp−2πΓ belongs to Sl(λµ, λ−1Γ).

Proof. We use the formula (a ∗ exp−2πΓ)(X) =
∫
a(X − Y ) exp−2πΓ(Y )dY to

obtain the estimate for the derivatives of order ≤ l: we get for k ≤ l

|(a ∗ exp−2πΓ)(k)(X)| ≤ Cλ(X)µ−
k
2

∫
λ(X − Y )µ−

k
2

λ(X)µ−
k
2

exp−2πΓ(Y )dY

≤ Cλ(X)µ−
k
2

∫
(1 + Γ(Y ))N |µ−

k
2 | exp−2πΓ(Y )dY = C ′λ(X)µ−

k
2 ,
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and for k > l we have (a ∗ exp−2πΓ)(k) = (a(l) ∗ (exp−2πΓ)(k−l)) yielding imme-
diately the result. �

Let us recall the composition formula in the Weyl quantization, with the
symplectic form [, ] given in (2.1.18). We have awbw = (a]b)w and, for X ∈ R2n,

(a]b)(X) = 22n

∫∫
R2n×R2n

a(Y )b(Z) exp−4iπ[X − Y,X − Z]dY dZ

= 22n

∫∫
R2n×R2n

a(Y +X)b(Z +X) exp−4iπ[Y, Z]dY dZ. (4.9.12)

We note also that
(a]b)′ = a′]b+ a]b′. (4.9.13)

Moreover, if a is a function only of ξ, we have

(a]b)(x, ξ) = 22n

∫
R4n

a(η)b(z, ζ)e−4iπ(ξ−η)(x−z)e4iπ(x−y)(ξ−ζ)dydηdzdζ

= 2n
∫

R2n

a(η)b(z, ξ)e−4iπ(ξ−η)(x−z)dηdz

= 2n
∫

R2n

((1 +D2
η/4)Na)(η)b(z, ξ)(1 + |x− z|2)−Ne−4iπ(ξ−η)(x−z)dηdz

= 2n
∫

R2n

((1 +D2
η/4)Na)(η)(1 + |ξ − η|2)−N (1 +D2

z/4)N(
b(z, ξ)(1 + |x− z|2)−N

)
e−4iπ(ξ−η)(x−z)dηdz,

so that with N ≥ E(n/2) + 1

|(a]b)(x, ξ)| ≤ max
j≤2N

‖a(j)‖L∞ max
j≤2N

‖b(j)‖L∞(1+|ξ−supp a|)−N/2c(n,N). (4.9.14)

4.9.5 The Beals-Fefferman reduction

Lemma 4.9.13. Let F : R → R be a C2 function such that

16|F (0)| < F ′(0)2, ‖F ′′‖L∞(R) ≤ 1. (4.9.15)

We set ρ = |F ′(0)|/4. Then there exists t0 ∈ [−ρ/2, ρ/2] and e ∈ C1(R) such that

for |t| ≤ ρ, F (t) = (t− t0)e(t), 8ρ ≥ e(t) ≥ ρ, ‖e′‖L∞(R) ≤ 1. (4.9.16)

Proof. Assume first that F (0) = 0 and F ′(0) = 4ρ. Then, for |t| ≤ 2ρ,

F (t) = te(t), 6ρ ≥ e(t) ≥ 4ρ− 2ρ = 2ρ, ‖e′‖L∞(R) ≤ 1.
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Now if F (0) > 0 and F ′(0) = 4ρ, F (−ρ
2 ) ≤ ρ2 − ρ

24ρ + ρ2

4 < 0, so that, for
some t0 ∈] − ρ/2, 0[ we have F (t0) = 0. Using what was done above, we have for
|s| ≤ |F ′(t0)|/2,

F (s+ t0) = (s+ t0)e0(s), 3|F ′(t0)|/2 ≥ e0(s) ≥ |F ′(t0)|/2, ‖e′0‖L∞(R) ≤ 1.

But since

|F ′(t0)|
2

≥ 1
2
(4ρ− ρ

2
) =

7ρ
4

and
7ρ
4
− ρ

2
=

5ρ
4
≥ ρ,

we have on [t0 − 7ρ
4 , t0 + 7ρ

4 ] which contains [−ρ, ρ],

F (t) = (t− t0)e(t), |t0| ≤ ρ/2, 8ρ ≥ 27ρ
4
≥ e(t) ≥ 7ρ/4 ≥ ρ, ‖e′‖L∞(R) ≤ 1.

�

Lemma 4.9.14. Let F : Rd → R be a C2 function such that

26|F (0)| < ‖∇F (0)‖2 , ‖F ′′‖L∞(Rd) ≤ 1. (4.9.17)

We set ρ = ‖∇F (0)‖ 2−5. There exists two C1 functions α : Rd−1 → [−5ρ, 5ρ] and
e : Rd → [7ρ, 70ρ], a set of orthonormal coordinates (x1, x

′) ∈ R× Rd−1 such that
for max

(
|x1|, |x′|

)
≤ ρ,

F (x) =
(
x1 + α(x′)

)
e(x), ‖e′‖L∞(Rd) ≤ 1, ‖α′‖L∞(Rd−1) ≤ 1. (4.9.18)

Proof. We can choose the coordinates so that∇F (0) = ∂F
∂x1

(0)
→
e1. Then for |x′| ≤ ρ,

we have |F (0, x′)| ≤ 2−6+10ρ2 + ρ25ρ+ 1
2ρ

2 = ρ2(25 + 24 + 2−1) and∣∣∣∣ ∂F∂x1
(0, x′)

∣∣∣∣ ≥ ∣∣∣∣ ∂F∂x1
(0, 0)

∣∣∣∣− ρ = (25 − 1)ρ

so that
16|F (0, x′)|∣∣∣ ∂F∂x1

(0, x′)
∣∣∣2 ≤

16× 48.5
312

< 1.

Applying the lemma 4.9.13, we get for all |x′| ≤ ρ the existence of α(x′) such that,
when |x1| ≤ 31ρ/4

F (x1, x
′) =

(
x1 + α(x′)

)
e(x), |α(x′)| ≤ 33ρ

8
< 5ρ,

70ρ ≥ 8× 33ρ/4 ≥ |e(x)| ≥ 31ρ/4 > 7ρ.

The implicit function theorem guarantees the C1 regularity of the function α and
the Taylor-Lagrange formula with integral remainder provides the regularity of
e. �
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Remark 4.9.15. If the function F in the lemma 4.9.14 is C∞, since the function α is
obtained by the implicit function theorem, and e by Taylor’s formula with integral
remainder, both function α, e are C∞. Moreover, the identity F (−α(x′), x′) = 0
implies that

|α(k)(x′)| ≤ Ckρ
1−k, |e(k)(x′)| ≤ Ckρ

−k

where Ck are semi-norms of the function F in max(|x1|, |x′|) ≤ ρ. In particular, if
we apply this result to the function (3.2.34)

F (T ) = Λ1/2q
(
t, Y + ν(t, Y )1/2T

)
µ(t, Y )−1/2ν(t, Y )−1

we get that |F (k)| is bounded above by γk(q) and 1/2 ≤ ρ ≤ γ1(q) as defined in
(2.1.1). We get then from the lemma 4.9.14

Λ1/2q
(
t, Y + ν(t, Y )1/2T

)
µ(t, Y )−1/2ν(t, Y )−1 = e0(T )(T1 + α0(T ′))

so that e0, α0 are smooth with fixed bounds and thus

Λ1/2q
(
t,X

)
µ(t, Y )−1/2 = e0

(
(X − Y )ν(t, Y )−1/2

)
ν(t, Y )1/2

×
(
X1 − Y1 + α0

(
(X ′ − Y ′)ν(t, Y )−1/2

)
ν(t, Y )1/2

)
,

which corresponds exactly to (3.2.35), (3.2.36), (3.2.37).

4.9.6 On tensor products of homogeneous functions

Let n ≥ 1 be an integer and N = n+ 1. Let (y0; η0) ∈ RN × SN−1 such that

(y0; η0) = (t0, x0; τ0, ξ0) ∈ R× Rn × R× Rn, with τ0 = 0, ξ0 ∈ Sn−1.

Let r ∈]0, 1/4] be given. There exists a function χ0 ∈ C∞(RN ; [0, 1]) such that for
λ ≥ 1 and η ∈ RN with |η| ≥ 1, we have χ0(λη) = χ0(η) (“homogeneity of degree
zero outside the unit ball’) and

χ0(τ, ξ) =

{
1 if τ2 + |ξ|2 ≥ 1 and |τ | ≤ r|ξ|,
0 if τ2 + |ξ|2 ≤ 1/4 or |τ | ≥ 2r|ξ|.

There exists a function ψ0 ∈ C∞(Rn; [0, 1]) such that for λ ≥ 1 and ξ ∈ Rn with
|ξ| ≥ 1, we have ψ0(λξ) = ψ0(ξ) and,

ψ0(ξ) =

{
1 if |ξ| ≥ 1 and | ξ|ξ| − ξ0| ≤ r,
0 if |ξ| ≤ 1/2 or | ξ|ξ| − ξ0| ≥ 2r .

We define the function Φ0 by

Φ0(τ, ξ) = χ0(τ, ξ)ψ0(ξ). (4.9.19)
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Lemma 4.9.16. The function Φ0 is such that for λ ≥ 1 and η ∈ RN with |η| ≥ 2,
we have Φ0(λη) = Φ0(η). Moreover, with η0 = (0, ξ0), we have

Φ0(η) = 1 for |η| ≥ 2 and
∣∣∣∣ η|η| − η0

∣∣∣∣ ≤ r/2, (4.9.20)

Φ0(η) = 0 for |η| ≥ 2 and
∣∣∣∣ η|η| − η0

∣∣∣∣ ≥ 4r. (4.9.21)

Proof. The function Φ0 is such that for λ ≥ 1 and η ∈ RN with |η| ≥ 2, we have
Φ0(λη) = Φ0(η): in fact, if τ2 + |ξ|2 ≥ 4 and |τ | ≤ 2r|ξ|, we get

|ξ|2 ≥ 4(1 + 4r2)−1 ≥ 1,

so that ψ0(λξ) = ψ0(ξ) and since we have also in that case χ0(λη) = χ0(η),
we get the sought property. Now if τ2 + |ξ|2 ≥ 4 and |τ | > 2r|ξ|, we see that
χ0(λτ, λξ) = χ0(τ, ξ) = 0 so that, Φ0(λη) = 0 = Φ0(η). Moreover, if τ2 + |ξ|2 ≥ 4
and

τ2

τ2 + |ξ|2
+
∣∣∣∣ ξ

(τ2 + |ξ|2)1/2
− ξ0

∣∣∣∣2 ≤ r2/4,

we get that |τ | ≤ r|ξ|(4 − r2)−1/2 ≤ r|ξ| and thus χ0(τ, ξ) = 1; also this implies
|ξ| ≥ 2(1 + r2)−1/2 ≥ 1, so that ψ0(ξ) = ψ0(ξ/|ξ|). We have then∣∣∣∣ ξ|ξ| − ξ0

∣∣∣∣ ≤ r

2
+
∣∣∣∣ ξ|ξ| − ξ

(τ2 + |ξ|2)1/2

∣∣∣∣ ≤ r

2
+ |ξ||τ |2|ξ|−3 ≤ r

2
+

r2

4− r2
≤ r,

which implies ψ0(ξ) = ψ0(ξ/|ξ|) = 1, so that Φ0 is equal to 1 on a conic neighbor-
hood of (0, ξ0) in RN minus a ball. Similarly, if τ2 + |ξ|2 ≥ 4 and

τ2

τ2 + |ξ|2
+
∣∣∣∣ ξ

(τ2 + |ξ|2)1/2
− ξ0

∣∣∣∣2 ≥ 16r2,

either |τ | ≥ 2r|ξ| and χ0(τ, ξ) = 0, entailing Φ0(τ, ξ) = 0 or |τ | ≤ 2r|ξ| and then∣∣∣∣ ξ

(τ2 + |ξ|2)1/2
− ξ0

∣∣∣∣2 ≥ 12r2 and |ξ| ≥ 2(1 + 4r2)−1/2 ≥ 1,

so that ψ0(ξ) = ψ0(ξ/|ξ|). In this case, we have∣∣∣∣ ξ|ξ| − ξ0

∣∣∣∣ ≥ 2
√

3r −
∣∣∣∣ ξ|ξ| − ξ

(τ2 + |ξ|2)1/2

∣∣∣∣ ≥ 2
√

3r − τ2

|ξ|2
≥ 2

√
3r − 4r2 ≥ 2r,

implying ψ0(ξ) = 0 and thus Φ0(τ, ξ) = 0. Eventually, we have proven that Φ0 is
also supported in a conic neighborhood of (0, ξ0) in RN . �
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4.9.7 On the composition of some symbols

Lemma 4.9.17. Let G, g be metrics on Rt×Rnx×Rτ×Rnξ (equipped with its canonical
symplectic structure) defined by

G = |dt|2 + |dx|2 +
|dξ|2 + |dτ |2

1 + |ξ|2 + τ2

≤ g = |dt|2 + |dx|2 +
|dξ|2

1 + |ξ|2
+

|dτ |2

1 + |ξ|2 + τ2
. (4.9.22)

These metrics are admissible and for all s ∈ R, (1 + |ξ|+ |τ |)s is a G-weight and
(1 + |ξ|)s is a g-weight.

Proof. Lemma 2.2.18 is providing the admissibility of the classical metric G, whose
“Planck function” λG is given by (1 + |ξ| + |τ |) so that (1 + |ξ| + |τ |)s is also an
admissible weight for G. The metric g satisfies the uncertainty principle (2.2.14)
since λg = 1 + |ξ| ≥ 1; it is also slowly varying (cf. Definition 2.2.1) since

gt,x,τ,ξ(s−t, y−x, σ−τ, η−ξ) ≤ r2 =⇒ |ξ−η|2 ≤ r2(1+|ξ|2), |σ−τ |2 ≤ r2(1+|τ |2),

and since the metric |dξ|2/(1 + |ξ|2) is slowly varying on Rn, we get that the ratios
〈ξ〉/〈η〉, 〈τ〉/〈σ〉 are bounded above and below by some positive constants. We have
also, with the same notations as above,

1 + |τ |
1 + |σ|

+
1 + |τ |+ |ξ|
1 + |σ|+ |η|

≤ 2 + 2|τ − σ|+ |ξ − η|,

providing the temperance. �

Lemma 4.9.18. Let G, g be the metrics on R2N defined in (4.9.22) and let s1, s2
be two real numbers. Let a ∈ S(〈ξ〉s1 , g) and b ∈ S(〈ξ, τ〉s2 , G) such that

supp b ⊂ ZC = {(t, x, τ, ξ) ∈ R2N , |τ | ≤ 1 + C|ξ|}.

Then the symbols a]b, b]a, a ◦ b, b ◦ a belong to S(〈ξ, τ〉s1+s2 , G) and are essentially
supported in ZC , i.e. are the sum of a symbol of S(〈ξ, τ〉s1+s2 , G) supported in ZC
and of a symbol in S(〈ξ, τ〉−∞, G) = ∩NS(〈ξ, τ〉−N , G).

Proof. We have

(a ◦ b)(t, x, τ, ξ)

=
∫
e−2iπ(sσ+yη)a(t, x, τ + σ, ξ + η)b(t+ s, x+ y, τ, ξ)dsdσdydη, (4.9.23)
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so that, using the standard expansion of the symbols and the fact that b is sup-
ported in ZC ,

a ◦ b =
∑
|α|<ν

1
α!

∈S(〈τ,ξ〉1−|α|,G)︷ ︸︸ ︷
Dα
τ,ξa ∂

α
t,xb

+
∫ 1

0

(1− θ)ν−1

(ν − 1)!
e−2iπ(sσ+yη)Dν

τ,ξa(t, x, τ + θσ, ξ + θη)

× ∂νt,xb(t+ s, x+ y, τ, ξ)dsdσdydηdθ.

We define

Iθ(τ, ξ) =
∫
e−2iπ(sσ+yη)Dν

τ,ξa(t, x, τ + θσ, ξ + θη)

× ∂νt,xb(t+ s, x+ y, τ, ξ)dsdσdydη, (4.9.24)

and integrating by parts, we obtain for all nonnegative even integers m that

Iθ(τ, ξ) =
∫
e−2iπ(sσ+yη)〈σ〉−m〈Ds〉m〈s〉−m〈Dσ〉m〈y〉−m〈Dη〉m〈η〉−m

〈Dy〉mDν
τ,ξa(t, x, τ + θσ, ξ + θη)∂νt,xb(t+ s, x+ y, τ, ξ)dsdσdydη,

and consequently

|Iθ(τ, ξ)| .
∫
〈σ〉−m〈s〉−m〈y〉−m〈η〉−m(1 + |ξ + θη|)s1−νdsdσdydη

× (1 + |ξ|+ |τ |)s21(|τ | . |ξ|).

In the integrand, when |η| ≤ |ξ|/2, we get, since θ ∈ [0, 1], |ξ+θη| ≥ |ξ|−|η| ≥ |ξ|/2.
As a result, we get for this part of the integral the estimate

(1+ |ξ|)|s1|−ν(1+ |ξ|+ |τ |)s21(|τ | . |ξ|) . (1+ |ξ|+ |τ |)−ν/2, for ν large enough.

When |η| > |ξ|/2, we use the term 〈η〉−m and the estimate

(1+ |ξ|)−m/2(1+ |ξ|+ |τ |)s21(|τ | . |ξ|) . (1+ |ξ|+ |τ |)−m/4, for m large enough.

To check that the derivatives of Iθ will satisfy the expected estimates, we differ-
entiate the expression (4.9.24) and repeat the previous proof. We know now that,
for all ν ≥ N0

a ◦ b =
∑
|α|<ν

1
α!
Dα
τ,ξa ∂

α
t,xb+ rν , rν ∈ S(〈τ, ξ〉−ν/2, G).
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Using the standard Borel argument, we find c ∈ S(〈τ, ξ〉s1+s2 , G), essentially sup-
ported in ZC such that, for all ν

c−
∑
|α|<ν

1
α!
Dα
τ,ξa ∂

α
t,xb ∈ S(〈τ, ξ〉s1+s2−ν , G),

entailing that, for all ν ≥ N0,

a ◦ b− c = −c+
∑
|α|<ν

1
α!
Dα
τ,ξa ∂

α
t,xb+ rν ∈ S(〈τ, ξ〉max(−ν/2,s1+s2−ν), G),

implying that a ◦ b − c ∈ S(〈τ, ξ〉−∞, G), which gives the result of the lemma for
a◦ b. To get the result for b◦a is somewhat easier by looking at (4.9.24), to obtain
the estimate

|Iθ(τ, ξ)| .
∫
〈σ〉−m〈s〉−m〈y〉−m〈η〉−m(1 + |ξ + θη|+ |τ + θσ|)s2−ν

1(|τ + θη| . |ξ + θσ|)dsdσdydη(1 + |ξ|)s1 .

When |τ | . |ξ| the discussion is the same as for a ◦ b. When |τ | � |ξ|, we split
the integral in two parts: the region where |σ| ≤ |τ |/2, in which we get negative
powers of (1 + |τ |) from the term with the exponent s2 − ν, and the region where
|σ| > |τ |/2 in which we use the term 〈σ〉−m. The last part of the discussion is the
same. To obtain the result for a]b (which will give also b]a since a]b = b̄]ā), we use
the group J t = exp 2iπtDxDξ and the formula a]b = J−1/2

(
J1/2a ◦ J1/2b

)
. Using

the assumptions of the lemma, we see that J1/2a satisfies the same hypothesis
as a and J1/2b is essentially supported in ZC . The proofs above give thus that
J1/2a ◦ J1/2b satisfies the conclusion of the lemma, which is “stable” by the action
of J−1/2. The proof of Lemma 4.9.18 is complete. �
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elliptic regularity theorem, 37
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Feynman quantization, 63
Fock-Bargmann space, 105
Fourier inversion formula, 290
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Gamma function, 297
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generating function, 365
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Hans Lewy operator, 172
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harmonic mean, 344
Heaviside function, 297
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